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”‡‚‡ˆ€„ °‡‚†‹&„•‡ €Š—‡%„•€) ‡‚•‡† ‘€•‰•€!„‚•‡•‡ ‡°€‚‰•€‹
‘†€%„•€‹ …‰Š—€!•™ž …‡ˆ‡ƒ‡ƒ„ž•€!„‚•€ž ‚€‚ƒ„• +Ž“/. •‰ƒ„…€‰—
°‡‚‡ˆ€‹ ‚—Œ%€ƒ Œ!„ˆ•™• Š‰‘‰!‰• …‰Š…‰ˆ‡ƒ•€ •‡‘„—˜•™ž ‡ˆ…‰Š-
’‡† …‡ˆ‡ƒ‡†-•‰•€°Œ—‹ƒ‡…‡† € (‰•‰)&€ž ‰°°‰…‰ƒ‡†, ‡ˆ‡…Œ‘‡†‰•-
•™ž †‚ƒ…‡„••™•€ ‚…„‘‚ƒ†‰•€ †™!€‚—€ƒ„—˜•‡• ƒ„ž•€•€.

›†„—€!„•€„ •‰‘„%•‡‚ƒ€ € 'œœ„•ƒ€†•‡‚ƒ€ œŒ••’€‡•€…‡†‰•€‹
°…‡‚ƒ…‰•‚ƒ†„••™ž Ž“ •‡%•‡ ‚†‹Š‰ƒ˜ ‚ °„…„ž‡‘‡• •‰ •‡†™„ •‰!„-
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ƒ„ž•‡—‡•€€ €ž ‰•‰—€ƒ€!„‚•‡•‡ •‡•‚ƒ…Œ€…‡†‰•€‹, °…€•„•„•€„• …‰Š-
—€!•™ž †™!€‚—€ƒ„—˜•™ž Œ‚ƒ…‡•‚ƒ† € °…‡’„‘Œ… °…‡•…‰••€…‡†‰•€‹.
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Š‰•—‰‘™†‰)ƒ‚‹ •‰ ‚‰•‡• °„…†‡• ‚ƒ‰‘€€ °…‡„•ƒ€…‡†‰•€‹ °…€ †™ˆ‡-
…„ ‚ƒ…Œ•ƒŒ…•‡• ‚ž„•™ € •€•„•‰ƒ€!„‚•€ž °‰…‰•„ƒ…‡†. ;„—„‚‡‡ˆ…‰Š-
•‡ °‡'ƒ‡•Œ °…€ ‚‡Š‘‰•€€ •‡†™ž ‡ˆ…‰Š’‡† …‡ˆ‡ƒ‡ƒ„ž•€•€ Œ‘„—‹ƒ˜
ˆ‡—˜(„ †•€•‰•€‹ 'ƒ‰°Œ •‰ƒ„•‰ƒ€!„‚•‡•‡, ‰ Š‰ƒ„• € •‡•°˜)ƒ„…•‡-
•‡ •‡‘„—€…‡†‰•€‹.
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Œ•„•˜(€ƒ˜ …‰Š•„…™, •‰‚‚Œ, Œ†„—€!€ƒ˜ …„ŠŒ—˜ƒ‰ƒ€†•‡‚ƒ˜ °…€•„•„-
•€‹ 'ƒ€ž ‚€‚ƒ„• † °…‰•ƒ€!„‚•‡• ‘„‹ƒ„—˜•‡‚ƒ€.
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•™ ‚ ‘‡°‡—•€ƒ„—˜•™•€ ƒ„‡…„ƒ€!„‚•€•€ €‚‚—„‘‡†‰•€‹•€ € !€‚—„•-
•™• •‡‘„—€…‡†‰•€„•, ‘—‹ °…‡†„‘„•€‹ •‡ƒ‡…™ž ƒ…„ˆŒ)ƒ‚‹ •—Œˆ‡•€„
Š•‰•€‹ °…‡„•ƒ€…‡†&€•‡† † ‡ˆ—‰‚ƒ€ ‰•‰—€ƒ€!„‚•‡• •„ž‰•€•€, ƒ„‡-
…€€ •‰(€• € •„ž‰•€Š•‡†, ƒ„‡…€€ Œ°…‰†—„•€‹ •‡•°˜)ƒ„…•™ž ƒ„ž-
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’„—‹•: ‘‡°‡—•€ƒ˜ ‡‚•‡†•™„ ‚†„‘„•€‹ °‡ •„ž‰•€•„, ‚‡‘„…%‰&€„‚‹

@  !…"…•#…

† ‚€‚ƒ„•‰ƒ€!„‚•€ž Œ!„ˆ•™ž •Œ…‚‰ž € •‡ƒ‡…™ž ‡•‰Š™†‰„ƒ‚‹ ‹†•‡
•„‘‡‚ƒ‰ƒ‡!•‡ ‘—‹ …„(„•€‹ °…‰•ƒ€!„‚•€ž …‡ˆ‡ƒ‡ƒ„ž•€!„‚•€ž Š‰‘‰!
†‚„†‡Š…‰‚ƒ‰)&„• ‚ƒ„°„•€ ‚—‡%•‡‚ƒ€.

<—‰†‰ 1 °‡‚†‹&„•‰ •„ž‰•€•„ ‚€‚ƒ„• +‰•…„•‰ƒ‡†/ ƒ†„…‘™ž ƒ„—
+“ŸŸ/ ‚ Œ°‡…‡• •‰ ƒ„•Š‡…•™• +€•‘„•‚•™•/ ‚°‡‚‡ˆ Š‰°€‚€ Œ°…‰†-
—„•€• ‘†€%„•€‹ € Œ°…‰†—„•€• ‚†‹Š„•. Ÿ‰•‡• °‡‘ž‡‘ °‡Š†‡—‹„ƒ †
•‰€ˆ‡—„„ Œ‘‡ˆ•‡• € ‚%‰ƒ‡• œ‡…•„ °‡‘•‡ƒ‰†—€†‰ƒ˜ †‚„ •„‡ˆž‡‘€•™„
‘€•‰•€!„‚•€„ ‚‡‡ƒ•‡(„•€‹ ‘—‹ ‰†ƒ‡•‰ƒ€!„‚•‡•‡ †™†‡‘‰ Œ°…‰†—„-
•€• ‘†€%„•€‹ “ŸŸ ‚ ’„—˜) ‘‰—˜•„•(„• •‡•°˜)ƒ„…•‡• …„‰—€Š‰’€€.

" •—‰†„ 2 ‡‚‡ˆ‡„ †•€•‰•€„ Œ‘„—‹„ƒ‚‹ °…‡†„…•„ ‘‰••‡•‡ ‰•‰—€-
ƒ€!„‚•‡•‡ °‡‘ž‡‘‰ °…€•„•€ƒ„—˜•‡ • °…‡‚ƒ…‰•‚ƒ†„••‡•Œ ‘†€%„•€)
°—‡‚•‡•‡ !„ƒ™…„žŠ†„••‡•‡ •‰•€°Œ—‹ƒ‡…‰.

" •—‰†„ 3 …„!˜ €‘„ƒ ‡ˆ ‡…•‰•€Š‰’€€ Œ°…‰†—‹„•‡•‡ —‡•‡•‡’€-
‡••‡•‡ +(‰•‰)&„•‡/ ‘†€%„•€‹, ‚‡†„…(‰„•‡•‡ ‰•ƒ…‡°‡•‡…œ•™•€
••‡•‡Š†„••™•€ (‰…•€…•™•€ •„ž‰•€Š•‰•€. =ƒ€ Œ‚ƒ…‡•‚ƒ†‰ ‚•‰ˆ-
%„•™ °‡‘†€%•™•€ •‡•„!•‡‚ƒ‹•€, ‚ °‡•‡&˜) •‡ƒ‡…™ž †‡Š•‡%-
•‡ °„…„•„&„•€„ °‡‘‡ˆ•™ž •„ž‰•€Š•‡† •‰ •„‚ƒ•‡‚ƒ€. ”„…†‡‚ƒ„°„•-
•‡„ Š•‰!„•€„ °…€‘‰„ƒ‚‹ €ŠŒ!„•€) …‰Š—€!•™ž •„ƒ‡‘‡† œ‡…•€…‡-
†‰•€‹ Œ°…‰†—‹)&€ž †‡Š‘„•‚ƒ†€• † (‰…•€…‰ž (‰•‰)&€ž •„ž‰•€Š-
•‡†. >•‰—€Š€…Œ)ƒ‚‹ œ‰Š™ ž‡‘˜ˆ™ € €ž ‡‚‡ˆ„••‡‚ƒ€. ”…„‘‚ƒ‰†—„•™
’„—‡‚ƒ•™„ •‡•’„°’€€ ‚€•ƒ„Š‰ —‡•‡•‡’€• °…€ €•°Œ—˜‚•™ž †‡Š‘„•-
‚ƒ†€‹ž, °…€ ‡‚Œ&„‚ƒ†—„•€€ •‡•œ‡…ƒ‰ˆ„—˜•‡• ž‡‘˜ˆ™ € °…€ Š‰‘‰•-
•‡• ‚€•„…•€€, •‡•‘‰ €Š•‰!‰—˜•‡ ‡°…„‘„—‹„ƒ‚‹ ƒ€° ž‡‘˜ˆ™.

" •—‰†„ 4 ‚‡ˆ…‰•™ …„ŠŒ—˜ƒ‰ƒ™ °‡ •„ž‰•€•„ Œ°…‰†—‹„•™ž “ŸŸ
°…€•„•€ƒ„—˜•‡ • —‡•‡•‡’€‡••™• …‡ˆ‡ƒ‡ƒ„ž•€!„‚•€• Œ‚ƒ…‡•‚ƒ†‰•
‚‡ ••‡•€•€ •‡•„!•‡‚ƒ‹•€. “)‘‰ †‡(—€ …‰Š‘„—™ °‡ ‰•‰—€ƒ€!„‚•‡•Œ
°…‡„•ƒ€…‡†‰•€) •€•„•‰ƒ€!„‚•‡• € ‘€•‰•€!„‚•‡• •‡‘„—„• —‡•‡•‡-
’€‡••™ž ‚€‚ƒ„• +?“/, °…‡‰•‰—€Š€…‡†‰•™ €ž ‡‚‡ˆ„••‡‚ƒ€.

" ”…€—‡%„•€€ …‰‚‚•‰ƒ…€†‰„ƒ‚‹ •„ƒ‡‘ ‘€•‰•€!„‚•€ž †‡Š•Œ&„-
•€• ‘—‹ ?“ ‚‡ ‚†‡ˆ‡‘•™•€ •‡•„!•‡‚ƒ‹•€ € …„(‰)ƒ‚‹ Š‰‘‰!€ ‚ƒ‰ˆ€-
—€Š‰’€€ ‘†€%„•€‹ •‡…°Œ‚‰ (‰•‰)&„•‡ ‰°°‰…‰ƒ‰ °…€ •‰—€!€€ 'ƒ‡•‡
†€‘‰ •‡•„!•‡‚ƒ„•.
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š•ƒ„…„‚ • •„ž‰•€!„‚•€• ‰•…„•‰ƒ€†•™• ‚€‚ƒ„•‰• ƒ†„…‘™ž ƒ„—
+“ŸŸ/ € ‡‚‡ˆ„••‡ • Œ°…‰†—‹„•™• “ŸŸ ‡ˆŒ‚—‡†—„• …‰Š†€ƒ€„• ‚‡-
†…„•„••‡• •‰Œ•€ € ƒ„ž•€•€ € † °„…†Œ) ‡!„…„‘˜ …‰Š†€ƒ€„• ‚…„‘‚ƒ†
†™!€‚—€ƒ„—˜•‡• ƒ„ž•€•€, °‡Š†‡—‹)&„• ˆ™‚ƒ…‡ € 'œœ„•ƒ€†•‡ …„-
•Œ—€…‡†‰ƒ˜ ‘†€%„•€„ ‚—‡%•™ž …‡ˆ‡ƒ‡ƒ„ž•€!„‚•€ž, •‡‚•€!„‚•€ž €
‘…Œ•€ž Œ°…‰†—‹„•™ž ‰•…„•‰ƒ€†•™ž “ŸŸ.

"•„‚ƒ„ ‚ ƒ„•, °‡-°…„%•„•Œ ‡‚ƒ‰„ƒ‚‹ †‡‚ƒ…„ˆ‡†‰••™• ‡ˆ&€•
œ‡…•‰—€Š• •‰ƒ„•‰ƒ€!„‚•‡•‡ ‡°€‚‰•€‹ ‘†€%„•€‹ “ŸŸ † •‰€ˆ‡-
—„„ Œ‘‡ˆ•‡• ‘—‹ !€‚—„••™ž € ‰•‰—€ƒ€!„‚•€ž €‚‚—„‘‡†‰•€• œ‡…•„.
š•„„ƒ‚‹ ••‡•‡ …‰Š…‰ˆ‡ƒ‡• …„(„•€‹ …‰Š—€!•™ž Š‰‘‰! ‘€•‰•€•€ €
Œ°…‰†—„•€‹ “ŸŸ, •‰°…€•„…, ‚‡(—„•‚‹ † 'ƒ‡• ‚†‹Š€ •‰ €Š†„‚ƒ•™„
Œ!„ˆ•™„ •Œ…‚™, ••€•€ € ‚ƒ‰ƒ˜€ [20±22, 27, 40, 42, 54±56, 72, 74, 95] °‡
•„ž‰•€•„ ‚€‚ƒ„• ƒ†„…‘™ž ƒ„—.

" •‰!„‚ƒ†„ ‡‚•‡†™ ‘—‹ •—‰†™ 1 °‡‚—Œ%€—€ …„ŠŒ—˜ƒ‰ƒ™ …‰ˆ‡ƒ
[40,42], † •‡ƒ‡…™ž €Š—‰•‰„ƒ‚‹ ƒ„•Š‡…•‰‹ •„ƒ‡‘€•‰ † €•‘„•‚•™ž ‡ˆ‡-
Š•‰!„•€‹ž …„(„•€‹ ‘€•‰•€!„‚•€ž Š‰‘‰! •„ž‰•€•€ °…€•„•€ƒ„—˜•‡
• “ŸŸ. ”…„‘‚ƒ‰†—‹„ƒ‚‹, !ƒ‡ ƒ„•Š‡…•™• •„ƒ‡‘ ‹†—‹„ƒ‚‹ ‡‘•€• €Š
•‰€ˆ‡—„„ ‡ˆ&€ž € •‰€ˆ‡—„„ Œ‘‡ˆ•™ž ‘—‹ ‰†ƒ‡•‰ƒ€!„‚•‡•‡ †™†‡‘‰
Œ…‰†•„•€• ‘†€%„•€‹ € Œ…‰†•„•€• ‚†‹Š„•, ‰ ƒ‰•%„ ‘—‹ !€‚—„••‡•
‡ˆ…‰ˆ‡ƒ•€ € …„‰—€Š‰’€€ ‘‰••™ž ‰•‰—€Š‰.

C $%€!€ 1D  !…"…•#… ! &…'€•#‚ˆ (#(ƒ…& ƒ!…†")' ƒ…%

š‚°‡—˜Š‡†‰•€„ ƒ„•Š‡…•™ž ‚†„…ƒ‡• † 'ƒ‡• •„ƒ‡‘„ °‡Š†‡—‹„ƒ
Œ•„•˜(‰ƒ˜ +‚%€•‰ƒ˜/ !€‚—‡ Œ…‰†•„•€• ‘†€%„•€‹ † €‚ž‡‘•™ž €Š-
ˆ™ƒ‡!•™ž ‡°‡…•™ž •‡‡…‘€•‰ƒ‰ž. ”…€†„‘„••™• Š‘„‚˜ •„ƒ‡‘ ‚%‰ƒ€‹
‹†—‹„ƒ‚‹ ‡ˆ&€• € † ‚•™‚—„ ‡‘€•‰•‡†‡• °…€•„•€•‡‚ƒ€ „•‡ •‰• •
…‰Š‡•••Œƒ™•, ƒ‰• € • Š‰•••Œƒ™• €—€ €•™• ƒ€°‰• “ŸŸ.

" § 1.1 °‡‹‚•‹„ƒ‚‹ •‡•’„°’€‹ ‘€•‰•€!„‚•‡•‡ ‡°€‚‰•€‹ •„Œ°…‰†-
—‹„•‡• ‚€‚ƒ„•™ ƒ‡!„• ‚ •‡—‡•‡••™•€ € •„•‡—‡•‡••™•€ ‚†‹Š‹•€.
›°‡… ‚‘„—‰• •‰ •„•—‰‚‚€!„‚•€• ƒ„•Š‡…•™• ‚°‡‚‡ˆ †™†‡‘‰ Œ…‰†•„-
•€• ‘†€%„•€‹. ”‡ †•„(•„•Œ †€‘Œ 'ƒ€ Œ…‰†•„•€‹ ‡ƒ—€!‰)ƒ‚‹ ‡ƒ
•—‰‚‚€!„‚•€ž Œ…‰†•„•€• ?‰•…‰•%‰ € >°°„—‹, ž‡ƒ‹ °‡ ‚Œƒ€ ‚†‡„•
€• ƒ‡%‘„‚ƒ†„••™.

§ 1.2, °‡‚†‹&„••™• ‚€‚ƒ„•‰• ƒ†„…‘™ž ƒ„—, ‹†—‹„ƒ‚‹ „‚ƒ„‚ƒ†„•-
•™• °…‡‘‡—%„•€„• °…„‘™‘Œ&„•‡ °‰…‰•…‰œ‰. "™†‡‘ Œ…‰†•„•€•
‘†€%„•€‹ ‚€‚ƒ„• ƒ†„…‘™ž ƒ„— ‡‚•‡†‰• •‰ †™ˆ‡…„ ‡°‡…•™ž ƒ„— €
Š‰°€‚€ Œ…‰†•„•€• ‘†€%„•€‹ † ‡°‡…•™ž •‡‡…‘€•‰ƒ‰ž. ”‡•‰Š‰•‡,
!ƒ‡ •—‰‚‚€!„‚•€„ Œ…‰†•„•€‹ ‘†€%„•€‹ ?‰•…‰•%‰ †ƒ‡…‡•‡ …‡‘‰ ‘—‹
‰•…„•‰ƒ‰ ƒ†„…‘™ž ƒ„— °…„‘‚ƒ‰†—‹)ƒ ‚‡ˆ‡• —€•„••Œ) •‡•ˆ€•‰’€)
Œ…‰†•„•€• ‘†€%„•€‹ ‡°‡…•™ž ƒ„—.

Ž„ŠŒ—˜ƒ‰ƒ™ € †™†‡‘™ § 1.1, § 1.2 ‰°…‡ˆ€…Œ)ƒ‚‹ † •—‰†„ 2 •‰ ‚ž„•„
°‡—Œ!„•€‹ Œ…‰†•„•€• ‘†€%„•€‹ °—‡‚•‡•‡ !„ƒ™…„žŠ†„••‡•‡ •‰•€°Œ-
—‹ƒ‡…‰, ‚‡†„…(‰)&„•‡ °…‡‚ƒ…‰•‚ƒ†„••‡„ ‘†€%„•€„. µ‡†‰…€‰•ƒ•™„
Œ…‰†•„•€‹ ‘†€%„•€‹ •‰•€°Œ—‹ƒ‡…‰ Š‰°€‚‰•™ † ‹†•‡• …‰Š†„…•Œƒ‡•
†€‘„.

1.1 Œ !"#$% $%"#& %'()*+ ",-#/ !, !023
42$ 

Ž‰‚‚•‡ƒ…€• †•‰!‰—„ † •„ƒ‡‘€!„‚•€ž Œ°…‡&‰)&€ž ’„—‹ž Š‰‘‰!Œ †™-
†‡‘‰ Œ…‰†•„•€• ‘†€%„•€‹ •‰ƒ„…€‰—˜•™ž ƒ‡!„• °…€ •‰—€!€€ ‡•…‰-
•€!€†‰)&€ž ‚†‹Š„•.  ƒ•„ƒ€• ‚…‰ŠŒ %„, !ƒ‡ †™†‡‘ Œ…‰†•„•€• •—‰‚-
‚€!„‚•€•€ •„ƒ‡‘‰•€ € †™°€‚™†‰•€„ €ž † ‹†•‡• †€‘„ °…„‘‚ƒ‰†—‹„ƒ
‚‡ˆ‡• ‘‡‚ƒ‰ƒ‡!•‡ ‚—‡%•Œ) € ƒ…Œ‘‡„••Œ) °…‡’„‘Œ…Œ.

"™†‡‘ Œ…‰†•„•€• ‘†€%„•€‹ ‚ °‡•‡&˜) •„•—‰‚‚€!„‚•€ž ƒ„•Š‡…-
•™ž •„ƒ‡‘‡† [40,42,81] °…€ €‚°‡—˜Š‡†‰•€€ €•‘„•‚•‡• Š‰°€‚€ Š•‰!€-
ƒ„—˜•‡ Œ°…‡&‰„ƒ € Œ•€œ€’€…Œ„ƒ ‚ž„•Œ °‡—Œ!„•€‹ Œ…‰†•„•€•, •‡ƒ‡-
…™„ °‡ ‚†‡„•Œ †€‘Œ ‡ƒ—€!‰)ƒ‚‹ ‡ƒ •—‰‚‚€!„‚•€ž Œ…‰†•„•€• ?‰•…‰•-
%‰ †ƒ‡…‡•‡ …‡‘‰ € >°°„—‹, ž‡ƒ‹ •‰ ‚‰•‡• ‘„—„ ‹†—‹)ƒ‚‹ ƒ„•€ %„
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‚‰•™•€ Œ…‰†•„•€‹•€, •‡ °…„‘‚ƒ‰†—„••™•€ † ƒ„•Š‡…•‡• œ‡…•„.

1.1.1 %Œ$„‚&Š „"†‚' $ (")"‡"&‡…&Œ $*+,+&Œ.

@Œ‘„• ‡°€…‰ƒ˜‚‹ •‰ ‡ˆ‡Š•‰!„•€‹ ‘‰ Œ…‰†•„•€• ‘†€%„•€‹, €•„)&€-
„‚‹ † …‰ˆ‡ƒ‰ž [40,42].

”Œ‚ƒ˜ Š‰‘‰•‰ ‚€‚ƒ„•‰M •‰ƒ„…€‰—˜•™ž ƒ‡!„•. "†„‘„• ‡ˆ‡Š•‰-
!„•€‹: x �i $ ‘„•‰…ƒ‡†™ •‡‡…‘€•‰ƒ™ ƒ‡!„• † •„°‡‘†€%•‡• ‚€‚ƒ„•„
Ox i ; i = 1 ; 2; 3; FX�i $ …‰†•‡‘„•‚ƒ†Œ)&‰‹ †‚„ž †•„(•€ž € †•Œƒ-
…„••€ž ‚€—, ‘„•‚ƒ†Œ)&€ž •‰ � ±) ƒ‡!•Œ. ›…‰†•„•€‹ ‘†€%„•€‹ †‚„ž
ƒ‡!„• ‚€‚ƒ„•™ ƒ‡•‘‰ Š‰°€(Œƒ‚‹ † †€‘„

(m•x i ) � = FX�i ; +1.1/

•‘„ °…„‘‚ƒ‰†—„•™ 3M ‘„•‰…ƒ‡†™ž •‡‡…‘€•‰ƒx �i € 3M Œ…‰†•„•€•.
"‡Š˜•„• Š‰ƒ„• 'ƒ€ ‘„•‰…ƒ‡†™ •‡‡…‘€•‰ƒ™ † •‰!„‚ƒ†„ ‡°‡…•™ž

•‡‡…‘€•‰ƒ ‚€‚ƒ„•™ € ‡ˆ‡Š•‰!€• €ž !„…„Š � p; p = 1; 3M:  ƒ•„ƒ€•,
!ƒ‡ °‡‘ •€••‚ƒ„… †•••‡…‚ˆ‰ˆ„… ƒ‡!•€ °‡•€•‰)ƒ‚‹ ƒ…€ —€•„••™ž
•‡‡…‘€•‰ƒ™ „„ °‡—‡%„•€‹ † °…‡‚ƒ…‰•‚ƒ†„, ‰ ƒ†„…‘‡•‡ ƒ„—‰ $ ‚‡‡ƒ-
†„ƒ‚ƒ†„••‡ („‚ƒ˜ •‡‡…‘€•‰ƒ +°‡ ƒ…€/ —€•„••‡•‡ € Œ•—‡†‡•‡ °‡—‡-
%„•€‹. š•„„• ‘—‹ ‚€‚ƒ„•™ ƒ‡!„•

x11 x12 x13 ::: xM 1 xM 2 xM 3

� 1 � 2 � 3 ::: � (3M  2) � (3M  1) � (3M ) :

 ˆ‡Š•‰!€• ‚€—™ !„…„Š X p; p = 1; 3M :

FX 11 FX 12 FX 13 ::: FXM 1 FXM 2 FXM 3

X 1 X 2 X 3 ::: X (3M  2) X (3M  1) X (3M ) :

Ÿ‡•‘‰ Œ…‰†•„•€‹ +1.1/ Š‰°€(Œƒ‚‹ † †€‘„

bpq
•� q = X p; bpq = diag ( m1; :::; mM ); p; q = 1; 3M: +1.2/

”…€ •‰—‡%„•€€ •‰ ‚€‚ƒ„•ŒS •‡—‡•‡••™ž ‚•—„…‡•‡••™ž +•„ Š‰-
†€‚‹&€ž ‹†•‡ ‡ƒ †…„•„•€/ ‚†‹Š„• !€‚—‡ ‚ƒ„°„•„• ‚†‡ˆ‡‘™ ‚€‚ƒ„-
•™ ƒ‡!„• ‚ƒ‰•‡†€ƒ‚‹ …‰†•™• N = 3M  S: ”Œ‚ƒ˜ � � ; � = 1; N;
$ ‡ˆ‡ˆ&„••™„ •‡‡…‘€•‰ƒ™ ‚€‚ƒ„•™, ‚†‹Š‰••™„ ‚ •‡‡…‘€•‰ƒ‰•€ � p

Œ…‰†•„•€‹•€ ‚†‹Š„•

� p = � p(� � ): +1.3/

10 $%€!€ 1D  !…"…•#… ! &…'€•#‚ˆ (#(ƒ…& ƒ!…†")' ƒ…%

 €œœ„…„•’€…Œ‹ Œ…‰†•„•€‹ +1.3/ °‡ †…„•„•€, •‰•‘„•

_� p =
@�p

@��
_� � ; +1.4/

•‘„  ‰•!†‰!•‚ˆ" „ˆ‰•…#ˆ +„ˆ‰•…#ˆ $†•%…/ ‚€‚ƒ„•™ ƒ‡!„•
@�p=@�� Œ‘‡†—„ƒ†‡…‹„ƒ ‚ Œ!„ƒ‡• …‰†„•‚ƒ† +1.4/ †‰%•‡•Œ •€•„•‰-
ƒ€!„‚•‡•Œ ‚‡‡ƒ•‡(„•€)

@�p

@��
=

@_� p

@_� � : +1.5/

 —‹ ƒ‡•‡, !ƒ‡ˆ™ •‰°€‚‰ƒ˜ Œ…‰†•„•€‹ ‘†€%„•€‹ ‚€‚ƒ„•™ ‚‡ ‚†‹-
Š‹•€ +1.3/, † °…‰†‡• !‰‚ƒ€ Œ…‰†•„•€• ‚†‡ˆ‡‘•‡• ‚€‚ƒ„•™ +1.1/ •‰‘‡
††„‚ƒ€ ‘‡°‡—•€ƒ„—˜•™„ ‚€—™ …„‰•’€• ‚†‹Š„• RX�i +† ‚€—Œ€•…‚#…-
€ˆ • &•%•'‡ˆ(„• ‰… •‰  &")(* 'ƒ‡ ‚‘„—‰ƒ˜ •‡%•‡/

$
m•x i

�
� = FX�i + RX�i : +1.6/

›…‰†•„•€‹ +1.6/ ‡°€‚™†‰)ƒ ‘†€%„•€„ ‚€‚ƒ„•™ ƒ‡!„• °…€ •‰—€-
!€€ ‚†‹Š„•.  —‹ €‚°‡—˜Š‡†‰•€‹ Œ…‰†•„•€• +1.2/ ‡ˆ‡Š•‰!€• …„‰•’€€
‚†‹Š„• !„…„Š Zp; p = 1; 3M :

RX 11 RX 12 RX 13 ::: RXM 1 RXM 2 RXM 3

Z1 Z2 Z3 ::: Z(3M  2) Z (3M  1) Z (3M ) :

Ÿ‡•‘‰ Œ…‰†•„•€‹ ‘†€%„•€‹ ‚€‚ƒ„•™ ‚‡ ‚†‹Š‹•€ † ‡°‡…•™ž •‡-
‡…‘€•‰ƒ‰ž °…€•Œƒ †€‘

bpq
•� q = X p + Zp: +1.7/

”‡‚—„ Œ••‡%„•€‹ Œ…‰†•„•€‹ +1.7/ •‰ ‚ƒ…Œ•ƒŒ…•Œ) •‰ƒ…€’Œ ‚
°‡•‡&˜) ‚†„…ƒ•€ °‡ €•‘„•‚Œ p ˆŒ‘„• €•„ƒ˜

bpq
@�p

@��
•� q =

@�p

@��
X p +

@�p

@��
Zp: +1.8/

–„ƒ…Œ‘•‡ °‡•‰Š‰ƒ˜, !ƒ‡ Œ…‰†•„•€‹ +1.8/ °…„‘‚ƒ‰†—‹)ƒ ‚‡ˆ‡•
Œ…‰†•„•€‹ ?‰•…‰•%‰ 2±•‡ …‡‘‰ ‘†€%„•€‹ ‚€‚ƒ„•™ ‚ •‡—‡•‡••™•€
‚†‹Š‹•€ +1.8/ † ‡ˆ‡ˆ&„••™ž •‡‡…‘€•‰ƒ‰ž � � : “ 'ƒ‡• ’„—˜) †•‰!‰—„
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‡•…‰•€!€• •—‰‚‚ …‰‚‚•‰ƒ…€†‰„•™ž ‚†‹Š„• ••‡%„‚ƒ†‡•…‡(̂ +,‚ƒ.
 &")(* , Œ‘‡†—„ƒ†‡…‹)&€ž ƒ‡%‘„‚ƒ†Œ

@�p

@��
Zp � 0;

ƒ.„. °‡‘!€•‹)&€ž‚‹ ˆ† …•„( …‡(̂ +,‚• ‰…  &")(* /ˆ0•ˆ‚'ˆ , °‡ •‡-
ƒ‡…‡• …‰ˆ‡ƒ‰ ‚€— …„‰•’€• €‘„‰—˜•™ž ‚†‹Š„• •‰ —)ˆ‡• †‡Š•‡%•‡•
°„…„•„&„•€€ ‚€‚ƒ„•™ …‰†•‰ •Œ—). –‰°€‚‰••‡„ Š‘„‚˜ ‚‡‡ƒ•‡(„•€„
'ƒ‡•Œ Œƒ†„…%‘„•€) …‰†•‡‚€—˜•‡.

“ Œ!„ƒ‡• °…€•„•„•€‹ ‰•‚€‡•™ €‘„‰—˜•‡‚ƒ€ ‚†‹Š„• °‡—Œ!€•

bpq
@�p

@��
•� q =

@�p

@��
X p: +1.9/

" Œ…‰†•„•€‹ž +1.9/ †™…‰%„•€‹(@�p=@�� ) X p $ 'ƒ‡ ‡ˆ‡ˆ&„••™„
‚€—™, †ž‡‘‹&€„ † °…‰†Œ) !‰‚ƒ˜ Œ…‰†•„•€• ?‰•…‰•%‰, ‘—‹ •‡ƒ‡…™ž
††„‘„• ‡ˆ‡Š•‰!„•€„ Y� :

Y� =
@�p

@��
X p:

”‡‚•‡—˜•Œ °…‰†™„ !‰‚ƒ€ Œ…‰†•„•€• +1.9/ € ?‰•…‰•%‰ ‚‡†°‰‘‰-
)ƒ, Š•‰!€ƒ, ‘‡—%•™ ‚‡†°‰‘‰ƒ˜ € —„†™„ !‰‚ƒ€ 'ƒ€ž Œ…‰†•„•€•.  …Œ-
•€•€ ‚—‡†‰•€, Œ…‰†•„•€‹ +1.9/ $ 'ƒ‡ Œ…‰†•„•€‹ ?‰•…‰•%‰ 2±•‡ …‡‘‰
‘—‹ ‚€‚ƒ„•™ •‰ƒ„…€‰—˜•™ž ƒ‡!„• † ‡ˆ‡ˆ&„••™ž •‡‡…‘€•‰ƒ‰ž.

Aƒ‡ˆ™ •„ ˆ™—‡ •‰•€ž-—€ˆ‡ † 'ƒ‡• ‚‡••„•€•, °…„‡ˆ…‰ŠŒ„• —„†Œ)
!‰‚ƒ˜ Œ…‰†•„•€• +1.9/, †™…‰%‰‹ „„ !„…„Š •€•„ƒ€!„‚•Œ) '•„…•€)T
‚€‚ƒ„•™, • —„†‡• !‰‚ƒ€ Œ…‰†•„•€• ?‰•…‰•%‰. š•„„• ‘—‹T :

T =
1
2

bpq
_� p _� q:

"•„‚ƒ„ ‚ ƒ„•, ‚‡‚ƒ‰†—‹)&€„ —„†‡• !‰‚ƒ€ Œ…‰†•„•€• ?‰•…‰•%‰
‚ Œ!„ƒ‡• ‚€••„ƒ…€€ •‰ƒ…€’™ bpq €•„)ƒ †€‘

@T
@_� � = bpq

_� q @_� p

@_� � = bpq
@�p

@��
_� q;

d
dt

@T
@_� � = bpq

@�p

@��
•� q + bpq

@_� p

@��
_� q:

12 $%€!€ 1D  !…"…•#… ! &…'€•#‚ˆ (#(ƒ…& ƒ!…†")' ƒ…%

”…€ Š‰°€‚€ 'ƒ€ž ‚‡‡ƒ•‡(„•€• €‚°‡—˜Š‡†‰—‰‚˜ °„…„‚ƒ‰•‡†‡!•‡‚ƒ˜
‡°„…‰’€• °‡—•‡•‡ ‘€œœ„…„•’€…‡†‰•€‹ °‡ †…„•„•€ € !‰‚ƒ•‡•‡ ‘€œ-
œ„…„•’€…‡†‰•€‹ °‡ ‡ˆ‡ˆ&„••‡• •‡‡…‘€•‰ƒ„.

”…€•„•„•€„ ‚€••„ƒ…€€ •‰ƒ…€’™ bpq °…€†‡‘€ƒ • †™…‰%„•€)

@T
@��

=
@

@��

�
1
2

bpq
_� p _� q

�
= bpq

@_� p

@��
_� q:

“—„‘‡†‰ƒ„—˜•‡, •‡%„• •‰°€‚‰ƒ˜

d
dt

@T
@_� �  

@T
@��

= bpq
@�p

@��
•� q;

ƒ.„. †€‘€•, !ƒ‡ —„†‰‹ !‰‚ƒ˜ Œ…‰†•„•€• +1.9/ ‚‡†°‰‘‰„ƒ ‚ —„†‡• !‰-
‚ƒ˜) •—‰‚‚€!„‚•€ž Œ…‰†•„•€• ?‰•…‰•%‰ 2±•‡ …‡‘‰. "€‘•‡ ƒ‰•%„
‡ƒ‚)‘‰, !ƒ‡ Œ…‰†•„•€‹ ?‰•…‰•%‰ ‹†—‹)ƒ‚‹ —€•„••‡• •‡•ˆ€•‰’€„•
'—„•„•ƒ‰…•™ž Œ…‰†•„•€• ‘†€%„•€‹ ‚†‡ˆ‡‘•‡• ‚€‚ƒ„•™.

”…‡†„‘„••™• ‰•‰—€Š ˆ„Š ‡‚‡ˆ‡•‡ Œ&„…ˆ‰ •‡%•‡ °„…„•„‚ƒ€ •‰
‚—Œ!‰• …„‡•‡••™ž ‚†‹Š„• †€‘‰

� p = � p (� � ; t): +1.10/

”‡‚—„ ‘€œœ„…„•’€…‡†‰•€‹ 'ƒ€ž Œ…‰†•„•€• °‡t °‡—Œ!€•

_� p =
@�p

@��
_� � +

@�p

@t
: +1.11/

”‡•‹ƒ•‡, !ƒ‡ € † 'ƒ‡• ‚—Œ!‰„ …‰†„•‚ƒ†‡ +1.5/ ‡‚ƒ‰„ƒ‚‹ † ‚€—„
€ Œ…‰†•„•€‹ ?‰•…‰•%‰ ‚‡ž…‰•‹)ƒ ‚†‡• †€‘ +1.9/. Ž‰Š•€’‰ † ‚‰-
•€ž Œ…‰†•„•€‹ž ‘—‹ ‘†Œž 'ƒ€ž ‚—Œ!‰„† °…‡‹†€ƒ‚‹ —€(˜ °…€ Š‰°€‚€
Œ…‰†•„•€• ?‰•…‰•%‰ † ‡ˆ‡ˆ&„••™ž •‡‡…‘€•‰ƒ‰ž� � † ‹†•‡• †€‘„.

B‚—€ Œ…‰†•„•€‹ ‚†‹Š„• Š‰‘‰•™ † •„…‰Š…„(„••‡• ‡ƒ•‡‚€ƒ„—˜•‡
� p œ‡…•„

f q(� p) = ' q(� � ); p; q = 1; 3M; � = 1; N; +1.12/

ƒ‡ € ƒ‡•‘‰ ‚‡‡ƒ•‡(„•€„ +1.5/ ‡‚ƒ‰„ƒ‚‹ ‚°…‰†„‘—€†™•.
 „•‚ƒ†€ƒ„—˜•‡, °‡‚—„ ‘€œœ„…„•’€…‡†‰•€‹ °‡ t Œ…‰†•„•€• +1.12/

°‡—Œ!€•

@fq
@�p

_� p =
@'q
@��

_� � : +1.13/
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 ˆ‡Š•‰!€• !„…„Š � = det
$
@fq=@�p

�
† ‚€‚ƒ„•„ +1.13/, ‰ !„…„Š � p

�
$ ‡°…„‘„—€ƒ„—˜, °‡—Œ!‰„•™• €Š� Š‰•„•‡• p±•‡ ‚ƒ‡—ˆ’‰ ‚ƒ‡—ˆ’‡•
@'q=@�� : ”…€ � 6= 0 °‡ °…‰†€—Œ µ…‰•„…‰, …‰Š…„(‰‹ ‚€‚ƒ„•Œ +1.13/
‡ƒ•‡‚€ƒ„—˜•‡ _� p; •‰•‘„•

_� p =
� p

�

�
_� � ; +1.14/

ƒ.„. † ‚‡‡ƒ•‡(„•€€ +1.13/ €•„„•

@fq
@�p

� p
�

�
=

@'q
@��

:

"•„‚ƒ„ ‚ ƒ„•, ‘€œœ„…„•’€…Œ‹ Œ…‰†•„•€‹ +1.12/ !‰‚ƒ•™• ‡ˆ…‰-
Š‡•, °‡—Œ!€•

@fq
@�p

@�p

@��
=

@'q
@��

:

“…‰†•„•€„ ‘†Œž °‡‚—„‘•€ž †™…‰%„•€• °…€†‡‘€ƒ • Š‰†€‚€•‡‚ƒ€

@�p

@��
=

� p
�

�
:

 ƒ‚)‘‰ ˆŒ‘„ƒ ‚—„‘‡†‰ƒ˜ ‚°…‰†„‘—€†‡‚ƒ˜ ‚‡‡ƒ•‡(„•€‹ +1.5/. > 'ƒ‡
Š•‰!€ƒ, !ƒ‡ ‚ž„•‰ †™†‡‘‰ Œ…‰†•„•€• ‘†€%„•€‹ ‚€‚ƒ„•™ ‚‡ ‚†‹Š‹•€
‡‚ƒ‰„ƒ‚‹ °…„%•„•.

1.1.2 %Œ$„‚&Š „"†‚' $ ‡‚(")"‡"&‡…&Œ $*+,+&Œ

–‰ 'ƒ‡ƒ …‰Š ˆŒ‘„• ‚!€ƒ‰ƒ˜, !ƒ‡ ‚†‹Š€ Š‰‘‰)ƒ‚‹ Œ…‰†•„•€‹•€

_� p = _� p $
_� � ; � � ; t

�
; +1.15/

•‘„ °‡-°…„%•„•Œ � p $ ‡°‡…•™„ •‡‡…‘€•‰ƒ™,� � $ ‡ˆ‡ˆ&„••™„ •‡-
‡…‘€•‰ƒ™ ‚€‚ƒ„•™ ƒ‡!„•. B‚—€ Œ…‰†•„•€‹ +1.15/ •„—˜Š‹ °‡—Œ!€ƒ˜
°Œƒ„• °…‹•‡•‡ ‘€œœ„…„•’€…‡†‰•€‹ Œ…‰†•„•€• +1.3/ €—€ +1.10/, ƒ‡
‚†‹Š€ ‚ Œ…‰†•„•€‹•€ +1.15/ •‰Š™†‰)ƒ‚‹ •„•‡—‡•‡••™•€.

”‡‚—„ ‘€œœ„…„•’€…‡†‰•€‹ °‡ t Œ…‰†•„•€• +1.15/ °…€‘„• • Œ…‰†-
•„•€‹•

•� p =
@_� p

@_� � •� � +
@_� p

@��
_� � +

@_� p

@t
:

18 $%€!€ 1D  !…"…•#… ! &…'€•#‚ˆ (#(ƒ…& ƒ!…†")' ƒ…%

 ƒ‚)‘‰ ˆŒ‘Œƒ †™ƒ„•‰ƒ˜ …‰†„•‚ƒ†‰

@•� p

@•� � =
@_� p

@_� � ; +1.16/

•‘„ •‰ƒ…€’‰@_� p=@_� � ‘—‹ •„•‡—‡•‡••‡• ‚€‚ƒ„•™ ‹†—‹„ƒ‚‹ ‚ƒ…Œ•-
ƒŒ…•‡• •‰ƒ…€’„•, °‡‘‡ˆ•‡ ƒ‡•Œ, •‰• •‰ƒ…€’‰@�p=@�� ‹†—‹„ƒ‚‹
‚ƒ…Œ•ƒŒ…•‡• ‘—‹ •‡—‡•‡••‡• ‚€‚ƒ„•™. ”…‰†‘‰, † •„•‡—‡•‡••‡•
‚—Œ!‰„ …‰†„•‚ƒ†‰ +1.5/ •„ †™°‡—•‹)ƒ‚‹.

š ‘—‹ ‚†‹Š„• +1.15/ †‡Š•€•‰)ƒ † Œ…‰†•„•€‹ž ‘†€%„•€‹ ‘‡°‡—-
•€ƒ„—˜•™„ ‚€—™ …„‰•’€•, ‰ ‚‰•€ Œ…‰†•„•€‹ ‘†€%„•€‹ ‚‡ ‚†‹Š‹•€
€•„)ƒ †€‘ +1.7/. ”‡'ƒ‡•Œ, Œ••‡%‰‹ Œ…‰†•„•€‹ +1.7/ •‰ ‚ƒ…Œ•ƒŒ…•Œ)
•‰ƒ…€’Œ@_� p=@_� � ‚‡ ‚†„…ƒ•‡• °‡ €•‘„•‚Œ p; °‡—Œ!€•

bpq
@_� p

@_� �
•� q =

@_� p

@_� � X p +
@_� p

@_� � Zp: +1.17/

@Œ‘„• ‚!€ƒ‰ƒ˜, !ƒ‡ ‚†‹Š€ +1.15/ Œ‘‡†—„ƒ†‡…‹)ƒ Œ‚—‡†€)

@_� p

@_� � Zp = 0 ;

•‡ƒ‡…‡„ •‡%•‡ …‰‚‚•‰ƒ…€†‰ƒ˜ •‰• •„•‡ƒ‡…™• …‰†•‡‚€—˜•™• ‰•‰—‡•
Œ‚—‡†€‹ A„ƒ‰„†‰ † •„•‡—‡•‡••‡• •„ž‰•€•„ [82], ‡Š•‰!‰)&„•‡ €‘„-
‰—˜•‡‚ƒ˜ ‚†‹Š„• † ‰•‚€‡•‰ƒ€•„ A„ƒ‰„†‰. " 'ƒ‡• ‚—Œ!‰„ Œ…‰†•„•€‹
‘†€%„•€‹ °…€•€•‰)ƒ †€‘

bpq
@_� p

@_� �
•� q =

@_� p

@_� � X p: +1.18/

•‡%•‡ °‡•‰Š‰ƒ˜, !ƒ‡ Œ…‰†•„•€‹ +1.18/ °…„‘‚ƒ‰†—‹)ƒ ‚‡ˆ‡•!•ˆ&-
‚(‚…" 1€€(+" . " ‚‰•‡• ‘„—„, °…‰†™„ !‰‚ƒ€ Œ…‰†•„•€• +1.18/ € >°°„-
—‹ ‚‡†°‰‘‰)ƒ.  ƒ‚)‘‰ ‘‡—%•‡ †™ƒ„•‰ƒ˜ …‰†„•‚ƒ†‡ € —„†™ž !‰‚ƒ„•.
”‡•‰%„• 'ƒ‡. " ‚€—Œ …‰†„•‚ƒ† +1.16/ Œ…‰†•„•€‹ +1.18/ Š‰°€(Œƒ‚‹
ƒ‰•:

bpq
@•� p

@•� �
•� q =

@_� p

@_� � X p:

”‡‚•‡—˜•Œ 2‚(•0…" ! †••(‚…* 1€€(+" A ‘—‹ ‘‰••‡• ‚€‚ƒ„•™
…‰†•‰:A = (1 =2) bpq

•� p •� q; ƒ‡ ‚ Œ!„ƒ‡• ‚€••„ƒ…€€ •‰ƒ…€’™ bpq €•„„•

@A
@•� � = bpq

@•� p

@•� �
•� q:
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“ƒ‰—‡ ˆ™ƒ˜, Œ…‰†•„•€‹ +1.18/ •‡%•‡ Š‰°€‚‰ƒ˜ † œ‡…•„ Œ…‰†•„•€•
>°°„—‹, ‰ €•„••‡:

@A
@•� � =

@_� p

@_� � X p:

šƒ‰•, •‡%„• Š‰•—)!€ƒ˜, !ƒ‡ Œ…‰†•„•€‹ +1.18/ ‘‰)ƒ Œ…‰†•„•€‹ >°-
°„—‹, •‡ † ‘…Œ•‡• œ‡…•„ Š‰°€‚€. “ƒ‰•‡†€ƒ‚‹ ‹‚•‡, !ƒ‡ Œ…‰†•„•€‹
>°°„—‹ ‹†—‹)ƒ‚‹ —€•„••‡• •‡•ˆ€•‰’€„• '—„•„•ƒ‰…•™ž Œ…‰†•„•€•
‘†€%„•€‹.

B‚—€ •„•‡—‡•‡••™„ ‚†‹Š€ Š‰‘‰)ƒ‚‹ Œ…‰†•„•€‹•€

_� p = _� p $
_� � ; � � ; � q; t

�
; +1.19/

ƒ‡ ƒ‡•‘‰, ‘€œœ„…„•’€…Œ‹ 'ƒ€ Œ…‰†•„•€‹ °‡ †…„•„•€, °‡—Œ!€•

•� p =
@_� p

@_� � •� � +
@_� p

@��
_� � +

@_� p

@�q
_� q +

@_� p

@t
:

"€‘•‡, !ƒ‡ € † 'ƒ‡• ‚—Œ!‰„ …‰†„•‚ƒ†‰ +1.16/ €•„)ƒ •„‚ƒ‡. *•‰!€ƒ,
Œ…‰†•„•€‹ +1.18/ ‡‚ƒ‰•Œƒ‚‹ Œ…‰†•„•€‹•€ ‘†€%„•€‹ ‚€‚ƒ„•™.

›•‰%„• •‰ …‰Š•€’Œ † €‚°‡—˜Š‡†‰•€€ Œ…‰†•„•€• ‚†‹Š„• +1.15/
€ +1.19/. ”…€ °‡‘‚ƒ‰•‡†•„ †™…‰%„•€• +1.15/ † Œ…‰†•„•€‹ ‘†€%„-
•€‹ +1.18/ ‡°‡…•™„ •‡‡…‘€•‰ƒ™� p † 'ƒ€ Œ…‰†•„•€‹ •„ †ž‡‘‹ƒ. š•‡„
ˆŒ‘„ƒ °…‡€‚ž‡‘€ƒ˜ °…€ °‡‘‚ƒ‰•‡†•„ †™…‰%„•€• +1.19/: † Œ…‰†•„•€‹
>°°„—‹ †‡•‘Œƒ ‡°‡…•™„ •‡‡…‘€•‰ƒ™� p: Aƒ‡ˆ™ † 'ƒ‡• ‚—Œ!‰„ •‰•ƒ€
Š‰•‡• ‘†€%„•€‹ ‚€‚ƒ„•™, •‰‘‡ …‰‚‚•‰ƒ…€†‰ƒ˜ ‚‡†‡•Œ°•‡‚ƒ˜ Œ…‰†-
•„•€• +1.18/, +1.19/ € Š‰ƒ„• …„(‰ƒ˜ „„ ‚‡†•„‚ƒ•‡.

1.5 Œ !"#$% "0#&6*+ "#' !, !0242$ 

Ž‰‚‚•‡ƒ…€• ‚€‚ƒ„•Œ €Š M ƒ†„…‘™ž ƒ„— +‚•. Ž€‚. 1.1/.  —‹ ‡°‡…•™ž,
•„ ‚†‹Š‰••™ž ‘…Œ• ‚ ‘…Œ•‡• ƒ„— 'ƒ‡• ‚€‚ƒ„•™ €•„„• ‘—‹ •‰%‘‡•‡
ƒ„—‰ ‚—„‘Œ)&€„ Œ…‰†•„•€‹ ‘†€%„•€‹:

$
m•xCi

�
� = FX�i ;

$
gik

• k +  i;kl
_ k

_ l
�

� = M �i ; +1.20/

•‘„ ‡ˆ‡Š•‰!„•‡: M �i =
$
M ZCk ' Zki

�
� ; M ZCk $ °…‡„•’€€ •—‰†•‡•‡

•‡•„•ƒ‰ †•„(•€ž ‚€— •‰ ‡‚€ ‚†‹Š‰••‡• ‚ ƒ„—‡• ‚€‚ƒ„•™ •‡‡…‘€•‰ƒ
Czk :

1@ $%€!€ 1D  !…"…•#… ! &…'€•#‚ˆ (#(ƒ…& ƒ!…†")' ƒ…%

x2 x3

O

z 11

z 13

z

C1
z M1

zM3

z

CM

z  21

z 23

z

C2

x1

 M2

  12
 22

...

Ž€‚. 1.1. “€‚ƒ„•‰ ƒ†„…‘™ž ƒ„—

“•‰%„• •„‚•‡—˜•‡ ‚—‡† ‡ƒ•‡‚€ƒ„—˜•‡ Œ…‰†•„•€• +1.20/ ‘†€%„-
•€‹ ƒ†„…‘‡•‡ ƒ„—‰ † ’„•ƒ…‰—˜•™ž ‡‚‹ž €•„…’€€, •‘„ C $ ’„•ƒ…
€•„…’€€ ƒ„—‰.  —‹ •€•„ƒ€!„‚•‡• '•„…•€€ °‡ 3••„!+( 4(‚…0ˆ €•„-
„• †™…‰%„•€„

T =
1
2

m _x2
Ci +

1
2

gik
_ i

_ k :

*‘„‚˜ gik = I Clm ' li ' mk ; I Clm $ ƒ„•Š‡… €•„…’€€ ƒ„—‰, •‡•‘‰ •‰!‰—‡
‚†‹Š‰••‡• ‚ ƒ„—‡• ‚€‚ƒ„•™ •‡‡…‘€•‰ƒ •‰ž‡‘€ƒ‚‹ † ’„•ƒ…„ €•„…’€€
ƒ„—‰. “‡‚ƒ‰†—‹‹ Œ…‰†•„•€‹ ?‰•…‰•%‰, °‡—Œ!€•

m•xCi = FXi ; gik
• k +  i;kl

_ k
_ l = M ZCk ' Zki ;

•‘„ ‰•(.…‚‡(† ‚ƒ*  …„&•+ 4•… ‰•33(+" €•„„ƒ †€‘

 i;kl =
1
2

�
@gik
@ l

+
@gil
@ k

 
@gkl

@ i

�
:

" ‡ˆ‡Š•‰!„•€‹ž …‰ˆ‡ƒ [40,42] i $ '•—„…‡†™ Œ•—™: 1 =  ;  2 =
�;  3 =  ; Czi $ ‡‚€ ‚†‹Š‰••‡• ‚ ƒ„—‡• ‚€‚ƒ„•™ •‡‡…‘€•‰ƒ ‚ ’„•-
ƒ…‡• † ƒ‡!•„ C +‚•. Ž€‚. 1.2/. *‘„‚˜ ‚€‚ƒ„•‰ •‡‡…‘€•‰ƒ +“µ/ Cx0

p
°‰…‰——„—˜•‰Oxp. =•—„…‡†™ Œ•—™ , � €  +°…„’„‚‚€€, •Œƒ‰’€€ €
‚‡ˆ‚ƒ†„••‡•‡ †…‰&„•€‹/ ††‡‘‹ƒ‚‹ ‚ °‡•‡&˜) ƒ…„ž °‡†‡…‡ƒ‡†: 1/ “µ
Cx0

p °‡†‡…‰!€†‰„ƒ‚‹ †‡•…Œ• ‡‚€Cx0
1 •‰ Œ•‡— , °…€ 'ƒ‡• °‡—Œ!‰„ƒ-

‚‹ “µ Cz0
pC 2/ “µ Cz0

p °‡†‡…‰!€†‰„• †‡•…Œ• ‡‚€Cz0
2 •‰ Œ•‡—� , °…€
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x2

x3
O

C

x1

z

x = z

z  = z

z = z

1 1z

z

1

1

3

3

3

3

z
x

2x

y

q

g

q

y

g

,,

, ,

,

,
2

,

,

,,

,,

2 2

Ž€‚. 1.2. =•—„…‡†™ Œ•—™

'ƒ‡• °‡—Œ!‰„ƒ‚‹ “µ Cz00
p C 3/ “µ Cz00

p °‡†‡…‰!€†‰„• †‡•…Œ• ‡‚€Cz00
3

•‰ Œ•‡— , °…€ 'ƒ‡• °‡—Œ!‰„ƒ‚‹ “µ Czp.
"™…‰%„•€„ Œ•—‡†‡• ‚•‡…‡‚ƒ€ ƒ„—‰ † °‡‘†€%•‡• ‚€‚ƒ„•„ !„…„Š

'•—„…‡†™ Œ•—™ ‚ °‡•‡&˜) •‰ƒ…€’™

' Zik =

0

@
cos� cos sin  0

 cos� sin  cos 0
0 0 1

1

A

Š‰°€‚™†‰„ƒ‚‹ ƒ‰•:! Zi = ' Zik
_ k :

 —‹ ‡°‡…•™ž •‡‡…‘€•‰ƒ ‚€‚ƒ„•™ � p; p = 1; 6M; ††„‘„•™ ‚—„‘Œ-
)&€„ ‡ˆ‡Š•‰!„•€‹:

x1C 1 x1C 2 x1C 3  11  12  13

� 1 � 2 � 3 � 4 � 5 � 6

::: ::: ::: ::: ::: :::
xMC 1 xMC 2 xMC 3  M 1  M 2  M 3

: : : : : � (6M )

Ÿ‡•‘‰ ‚€‚ƒ„•‰ Œ…‰†•„•€• +1.20/ † ‡°‡…•™ž •‡‡…‘€•‰ƒ‰ž Š‰°€-
(„ƒ‚‹ ƒ‰•:

bpq
•� q + Bp;qr

_� q _� r = X p; +1.21/

•‘„

bpq = diag
$
m1; m1; m1; (g1ik ); :::; mM ; (gMik )

�
; i; k = 1 ; 2; 3:

1C $%€!€ 1D  !…"…•#… ! &…'€•#‚ˆ (#(ƒ…& ƒ!…†")' ƒ…%

*‘„‚˜ (gik ) � $ 3 � 3±•‰ƒ…€’‰ ‘—‹ ƒ„—‰�; � = 1; M; °…„‡ˆ…‰Š‡†‰-
•€‹ ‚‡‡ƒ†„ƒ‚ƒ†Œ)&„•‡ ƒ„•Š‡…‰ €•„…’€€ ‚‡ ‚ƒ…Œ•ƒŒ…‡•, Œ•‰Š‰••‡•
…‰•„„.

Ÿ…„ž€•‘„•‚•™• ‚€•†‡— Bp;qr ‡ˆ…‰ŠŒ„ƒ‚‹ ‚—„‘Œ)&€• ‡ˆ…‰Š‡•.
 —‹ °„…†‡• („‚ƒ„…•€ Œ…‰†•„•€• +1.21/ €•„„•

Bp;qr = diag
$
0; 0; 0; ( 1i;kl )

�
; p; q; r = 1; 6;

‘—‹ †ƒ‡…‡• („‚ƒ„…•€ Œ…‰†•„•€•

Bp;qr = diag
$
0; 0; 0; ( 2i;kl )

�
; p; q; r = 7; 12;

€ ƒ.‘.
“€—™X p Š‰‘‰)ƒ‚‹ ƒ‰•:

FX 11 FX 12 FX 13 M 11 M 12 M 13

X 1 X 2 X 3 X 4 X 5 X 6

::: ::: ::: ::: ::: :::
FXM 1 FXM 2 FXM 3 M M 1 M M 2 M M 3

: : : : : X (6M )

–‰—‡%€•, • °…€•„…Œ, •‰ ‚€‚ƒ„•Œ ‡°‡…•™ž ƒ„— •‡—‡•‡••™„ ‚•—„-
…‡•‡••™„ ‚†‹Š€ †€‘‰ +1.3/:� p = � p (� � ); � = 1; N; •‘„ � � $ ‡ˆ‡ˆ&„•-
•™„ •‡‡…‘€•‰ƒ™.  €œœ„…„•’€…Œ‹ °‡ †…„•„•€ Œ…‰†•„•€‹ +1.3/, °‡-
—Œ!€• ‚‡‡ƒ•‡(„•€‹ +1.4/, ‡ƒ•Œ‘‰ †•‡†˜ °…€‘„• • …‰†„•‚ƒ†‰• +1.5/.

”‡‚•‡—˜•Œ °…€ •‰—€!€€ ‚†‹Š„• † Œ…‰†•„•€‹ž ‘†€%„•€‹ °‡‹†—‹-
)ƒ‚‹ ‚€—™ € •‡•„•ƒ™ ‚€— …„‰•’€• ‚†‹Š„•, •‰‘‡ † •‰!„‚ƒ†„ Œ…‰†•„-
•€• ‘†€%„•€‹ †•„‚ƒ‡ Œ…‰†•„•€• +1.20/ …‰‚‚•‡ƒ…„ƒ˜ ‚€‚ƒ„•Œ

$
m •xCi

�
� = FX�i + RX�i ;

$
gik

• k +  i;kl
_ k

_ l
�

� = M �i + L �i :

Ÿ‡•‘‰ Œ…‰†•„•€‹ +1.21/ Š‰•„•‹ƒ‚‹ Œ…‰†•„•€‹•€

bpq
•� q + Bp;qr

_� q _� r = X p + Zp: +1.22/

“ƒ‡€ƒ Œ•‰Š‰ƒ˜, !ƒ‡ † •„‚ƒ‰ž ‚‡„‘€•„•€‹ ƒ„— ‘…Œ• ‚ ‘…Œ•‡• °‡-
‹†—‹)ƒ‚‹ ‚€—™ € •‡•„•ƒ™ ‚€— …„‰•’€• ‚†‹Š„•.  ‘•‰•‡ ‘—‹ Š‰°€‚€
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Œ…‰†•„•€• ‘†€%„•€‹ † ‡°‡…•™ž •‡‡…‘€•‰ƒ‰ž, •Œ‘‰ †ž‡‘‹ƒ •‡‡…‘€-
•‰ƒ™ ’„•ƒ…‡† €•„…’€€ 'ƒ€ž ƒ„—, •‰‘‡ °…€†„‚ƒ€ ‚€‚ƒ„•Œ ‚€— € •‡-
•„•ƒ‡† …„‰•’€• • ’„•ƒ…Œ €•„…’€€ ƒ„—‰. “—„‘‡†‰ƒ„—˜•‡,RX�i € L �i

$ 'ƒ‡ •—‰†•™„ †„•ƒ‡…™ ‚€— € •‡•„•ƒ‡† ‚€— …„‰•’€•, °‡—Œ!„••™„ †
…„ŠŒ—˜ƒ‰ƒ„ °…€†„‘„•€‹ • ’„•ƒ…Œ €•„…’€€.

 ‰—„„, ‘—‹ °‡—Œ!„•€‹ Œ…‰†•„•€• ?‰•…‰•%‰ 2±•‡ …‡‘‰ ‘—‹ ‚€‚ƒ„-
•™ +‰•…„•‰ƒ‰/ ƒ†„…‘™ž ƒ„— Œ••‡%€• Œ…‰†•„•€‹ +1.22/ •‰ ‚ƒ…Œ•ƒŒ…-
•Œ) •‰ƒ…€’Œ@�p=@�� ‚‡ ‚†„…ƒ•‡• °‡ €•‘„•‚Œ p: ”…€ Œ!„ƒ„ ‰•‚€‡•™
€‘„‰—˜•‡‚ƒ€ ‚†‹Š„• † †€‘„ (@�p=@�� ) Zp � 0 ˆŒ‘„• €•„ƒ˜ Œ…‰†•„•€‹
‘†€%„•€‹

bpq
@�p

@��
•� q +

@�p

@��
Bp;qr

_� q _� r =
@�p

@��
X p: +1.23/

”…‡†„…€• Š‘„‚˜, !ƒ‡ ‚°…‰†„‘—€†™ …‰†„•‚ƒ†‰

Bp;qr =
1
2

�
@ bpq

@�r
+

@ bpr

@�q
 

@ bqr

@�p

�
: +1.24/

–‰°…€•„…, ‘—‹ °„…†‡•‡ ƒ„—‰ +°„…†‡• („‚ƒ„…•€ Œ…‰†•„•€•/ †
‡°‡…•™ž •‡‡…‘€•‰ƒ‰ž €•„„•

g1pq
•� q +  1p;qr

_� q _� r = X p;

€—€
bpq

•� q + Bp;qr
_� q _� r = X p;

•‘„ p; q; r = 1; 6: šŠ†„‚ƒ•‡ °…€ 'ƒ‡•, !ƒ‡

 1p;qr =
1
2

�
@g1pq

@�r
+

@g1pr

@�q
 

@g1qr

@�p

�
;

€ °‡'ƒ‡•Œ ‘—‹ °„…†‡•‡ ƒ„—‰ +°„…†‡• („‚ƒ„…•€ Œ…‰†•„•€• +1.21//
‚‡‡ƒ•‡(„•€„ +1.24/ †„…•‡. >•‰—‡•€!•‡ •‡%•‡ °…‡†„…€ƒ˜ ‡‚ƒ‰—˜•™„
(„‚ƒ„…•€ Œ…‰†•„•€• +1.21/.

–„ƒ…Œ‘•‡ °‡•‰Š‰ƒ˜, !ƒ‡ Œ…‰†•„•€‹ +1.23/ °…„‘‚ƒ‰†—‹)ƒ ‚‡ˆ‡•
°…„‡ˆ…‰Š‡†‰••™„ Œ…‰†•„•€‹ ?‰•…‰•%‰ ‘—‹ ‚€‚ƒ„•™ ƒ„—.  „•‚ƒ†€-
ƒ„—˜•‡, •‰•‘„• †™…‰%„•€‹ —„†™ž !‰‚ƒ„• Œ…‰†•„•€• +1.23/ ‚ °‡•‡-
&˜) •€•„ƒ€!„‚•‡• '•„…•€€ T ‚€‚ƒ„•™: T = (1 =2) bpq

_� p _� q:

20 $%€!€ 1D  !…"…•#… ! &…'€•#‚ˆ (#(ƒ…& ƒ!…†")' ƒ…%

 —‹ ‚‡‚ƒ‰†—„•€‹ Œ…‰†•„•€• ?‰•…‰•%‰ †™!€‚—€•

@T
@_� � = bpq

@_� p

@_� �
_� q = bpq

@�p

@��
_� q;

d
dt

@T
@_� � = bpq

@�p

@��
•� q + bpq

@_xi
p

@��
_� q +

@bpq

@�r
@�p

@��
_� q _� r ;

@T
@��

= bpq
@_� p

@��
_� q +

1
2

@bpq

@�r
@�r

@��
_� p _� q;

‡ƒ•Œ‘‰ ˆŒ‘„ƒ ‚—„‘‡†‰ƒ˜, !ƒ‡

d
dt

@T
@_� �  

@T
@��

= bpq
@�p

@��
•� q +

@�p

@��
Bp;qr

_� q _� r :

Ÿ‰•€• ‡ˆ…‰Š‡•, Œˆ„%‘‰„•‚‹ † ƒ‡•, !ƒ‡ Œ…‰†•„•€‹ +1.22/ 'ƒ‡
‘„•‚ƒ†€ƒ„—˜•‡ Œ…‰†•„•€‹ ?‰•…‰•%‰ 2±•‡ …‡‘‰ ‘—‹ ‚€‚ƒ„•™ ƒ†„…-
‘™ž ƒ„—.  •€ °…„‘‚ƒ‰†—„•™ † †€‘„ —€•„••‡• •‡•ˆ€•‰’€€ Œ…‰†•„•€•
‘†€%„•€‹ ‡ˆ…‰ŠŒ)&€ž ‚€‚ƒ„•Œ ‡°‡…•™ž ƒ„—.

 —‹ …„‡•‡••™ž ‚†‹Š„• +1.10/ Œ…‰†•„•€‹ +1.23/ ‚‡ž…‰•‹)ƒ ‚†‡•
†€‘, °…€!„• …‰Š•€’‰ † Œ…‰†•„•€‹ž ?‰•…‰•%‰ °‡‹†€ƒ‚‹ ƒ‡—˜•‡ °…€
Š‰°€‚€ 'ƒ€ž Œ…‰†•„•€• † ‡ˆ‡ˆ&„••™ž •‡‡…‘€•‰ƒ‰ž� � † ‹†•‡• †€‘„.

" Œ…‰†•„•€‹ž +1.23/ ‚‘„—‰„• °„…„ž‡‘ • ‡ˆ‡ˆ&„••™• •‡‡…‘€•‰-
ƒ‰•.  —‹ 'ƒ‡•‡ †‡‚°‡—˜ŠŒ„•‚‹ Œ…‰†•„•€‹•€ ‚†‹Š„• +1.3/. š•„„• ‘—‹
‚•—„…‡•‡••™ž ‚†‹Š„•

•� p =
@�p

@��
•� � +

@2� p

@�� @��
_� � _� � : +1.25/

”‡‘‚ƒ‰†—‹‹ †™…‰%„•€‹ +1.3/, +1.25/ † Œ…‰†•„•€‹ ‘†€%„•€‹
+1.23/, °‡—Œ!€•

c�� •� � + C�;�� _� � _� � = Y� ; +1.26/

•‘„ °…€•„•„•™ ‡ˆ‡Š•‰!„•€‹

c�� = bpq
@�p

@��
@�q

@��
;

C�;�� = bpq
@�p

@��
@2� q

@�� @��
+

@�p

@��
@�q

@��
@�r

@�r
Bp;qr ;

Y� =
@�p

@��
X p:
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šƒ‰•, Œ…‰†•„•€‹ +1.26/ $ 'ƒ‡ ‘€œœ„…„•’€‰—˜•™„ Œ…‰†•„•€‹
‘†€%„•€‹ “ŸŸ, Š‰°€‚‰••™„ † ‡ˆ‡ˆ&„••™ž •‡‡…‘€•‰ƒ‰ž � � : š•„••‡
• ƒ‰•‡•Œ †€‘Œ °…„‡ˆ…‰ŠŒ)ƒ‚‹ Œ…‰†•„•€‹ ?‰•…‰•%‰ ‚ Œ!„ƒ‡• ‡•…‰-
•€!€†‰)&€ž •‡—‡•‡••™ž ‚•—„…‡•‡••™ž ‚†‹Š„•.

" …‰‚‚•‰ƒ…€†‰„•‡• ‚—Œ!‰„ °‡‘‡ˆ•‡ ‚‡‡ƒ•‡(„•€) +1.24/ €•„„ƒ
•„‚ƒ‡ …‰†„•‚ƒ†‡

C�;�� =
1
2

�
@c��
@��

+
@c��
@��

 
@c��
@��

�
:

*‘„‚˜ c�� $ 'ƒ‡ •‡†‰…€‰•ƒ•™• •„ƒ…€!„‚•€• ƒ„•Š‡… ‚€‚ƒ„•™ ƒ„—, ‰
C�;�� $ „„ ƒ…„ž€•‘„•‚•™• ‚€•†‡— µ…€‚ƒ‡œœ„—‹ 1±•‡ …‡‘‰.

 —‹ °…‰•ƒ€!„‚•€ž ’„—„• !€‚—„••‡•‡ …‰Š…„(„•€‹ ‚€‚ƒ„•™ Œ…‰†-
•„•€• +1.26/ €ž °…„‡ˆ…‰ŠŒ)ƒ • Œ…‰†•„•€‹•, …‰Š…„(„••™• ‡ƒ•‡‚€-
ƒ„—˜•‡ †ƒ‡…™ž °…‡€Š†‡‘•™ž•� � : “ 'ƒ‡• ’„—˜) ††„‘„• •‡•ƒ…‰†‰-
…€‰•ƒ•™• •„ƒ…€!„‚•€• ƒ„•Š‡… ‚€‚ƒ„•™ c�� ; •‡ƒ‡…™• ‡ˆ…‰ŠŒ„ƒ‚‹ €Š
'—„•„•ƒ‡† •‰ƒ…€’™, ‡ˆ…‰ƒ•‡• •‰ƒ…€’„ ƒ„•Š‡…‰c�� ; ƒ.„. c�� c�� = � �

�
$  …„&•+ 4••‚(†(•ˆ +°…€� 6= � „•‡ '—„•„•ƒ™ …‰†•™ •Œ—), °…€
� = � $ …‰†•™ „‘€•€’„/.

>—•‡…€ƒ• °…„‡ˆ…‰Š‡†‰•€‹ Œ…‰†•„•€• +1.26/ †™•—‹‘€ƒ ƒ‰•. *‰-
•„•€• † •€ž €•‘„•‚ � •‰� :

c�� •� � + C�;�� _� � _� � = Y� :

”‡‚—„ 'ƒ‡•‡ °‡—Œ!„••™„ Œ…‰†•„•€‹ Œ••‡%€• •‰c�� ‚‡ ‚†„…ƒ•‡• °‡
€•‘„•‚Œ �: š•„„•

c�� c�� •� � + c�� C�;�� _� � _� � = c�� Y� :

*‘„‚˜ †‡‚°‡—˜ŠŒ„•‚‹ …‰†„•‚ƒ†‰•€

c�� c�� •� � = � �
� •� � = •� � ;

€ ƒ‡•‘‰ ‡•‡•!‰ƒ„—˜•‡ °‡—Œ!€•

•� � + C �
�� _� � _� � = Y � ; +1.27/

•‘„ ††„‘„•™ ‡ˆ‡Š•‰!„•€‹

C �
�� = c�� C�;�� ; Y � = c�� Y� :

22 $%€!€ 1D  !…"…•#… ! &…'€•#‚ˆ (#(ƒ…& ƒ!…†")' ƒ…%

Ÿ‰•€• ‡ˆ…‰Š‡•, °‡—Œ!„•™ •‡•ƒ…‰†‰…€‰•ƒ•™„ Œ…‰†•„•€‹ +1.27/,
…‰Š…„(„••™„ ‡ƒ•‡‚€ƒ„—˜•‡ ‚ƒ‰…(€ž °…‡€Š†‡‘•™ž, •‘„ C �

�� $
ƒ…„ž€•‘„•‚•™• ‚€•†‡— µ…€‚ƒ‡œœ„—‹ 2±•‡ …‡‘‰,Y � $ •‡•ƒ…‰†‰-
…€‰•ƒ•‰‹ ‡ˆ‡ˆ&„••‰‹ ‚€—‰.

 ‚ƒ‰—˜•Œ) !‰‚ƒ˜ °‰…‰•…‰œ‰ °‡‚†‹ƒ€• Š‰‘‰!„ ‡°…„‘„—„•€‹ ‚€—
…„‰•’€• ‚†‹Š„•. " Œ…‰†•„•€‹ž +1.22/ † °…‰†™ž !‰‚ƒ‹ž ‰•ƒ€†•™„ ‚€-
—™X p; •‰• °…‰†€—‡, Š‰‘‰)ƒ‚‹ Š‰…‰•„„ € ‚!€ƒ‰)ƒ‚‹ €Š†„‚ƒ•™•€.
“€—™ …„‰•’€•Zp ‡°…„‘„—‹)ƒ‚‹ ‚‰•€• ‘†€%„•€„• ‚€‚ƒ„•™ ƒ„— €
°‡'ƒ‡•Œ Š‰…‰•„„ •„ •‡•Œƒ ˆ™ƒ˜ ‡°…„‘„—„•™. *•‰!€ƒ, † ‘€•‰•€!„-
‚•‡• Š‰‘‰!„ +1.22/ •„€Š†„‚ƒ•™ž 12M : � p € Zp; „‚—€ ‚!€ƒ‰ƒ˜, !ƒ‡
‚€‚ƒ„•‰ ‚‡‚ƒ‡€ƒ €Š M ƒ„—, •‘„ � p $ 6M ‡°‡…•™ž •‡‡…‘€•‰ƒ. “—„‘‡-
†‰ƒ„—˜•‡,6M Œ…‰†•„•€• ‘†€%„•€‹ •„‘‡‚ƒ‰ƒ‡!•‡ ‘—‹ •‰ž‡%‘„•€‹
‚€— …„‰•’€•.

" …‰ˆ‡ƒ„ [42] °…„‘—‡%„•™ ‘†‰ ‚°‡‚‡ˆ‰ ‡°…„‘„—„•€‹ …„‰•’€•.
”„…†™• €Š •€ž Š‰•—)!‰„ƒ‚‹ † !€‚—„••‡• …„(„•€€ Œ…‰†•„•€•
?‰•…‰•%‰ +1.27/, …„ŠŒ—˜ƒ‰ƒ‡• !„•‡ ˆŒ‘„ƒ •‰ž‡%‘„•€„ Š‰†€‚€•‡‚ƒ€:
� � = � � (t): *‰ƒ„• ‚ °‡•‡&˜) Œ…‰†•„•€• ‚†‹Š„• +1.3/ °‡—Œ!€• ‚‡-
‡ƒ•‡(„•€„ � p = � p(t); ‰ ƒ‰•%„ •‰•‘„• _� p(t); •� p(t): ”‡‚—„ 'ƒ‡•‡ †
‚€—Œ Œ…‰†•„•€• +1.22/ ˆŒ‘„• €•„ƒ˜ †™…‰%„•€‹ ‘—‹ …„‰•’€• ‚†‹Š„•
† †€‘„ ‹†•™ž œŒ••’€• †…„•„•€:

Zp(t) = bpq
•� q + Bp;qr

_� q _� r  X p:

"‡ †ƒ‡…‡• ‚°‡‚‡ˆ„ °‡—Œ!€• †™…‰%„•€‹ …„‰•’€• ‚†‹Š„• •‰•
œŒ••’€• � � ; _� � ; •‘„ � � $ ‡ˆ‡ˆ&„••™„ •‡‡…‘€•‰ƒ™ ‚€‚ƒ„•™. ”…‡-
†„…€• 'ƒ‡. ”‡‚—„ ‘†‡••‡•‡ ‘€œœ„…„•’€…‡†‰•€‹ Œ…‰†•„•€• ‚†‹Š„•
+1.3/ °‡ †…„•„•€ °‡—Œ!€•

•� p =
@�p

@��
•� � +  p; +1.28/

•‘„ ‡ˆ‡Š•‰!„•‡

 p =
@2� p

@�� @��
_� � _� � :

B‚—€ ƒ„°„…˜ °‡‘‚ƒ‰†€ƒ˜ ‚)‘‰ †™…‰%„•€‹ ‘—‹ •� p €Š Œ…‰†•„•€•
+1.22/, ƒ‡ °‡—Œ!€• Œ…‰†•„•€‹, •Œ‘‰ ˆŒ‘Œƒ †ž‡‘€ƒ˜ …„‰•’€€ ‚†‹Š„• €
†ƒ‡…™„ °…‡€Š†‡‘•™„ ‡ˆ‡ˆ&„••™ž •‡‡…‘€•‰ƒ. š‚•—)!‰‹ 'ƒ€ †ƒ‡…™„
°…‡€Š†‡‘•™„, °…€‘„• • Œ…‰†•„•€‹• ‡ƒ•‡‚€ƒ„—˜•‡ …„‰•’€• ‚†‹Š„•.
Ÿ‰•‡†‰ ‡ˆ&‰‹ ‚ž„•‰ ‘„•‚ƒ†€•.
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 —‹ ‡°…„‘„—„•€‹ •� p •‰‘‡ Œ…‰†•„•€‹ +1.22/ …‰Š…„(€ƒ˜ ‡ƒ•‡‚€-
ƒ„—˜•‡ 'ƒ€ž °…‡€Š†‡‘•™ž. “ 'ƒ‡• ’„—˜) ††„‘„• †„—€!€•™ bpq; ‚‡-
‚ƒ‰†—„••™„ €Š '—„•„•ƒ‡† •‰ƒ…€’™, ‡ˆ…‰ƒ•‡• •‰ƒ…€’„bpq; •‡ƒ‡…™„
Œ‘‡†—„ƒ†‡…‹)ƒ …‰†„•‚ƒ†Œ:bps bsq = � p

q :
“—„‘Œ)&€• (‰•: Š‰•„•‰ † Œ…‰†•„•€‹ž +1.22/ €•‘„•‚‡† p •‰s; ‰

€•„••‡
bsq

•� q + Bs;qr
_� q _� r = X s + Zs:

”‡‚—„ Œ••‡%„•€‹ 'ƒ€ž Œ…‰†•„•€• •‰ bps ‚‡ ‚†„…ƒ•‡• °‡ €•‘„•‚Œ s
°‡—Œ!€•

bps bsq
•� q + bps Bs;qr

_� q _� r = bps X s + bps Zs;

•‘„ €•„„ƒ •„‚ƒ‡ ‚‡‡ƒ•‡(„•€„

bps bsq
•� q = � p

q
•� q = •� p:

Ÿ‡•‘‰ † ‡ˆ‡Š•‰!„•€‹ž

B p
qr = bps Bs;qr ; X p = bps X s; Z p = bps Zs

Œ…‰†•„•€‹ ‘†€%„•€‹ ‚€‚ƒ„•™ † ‡°‡…•™ž •‡‡…‘€•‰ƒ‰ž °…€‡ˆ…„ƒ‰)ƒ
†€‘

•� p + B p
qr

_� q _� r = X p + Z p:

–‰•‘„••™„ €Š 'ƒ€ž Œ…‰†•„•€• Š•‰!„•€‹ •� p °‡‘‚ƒ‰†€• † ‚‡‡ƒ•‡-
(„•€‹ +1.28/. @Œ‘„• €•„ƒ˜

@�p

@��
•� � = Z p + 	 p; +1.29/

•‘„ ‡ˆ‡Š•‰!„•‡
	 p = X p  B p

qr
_� q _� r   p:

“€‚ƒ„•‰ €Š M ƒ„— ‚S ‚†‹Š‹•€ † •‰(„• ‚—Œ!‰„ ‡°€‚™†‰„ƒ‚‹ 6M
Œ…‰†•„•€‹•€ +1.29/ ‡ƒ•‡‚€ƒ„—˜•‡N †„—€!€• � � ; •‘„ N = 6 M  S:
Ÿ‰• •‰• Œ…‰†•„•€• €•„„• ˆ‡—˜(„, !„• •„€Š†„‚ƒ•™ž, ƒ‡ °‡‘!€-
•€• Œ…‰†•„•€‹ +1.29/ ‚—„‘Œ)&€• Œ‚—‡†€‹• ‚‡†•„‚ƒ•‡‚ƒ€. "‡Š˜•„•
•„•‡ƒ‡…™„N + 1 Œ…‰†•„•€• €Š ‚€‚ƒ„•™ Œ…‰†•„•€• +1.29/.  —‹ •€ž
Œ‚—‡†€‹ ‚‡†•„‚ƒ•‡‚ƒ€ ‡Š•‰!‰)ƒ …‰†„•‚ƒ†‡ •Œ—) ‡°…„‘„—€ƒ„—‹ …‰‚-
(€…„••‡• •‰ƒ…€’™ ‚€‚ƒ„•™, !ƒ‡ ‘‰„ƒ ‡‘•‡ —€•„••‡„ Œ…‰†•„•€„

28 $%€!€ 1D  !…"…•#… ! &…'€•#‚ˆ (#(ƒ…& ƒ!…†")' ƒ…%

‡ƒ•‡‚€ƒ„—˜•‡ …„‰•’€•. "‚„•‡ ƒ‰•€• ‡ˆ…‰Š‡• °‡—Œ!€•S —€•„••™ž
Œ…‰†•„•€• †€‘‰

� �p Z p + � � 0 = 0 ; � = 1; S;

‡ƒ•‡‚€ƒ„—˜•‡ 6M •„€Š†„‚ƒ•™ž …„‰•’€• Z p:
 ‚ƒ‰—˜•™„ N Œ…‰†•„•€• •‡%•‡ °‡—Œ!€ƒ˜ €Š Œ‚—‡†€• €‘„‰—˜•‡-

‚ƒ€ ‚†‹Š„•: (@�p=@�� ) Zp � 0; •‡ƒ‡…™„ ƒ„°„…˜ •‰‘‡ Š‰°€‚‰ƒ˜ † †€‘„

@�p

@��
gps Z s = 0 :

" …„ŠŒ—˜ƒ‰ƒ„ °‡—Œ!€•6M —€•„••™ž Œ…‰†•„•€•, …‰Š…„(€† •‡ƒ‡…™„
•‰•‘„• …„‰•’€€ Z p •‰• œŒ••’€€ � � € _� � : Aƒ‡ˆ™ •‰•ƒ€Z p † †€‘„
‹†•™ž œŒ••’€• †…„•„•€, •‰‘‡ Œ…‰†•„•€‹ ?‰•…‰•%‰ +1.27/ °…‡€•-
ƒ„•…€…‡†‰ƒ˜.
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*†…‚"†$‚ +•,&$,€,
"‚…†+%•-',(‚ +(†
+(,&'(‚…&'ƒ„……,"
!ƒ†.„…††

" ••€•„ [42] °‡‘…‡ˆ•‡ ‡°€‚‰•‰ •€•„•‰ƒ€•‰ € ‘€•‰•€•‰ °—‡‚•‡-
•‡ •‰•€°Œ—‹ƒ‡…‰ °…€ °…‡‚ƒ…‰•‚ƒ†„••‡• ‘†€%„•€€. ”…€†„‘„• —€(˜
‚ž„•Œ †™†‡‘‰ Œ…‰†•„•€• ‘†€%„•€‹ •‰•€°Œ—‹ƒ‡…‰ €Š 'ƒ‡• …‰ˆ‡ƒ™,
°‡—˜ŠŒ‹‚˜ …„ŠŒ—˜ƒ‰ƒ‰•€ °…„‘™‘Œ&„•‡ °‰…‰•…‰œ‰.

5.1 7&%0)#) 2 60 8#) 2 ,9,&)*+ "#'

•‰•€°Œ—‹ƒ‡… ‚‡‚ƒ‡€ƒ €Š !„ƒ™…„ž ƒ„—, °…€!„• °„…†‡„ ƒ„—‡ †…‰&‰„ƒ-
‚‹ †‡•…Œ• †„…ƒ€•‰—˜•‡• ‡‚€. µ °„…†‡•Œ ƒ„—Œ •…„°€ƒ‚‹ ‚‡ˆ‚ƒ†„••‡
‚‰• •‰•€°Œ—‹ƒ‡…, °…„‘‚ƒ‰†—‹)&€• ƒ…„žŠ†„••€•, °—‡‚•‡‚ƒ˜ •‡ƒ‡-
…‡•‡ °‡†‡…‰!€†‰„ƒ‚‹ †•„‚ƒ„ ‚ °„…†™• ƒ„—‡•.

”‡—•‰‹ ‚€‚ƒ„•‰ Œ…‰†•„•€• ‘†€%„•€‹ ‡°‡…•™ž ƒ„— ‚‡‘„…%€ƒ 24
Œ…‰†•„•€‹. “ °‡•‡&˜) ‚ƒ…Œ•ƒŒ…•‡• •‰ƒ…€’™ 'ƒ€ Œ…‰†•„•€‹ •‡%•‡
‚†„…•Œƒ˜ € €‚•—)!€ƒ˜ €Š Œ…‰†•„•€• †‚„ …„‰•’€€ ‚†‹Š„•. –‡ •‡%•‡
°…€•„•€ƒ˜ „(‰•‡  'ˆ‰…" ‚€‚ƒ„•™ Œ…‰†•„•€•, °…‡€Š†‡‘‹ †•‰!‰—„

2@ $%€!€ 2D *#•€&#‚€ +%,(‚,‰, &€•#+ˆ%.ƒ,†€
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z
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Ž€‚. 2.1. ”—‡‚•€• •‰•€°Œ—‹ƒ‡…

ƒ‡—˜•‡ !‰‚ƒ€!•‡„ €‚•—)!„•€„ ‚†‹Š„•. " 'ƒ‡• ‚—Œ!‰„ •‡%•‡ †Š‹ƒ˜
‚€‚ƒ„•Œ ‡°‡…•™ž ƒ„— € •‰—‡%€ƒ˜ •‰ •€ž ‚†‹Š€, ‡ˆ„‚°„!€†‰)&€„
†…‰&‰ƒ„—˜•‡„ ‘†€%„•€„ ‚€‚ƒ„•™ † ‚‡ˆ…‰••‡• •‰•€°Œ—‹ƒ‡…„.

 —‹ ‡ˆ‡Š•‰!„•€‹ ‡°‡…•™ž •‡‡…‘€•‰ƒ €‚°‡—˜ŠŒ„• �: ”„…†‡„
‡°‡…•‡„ ƒ„—‡ ‘†€%„ƒ‚‹ ƒ‰•, !ƒ‡ ‘†‰ „•‡ '•—„…‡†™ž Œ•—‰� =  = 0 :
 ‚ƒ‰—˜•™„ ƒ„—‰ †‡ †…„•‹ ‘†€%„•€‹ €•„)ƒ ‡‘€•‰•‡†™„ Œ•—™ …™‚-
•‰•€‹ € Œ•—™ •…„•‰, …‰†•™„ •Œ—) +‚•. Ž€‚. 2.1/.

”„…„•‘„• • Š‰°€‚€ Œ…‰†•„•€• ‘†€%„•€‹ °„…†‡•‡ ‡°‡…•‡•‡ ƒ„—‰.
 ˆ‡Š•‰!€•: m1 $ •‰‚‚‰ ƒ„—‰,A1; B1; C1 $ •—‰†•™„ ’„•ƒ…‰—˜•™„ •‡-
•„•ƒ™ €•„…’€€, x1Ci $ •‡‡…‘€•‰ƒ™ ’„•ƒ…‰ €•„…’€€,( 1; � 1;  1) =
= (  11;  12;  13) $ '•—„…‡†™ Œ•—™,FX 1i $ •—‰†•™• †„•ƒ‡… †•„(-
•€ž ‚€—, M 1i $ •—‰†•™• •‡•„•ƒ †•„(•€ž ‚€—, RX 1i $ •—‰†•™•
†„•ƒ‡… ‚€— …„‰•’€•,L 1i $ •—‰†•™• •‡•„•ƒ ‚€— …„‰•’€•. A„…ƒ‰ †
‡ˆ‡Š•‰!„•€‹ž •‡•„•ƒ‡† Œ•‰Š™†‰„ƒ •‰ °…„‡ˆ…‰Š‡†‰•€„, °…‡†„‘„••‡„
† ‚€‚ƒ„•„ Œ…‰†•„•€• +1.20/.

"™°€(„• Œ…‰†•„•€‹ ‘†€%„•€‹ °„…†‡•‡ Š†„•‰ ‘‡ •‰—‡%„•€‹ ‚†‹-
Š„•

m1 •x1Ci = FX 1i ; g1ik
• 1k +  1i;kl

_ 1k
_ 1l = M 1i ;

•‘„ •„ƒ…€!„‚•€• ƒ„•Š‡… g1ik € ƒ…„ž€•‘„•‚•™• ‚€•†‡— µ…€‚ƒ‡œœ„-
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—‹ 1i;kl €•„)ƒ ‚—„‘Œ)&€• †€‘ +€•‘„•‚ 1 ‘—‹ °…‡‚ƒ‡ƒ™ Š‰°€‚€ ‡°Œ-
&„•/:

g44 = I C 11 ' 11 ' 11 + I C 22 ' 21 ' 21 + I C 33 ' 31 ' 31 =

= I C 11 cos2 � cos2  + I C 22 cos2 � sin2  + I C 33 sin2 �

‚ ‡ˆ‡Š•‰!„•€‹•€ ‘—‹ •—‰†•™ž ’„•ƒ…‰—˜•™ž ‡‚„•

I C 11 = A; I C 22 = B; I C 33 = C:

Ÿ‡•‘‰
g44 =

$
A cos2  + B sin2 

�
cos2 � + C sin2 �:

”…‡†‡‘‹ ‰•‰—‡•€!•™„ †™•—‰‘•€, °‡—Œ!€• ‘—‹ ‘…Œ•€ž '—„•„•ƒ‡†
•„ƒ…€!„‚•‡•‡ ƒ„•Š‡…‰ †™…‰%„•€‹

g45 = g54 = ( A  B ) cos� sin  cos;

g46 = g64 = C sin �; g 55 = A sin2  + B cos2 ;

g56 = g65 = 0 ; g66 = C:

“—„‘‡†‰ƒ„—˜•‡,

guv =
�

G1 0
0 G2

�
; G1 =

0

@
m 0 0
0 m 0
0 0 m

1

A ; G2 =

0

@
g44 g45 g46

g54 g55 0
g64 0 g66

1

A :

 —‹ '—„•„•ƒ‡† ƒ…„ž€•‘„•‚•‡•‡ ‚€•†‡—‰ µ…€‚ƒ‡œœ„—‹ €•„„•

 1;vw =  2;vw =  3;vw = 0 :

–„ …‰†•™„ •Œ—) '—„•„•ƒ™ Š‰°€‚™†‰)ƒ‚‹ ƒ‰•:

 4;45 =  4;54 =
�

C  (A cos2  + B sin2  )
�

sin � cos�;

 4;46 =  4;64 = ( B  A) cos2 � sin  cos;

 4;55 = ( B  A) sin � sin  cos;

 4;56 =  4;65 = (1 =2)
�

C + ( A  B )(cos2   sin2  )
�

cos�;

 5;44 =  
�

C  (A cos2  + B sin2  )
�

sin � cos�;

 5;46 =  5;64 = (1 =2)
�

(A  B )(cos2   sin2  )  C
�

cos�;

 5;56 =  5;65 = ( A  B ) sin  cos;

 6;44 = ( A  B ) cos2 � sin  cos;

 6;45 =  6;54 = (1 =2)
�

C  (A  B )(cos2   sin2  )
�

cos�;

 6;55 = ( B  A) sin  cos:

2C $%€!€ 2D *#•€&#‚€ +%,(‚,‰, &€•#+ˆ%.ƒ,†€

µ…‡•„ ƒ‡•‡, † Œ…‰†•„•€‹ž ‘†€%„•€‹

M 1 = ( M 1 cos  M 2 sin  ) cos� + M 3 sin �;

M 2 = M 1 sin  + M 2 cos; M 3 = M 3;

•‘„ °‡—‡%„•‡ M i = M ZCi :
 ‰—„„ Š‰°€(„• °‹ƒ˜ Œ…‰†•„•€• ‚†‹Š„•

x1Ci = const; � 1 = 0 ;  1 = 0 :

 ƒ‚)‘‰ °‡—Œ!€•

g11 = A1; g22 = B1; g33 = C1;

°…€!„• ‡‚ƒ‰—˜•™„ '—„•„•ƒ™ gik …‰†•™ •Œ—).  —‹ ‚€•†‡—‰ µ…€-
‚ƒ‡œœ„—‹ €•„„•

 1;23 =
1
2

(C1 + A1  B1);  2;13 =
1
2

(A1  B1  C1);

 3;12 =
1
2

(C1  A1 + B1);

‰ ‡‚ƒ‰—˜•™„ '—„•„•ƒ™ i;kl …‰†•™ •Œ—). µ…‡•„ ƒ‡•‡, •‰°€‚‰••™„
ƒ…€ •„ …‰†•™ž •Œ—) '—„•„•ƒ‡† ‘‰)ƒ † Œ…‰†•„•€‹ž ‘†€%„•€‹ ‚—‰•‰-
„•™„:  1;23

_� 1 _ 1;  2;13
_ 1 _ 1;  3;12

_ 1
_� 1; •‡ƒ‡…™„ …‰†•™ •Œ—) † ‚€—Œ

ƒ‡•‡, !ƒ‡ _� 1 = 0 ; _ 1 = 0 :
Ÿ‰• •‰• ’„•ƒ… €•„…’€€ °„…†‡•‡ ƒ„—‰ •„ ‘†€%„ƒ‚‹, „•‡ Œ‚•‡…„-

•€„ •x1Ci = 0 : *•‰!€ƒ, •‡%„• •‰°€‚‰ƒ˜ („‚ƒ˜ Œ…‰†•„•€• ‘†€%„•€‹
°„…†‡•‡ ‡°‡…•‡•‡ ƒ„—‰

0 = FX 1i + RX 1i ;

A1
• 1 = M 11 + L 11; 0 = M 12 + L 12; 0 = M 13 + L 13:

*‘„‚˜ °‹ƒ˜ Œ…‰†•„•€• °‡Š†‡—‹)ƒ ‡°…„‘„—€ƒ˜ …„‰•’€€
RX 1i ; L 12; L 13: Ž„‰•’€‹ L 11 °‡‘—„%€ƒ €‚•—)!„•€) °‡ •„ƒ‡‘Œ
••‡%€ƒ„—„• ?‰•…‰•%‰. “ 'ƒ‡• ’„—˜) Š‰°€(„• ‚†‹Š€, •‰—‡%„••™„
•‰ †…‰&‰ƒ„—˜•‡„ ‘†€%„•€„

f 1 ( 1; � 1;  1); f 2 ( 1; � 1;  1) = 0 ;
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‡ƒ•Œ‘‰

L 11 = � 1
@ f1
@ 1

+ � 2
@ f2
@ 1

:

”‡‚•‡—˜•Œ @f1=@ 1 = 0 ; @f2=@ 1 = 0 ; ƒ‡ L 11 = 0 : “—„‘‡†‰ƒ„—˜•‡,
‘†€%„•€„ °„…†‡•‡ ‡°‡…•‡•‡ ƒ„—‰ ‘‡ ‚‡„‘€•„•€‹ † ‡ˆ&Œ) ‚€‚ƒ„•Œ
ƒ„— ‡°€‚™†‰„ƒ‚‹ ‡‘•€• Œ…‰†•„•€„• ‘†€%„•€‹

A1
• 1 = M 11 = M 11:

Ž‰‚‚•‡ƒ…€• ƒ„°„…˜ ‘†€%„•€„ ‡‚ƒ‰—˜•™ž ƒ…„ž ‡°‡…•™ž ƒ„— +‚‰-
•‡•‡ •‰•€°Œ—‹ƒ‡…‰/ °…€ •…„•„, …‰†•‡• •Œ—). Ÿ‡ „‚ƒ˜, •‰‘‡ •‰•ƒ€
Œ…‰†•„•€‹ †…‰&‰ƒ„—˜•‡•‡ ‘†€%„•€‹ ƒ†„…‘‡•‡ ƒ„—‰ °…€ •‰—‡%„•€€
‡‘•‡• ‚†‹Š€:  = 0 :

•„ƒ…€!„‚•€• ƒ„•Š‡… •‰%‘‡•‡ ƒ„—‰ +€•‘„•‚ ƒ„—‰ ‡°Œ‚•‰„•/ Š‰°€-
‚™†‰„ƒ‚‹ † †€‘„

g11 = A cos2 � + C sin2 �; g 13 = g31 = C cos�;

g22 = B; g33 = C;

°…€!„• ‡‚ƒ‰—˜•™„ '—„•„•ƒ™ …‰†•™ •Œ—). –„ …‰†•™„ •Œ—) '—„•„•-
ƒ™ ƒ…„ž€•‘„•‚•‡•‡ ‚€•†‡—‰ µ…€‚ƒ‡œœ„—‹ €•„)ƒ †€‘

 1;12 =  1;21 = ( C  A) sin � cos�;

 2;11 =  (C  A) sin � cos�;

 3;12 =  3;21 = (1 =2) (C  A + B ) cos�:

 —‹ ‡ˆ‡ˆ&„••‡• ‚€—™ „„ ‚‡‚ƒ‰†—‹)&€„:

M 1 = M 1 cos� + M 3 sin �; M 2 = M 2; M 3 = M 3:

“†‹Š˜  = 0 °‡…‡%‘‰„ƒ †‡Š•€••‡†„•€„ † Œ…‰†•„•€‹ž ‘†€%„•€‹
…„‰•’€•. Aƒ‡ˆ™ €ž €‚•—)!€ƒ˜, †‡‚°‡—˜ŠŒ„•‚‹ •„ƒ‡‘‡• ••‡%€ƒ„-
—„• ?‰•…‰•%‰. =ƒŒ ‚†‹Š˜ Š‰°€(„• † †€‘„ Œ…‰†•„•€‹f ( ; �;  ) = 0 ;
‡ƒ•Œ‘‰

L 1 = �
@ f
@ 

= 0 ; L 2 = �
@ f
@�

= 0 ; L 3 = �
@ f
@

= �:
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“—„‘‡†‰ƒ„—˜•‡, €•„„• •€%„‚—„‘Œ)&€„ Œ…‰†•„•€‹ ‘†€%„•€‹ ƒ„-
—‰ ‚ •Œ—„†™• •…„•‡•:

(A cos2 � + C sin2 � ) • + 2 ( C  A) sin � cos� _ _� = M 1;

B •�  (C  A) sin � cos� _ 2 = M 2;

C sin � • + ( C  A + B ) cos� _ _� = M 3 + L 3:

" 'ƒ€ Œ…‰†•„•€‹ †ž‡‘‹ƒ ƒ…€ •„€Š†„‚ƒ•™ž:  ; �; L 3: š‚•—)!‰‹ €Š
°„…†‡•‡ € ƒ…„ƒ˜„•‡ Œ…‰†•„•€•• ; •‰•‘„• †™…‰%„•€„ ‘—‹ L 3; •„
‚‡‘„…%‰&„„ †ƒ‡…™ž °…‡€Š†‡‘•™ž. *•‰!€ƒ, °„…†™„ ‘†‰ Œ…‰†•„•€‹
•‡%•‡ €•ƒ„•…€…‡†‰ƒ˜ •„Š‰†€‚€•‡ € ‡°…„‘„—‹ƒ˜ €Š •€ž € � ; ƒ…„-
ƒ˜„ Œ…‰†•„•€„ ‚—Œ%€ƒ ‘—‹ •‰ž‡%‘„•€‹L 3: Ÿ„ %„ Œ…‰†•„•€‹ •‡%•‡
°‡—Œ!€ƒ˜ ƒ‰•%„ °…€ °‡•‡&€ Œ…‰†•„•€• ?‰•…‰•%‰ 2±•‡ …‡‘‰, „‚—€
†‡‚°‡—˜Š‡†‰ƒ˜‚‹ †™…‰%„•€„•

T =
1
2

$
A cos2 � + C sin2 �

� _ 2 +
1
2

B _� 2

‘—‹ •€•„ƒ€!„‚•‡• '•„…•€€ †…‰&‰ƒ„—˜•‡•‡ ‘†€%„•€‹ ƒ†„…‘‡•‡ ƒ„—‰
‚  = 0 :

5.5 7&%0)#) 2 0&%:%"#'(),;, 60 8#) 2
! !"#$* "0#&6*+ "#'

Ž‰‚‚•‡ƒ…€• Œ…‰†•„•€‹ †…‰&‰ƒ„—˜•‡•‡ ‘†€%„•€‹ ‚€‚ƒ„•™ ƒ†„…‘™ž
ƒ„— ‚ ‡‘€•‰•‡†™• Œ•—‡• …™‚•‰•€‹ +‚€‚ƒ„•™, •‡ •„ ‰•…„•‰ƒ‰ ƒ†„…-
‘™ž ƒ„—, ƒ.„. …‰‚‚•‰ƒ…€†‰„ƒ‚‹ ‚€‚ƒ„•‰ ƒ†„…‘™ž ƒ„—, •‡•‘‰ ƒ„—‰ ‚€-
‚ƒ„•™ •„ ‚‡„‘€•„•™ •„%‘Œ ‚‡ˆ‡• € •„ €•„)ƒ ‡ˆ&€ž ƒ‡!„•/. ”„…†‡„
ƒ„—‡ ‚€‚ƒ„•™ ‘†€%„ƒ‚‹ ‚ � = 0 ;  = 0 ; ‰ ƒ…€ ‡‚ƒ‰—˜•™ž $ ‚ = 0 :

›…‰†•„•€‹ †…‰&‰ƒ„—˜•‡•‡ ‘†€%„•€‹ ‚€‚ƒ„•™ €•„)ƒ †€‘

A1
• 1 = M 11 + eL 11;

(A2 cos2 � 2 + C2 sin2 � 2) • 2 + 2 ( C2  A2) sin � 2 cos� 2
_ 2

_� 2 = M 21 + eL 21;

B2
•� 2  (C2  A2) sin � 2 cos� 2

_ 2
2 = M 22 + eL 22;

(A3 cos2 � 3 + C3 sin2 � 3) • 3 + 2 ( C3  A3) sin � 3 cos� 3
_ 3

_� 3 = M 31 + eL 31;
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B3
•� 3  (C3  A3) sin � 3 cos� 3

_ 2
3 = M 32 + eL 32; +2.1/

(A4 cos2 � 4 + C4 sin2 � 4) • 4 + 2 ( C4  A4) sin � 4 cos� 4
_ 4

_� 4 = M 41 + eL 41;

B4
•� 4  (C4  A4) sin � 4 cos� 4

_ 2
4 = M 42 + eL 42:

”‡‚•‡—˜•Œ ‡°‡…•™„ ƒ„—‰ Š‘„‚˜ „&„ •„ ‚‡„‘€•„•™ † ‰•…„•‰ƒ, …„‰•-
’€€ eL �i ; � = 1 ; 2; 3; 4; †‡Š•€•—€ €Š-Š‰ •‰—‡%„•€‹ •‰ ‚€‚ƒ„•Œ ‚†‹Š„•

 1   2 = 0 ;  2   3 = 0 ;  3   4 = 0 ;

•‡ƒ‡…™„ •‡%•‡ Š‰°€‚‰ƒ˜ † †€‘„:f j ( � ) = 0 ; j = 1 ; 2; 3:
”…€•„•„•€„ •„ƒ‡‘‰ ••‡%€ƒ„—„• °…€†‡‘€ƒ • ƒ‡•Œ, !ƒ‡ …„‰•’€€

† Œ…‰†•„•€‹ž ‘—‹� � …‰†•™ •Œ—):eL 22 = eL 32 = eL 42 = 0 :  —‹ ‡‚ƒ‰—˜-
•™ž …„‰•’€• €•„„•

eL � 1 = � 1
@ f1
@ �

+ � 2
@ f2
@ �

+ � 3
@ f3
@ �

;

‡ƒ•Œ‘‰ ˆŒ‘„ƒ ‚—„‘‡†‰ƒ˜

eL 11 = � 1; eL 21 =  � 1 + � 2; eL 31 =  � 2 + � 3; eL 41 =  � 3:

*•‰!€ƒ, ‘—‹ €‚•—)!„•€‹ …„‰•’€• €Š Œ…‰†•„•€• ‘†€%„•€‹ ‚€‚ƒ„-
•™ •‰‘‡ ‚—‡%€ƒ˜ †‚„ Œ…‰†•„•€‹ +2.1/ •…‡•„ †ƒ‡…‡•‡, !„ƒ†„…ƒ‡•‡ €
(„‚ƒ‡•‡. Ÿ‡•‘‰, ‡ˆ‡Š•‰!‰‹ ‡ˆ&€• Œ•‡— …™‚•‰•€‹ ‚€‚ƒ„•™ !„…„Š ;
•‘„  =  1 =  2 =  3 =  4; °‡—Œ!€• ‡ƒ•‡‚€ƒ„—˜•‡  ‡‘•‡ ‘€œœ„-
…„•’€‰—˜•‡„ Œ…‰†•„•€„

D1
• + D2

_� 2
_ + D3

_� 3
_ + D4

_� 4
_ = M 0;

•‘„ ‡ˆ‡Š•‰!„•‡

D1 = A1 + ( A2 cos2 � 2 + C2 sin2 � 2)+ +2.2/

+ ( A3 cos2 � 3 + C3 sin2 � 3) + ( A4 cos2 � 4 + C4 sin2 � 4);

D2 = 2 ( C2  A2) sin � 2 cos� 2; D3 = 2 ( C3  A3) sin � 3 cos� 3;

D4 = 2 ( C4  A4) sin � 4 cos� 4; M 0 = M 11 + M 21 + M 31 + M 41:

šƒ‰•, Œ…‰†•„•€‹ †…‰&‰ƒ„—˜•‡•‡ ‘†€%„•€‹ ‚€‚ƒ„•™ ƒ„— ‘‡ ‚‡-
„‘€•„•€‹ † ‡ˆ&€• ‰•…„•‰ƒ ˆŒ‘Œƒ €•„ƒ˜ †€‘

Bk
•� k  (Ck  Ak ) sin � k cos� k

_ 2 = M k2; k = 2 ; 3; 4; +2.3/

D1
• + ( D2

_� 2 + D3
_� 3 + D4

_� 4) _ = M 0:
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5.< 7&%0)#) 2 60 8#) 2 $%) 9='2",&% 0
,9,&)*+  ,>,>:#))*+ /,,&6 )%"%+

“ Œ!„ƒ‡• ƒ‡•‡, !ƒ‡ ’„•ƒ… €•„…’€€ °„…†‡•‡ ‡°‡…•‡•‡ ƒ„—‰ •„°‡‘†€-
%„•, €•„„• ‚—„‘Œ)&€„ Œ…‰†•„•€‹ ‘†€%„•€‹ •‰•€°Œ—‹ƒ‡…‰:

0 = FX 1i + RX 1i ; mk •xkCi = FXki + RXki ;

Bk
•� k  (Ck  Ak ) sin � k cos� k

_ 2 = M k2 + L k2; +2.4/

D1
• + ( D2

_� 2 + D3
_� 3 + D4

_� 4) _ = M 0 + L 0;

•‘„ k = 2 ; 3; 4; i = 1 ; 2; 3:
"‰%•‡ ‡ƒ•„ƒ€ƒ˜, !ƒ‡ •‰ 'ƒ‡ƒ …‰Š …„‰•’€€ †™Š†‰•™ Œ%„ ‚‡„‘€•„-

•€„• ‡°‡…•™ž ƒ„— † ‰•…„•‰ƒ +† •‰•€°Œ—‹ƒ‡…/. ”‡'ƒ‡•Œ † Œ…‰†•„•€‹ž
+2.4/ …„‰•’€€L 22; L 32; L 42; L 0 €•„)ƒ ‘…Œ•‡• ‚•™‚—, !„• …„‰•’€€,
°…„‘‚ƒ‰†—„••™„ † Œ…‰†•„•€‹ž +2.1/. =ƒ€ °‡‚—„‘•€„ …„‰•’€€ Œ%„ €‚-
•—)!„•™ €Š Œ…‰†•„•€• ‘†€%„•€‹ €, ‚—„‘‡†‰ƒ„—˜•‡, † Œ…‰†•„•€‹ž
+2.3/ €ž •„ƒ.

"‚„•‡ † ‚€‚ƒ„•„ Œ…‰†•„•€• +2.4/ Š‰°€‚‰•‡ 16 Œ…‰†•„•€•. ”„…-
†™„ ƒ…€ Œ…‰†•„•€‹ ‚—Œ%‰ƒ ‘—‹ •‰ž‡%‘„•€‹ …„‰•’€•.  ‚ƒ‰—˜•™„ 13
Œ…‰†•„•€• •‡%•‡ ‚%‰ƒ‡ Š‰°€‚‰ƒ˜ ƒ‰•:

bpq
•� q + Bp;qr

_� q _� r = X p + Zp; p; q; r = 1; 13; +2.5/

•‘„ ‡°‡…•™„ •‡‡…‘€•‰ƒ™� p € ‚€—™X p ‡ˆ‡Š•‰!„•™ ‚—„‘Œ)&€• ‡ˆ-
…‰Š‡•:

x2C 1 x2C 2 x2C 3 ::: x4C 3 � 2 � 3 � 4  
� 1 � 2 � 3 ::: � 9 � (10) � (11) � (12) � (13)

FX 21 FX 22 FX 23 ::: FX 43 M 22 M 32 M 42 M 0

X 1 X 2 X 3 ::: X 9 X (10) X (11) X (12) X (13)

°…€!„• bpq 2 R13 � R13 €•„„ƒ †€‘

bpq = diag ( m2; m2; m2; :::; m4; B2; B3; B4; D1) ;
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•‘„ †‚„ '—„•„•ƒ™ °‡‚ƒ‡‹••™ € ƒ‡—˜•‡ ‡‘€• '—„•„•ƒ D1 Š‰†€‚€ƒ ‚‡-
•—‰‚•‡ ‚‡‡ƒ•‡(„•€‹• +2.2/ ‡ƒ •‡‡…‘€•‰ƒ.

*‰°€(„• ƒ‰•%„ •„ …‰†•™„ •Œ—) '—„•„•ƒ™ ƒ…„ž€•‘„•‚•‡•‡ ‚€•-
†‡—‰Bp;qr :

B (k+8) ; (13)(13) =  (Ck  Ak ) sin � k cos� k ; k = 2 ; 3; 4;

B (13) ; (k+8)(13) = B (13) ; (13)( k+8) = D k =2:

”„…„•‘„• • ‚‡‚ƒ‰†—„•€) Œ…‰†•„•€• ‘†€%„•€‹ •‰•€°Œ—‹ƒ‡…‰ †
‡ˆ‡ˆ&„••™ž •‡‡…‘€•‰ƒ‰ž� � ; •‡ƒ‡…™„ ††„‘„• ƒ‰•:

� 2 � 3 � 4  
� 1 � 2 � 3 � 4

 —‹ °‡—Œ!„•€‹ Œ…‰†•„•€• ‘†€%„•€‹ •‰•€°Œ—‹ƒ‡…‰ † ‡ˆ‡ˆ&„•-
•™ž •‡‡…‘€•‰ƒ‰ž ‚—„‘Œ„ƒ Œ••‡%€ƒ˜ Œ…‰†•„•€‹ +2.5/ •‰ •‰ƒ…€’Œ
@�p=@�� ‚‡ ‚†„…ƒ•‡• °‡ €•‘„•‚Œ p: " …„ŠŒ—˜ƒ‰ƒ„ ˆŒ‘„• €•„ƒ˜

bpq
@�p

@��
•� q +

@�p

@��
Bp;qr

_� q _� r =
@�p

@��
X p; p; q; r = 1; 13:

 ƒ•„ƒ€•, !ƒ‡ ‘—‹ ‚‡‚ƒ‰†—„•€‹ ‚ƒ…Œ•ƒŒ…•‡• •‰ƒ…€’™@�p=@��

•‰‘‡ Š‰°€‚‰ƒ˜ ‚•—„…‡•‡••™„ ‚†‹Š€� p = � p (� � ); � = 1 ; 2; 3; 4 :

� 1 = b1 + l1 + k2l2 sin � 2; +2.6/

� 2 = b2  k2l2 cos� 2 sin  ;

� 3 = b3 + k2l2 cos� 2 cos ;

� 4 = b1 + l1 + l2 sin � 2 + k3l3 sin � 3;

� 5 = b2  (l2 cos� 2 + k3l3 cos� 3) sin  ;

� 6 = b3 + ( l2 cos� 2 + k3l3 cos� 3) cos ;

� 7 = b1 + l1 + l2 sin � 2 + l3 sin � 3 + k4l4 sin � 4;

� 8 = b2  (l2 cos� 2 + l3 cos� 3 + k4l4 cos� 4) sin  ;

� 9 = b3 + ( l2 cos� 2 + l3 cos� 3 + k4l4 cos� 4) cos ;

� (10) = � 2 = � 1; � (11) = � 3 = � 2; � (12) = � 4 = � 3; � (13) =  = � 4;
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•‘„ � 2; � 3; � 4 $ Œ•—™ °‡†‡…‡ƒ‰ ‚‡‡ƒ†„ƒ‚ƒ†Œ)&„•‡ Š†„•‰ •‰•€°Œ—‹ƒ‡-
…‰ ‡ƒ•‡‚€ƒ„—˜•‡ ‡‚€ °„…„‚„!„•€‹ °—‡‚•‡‚ƒ€ •‰•€°Œ—‹ƒ‡…‰ € •„°‡-
‘†€%•‡• °—‡‚•‡‚ƒ€ x2x3 ‚€‚ƒ„•™ Ox1x2x3; l1; l2; l3; l4 $ ‘—€•™ Š†„-
•˜„†, b1; b2; b3 $ •‡‡…‘€•‰ƒ™ ƒ‡!•€ •…„°—„•€‹ °„…†‡•‡ ‡°‡…•‡•‡ Š†„-
•‰ † •„°‡‘†€%•‡• ‚€‚ƒ„•„ •‡‡…‘€•‰ƒ Ox1x2x3 +‡‚˜ x1 •‰°…‰†—„•‰
†„…ƒ€•‰—˜•‡ ††„…ž/,k2; k3; k4 $ •„•‡ƒ‡…™„ Š‰‘‰••™„ °‡‚ƒ‡‹••™„,
‡°…„‘„—‹)&€„ °‡—‡%„•€„ ’„•ƒ…‰ •‰‚‚ Š†„•‰,  $ Œ•‡— •„%‘Œ °—‡‚-
•‡‚ƒ˜) •‰•€°Œ—‹ƒ‡…‰ € †„…ƒ€•‰—˜•‡• °—‡‚•‡‚ƒ˜)x1x3 •„°‡‘†€%-
•‡• ‚€‚ƒ„•™ •‡‡…‘€•‰ƒ Ox1x2x3:

" ‚—Œ!‰„ °…€•„•„•€‹ Š‰•„•™ °„…„•„••™ž † ‚‡‡ƒ†„ƒ‚ƒ†€€ ‚ †™-
…‰%„•€‹•€ +2.6/ °‡—Œ!€• !„ƒ™…„ž•„…•™„ Œ…‰†•„•€‹ ‘†€%„•€‹ †
‡ˆ‡ˆ&„••™ž •‡‡…‘€•‰ƒ‰ž:

c�� •� � + C�;�� _� � _� � = Y� ; +2.7/

•‘„ ‘—‹ ††„‘„••‡• …‰•„„ ‘€‰•‡•‰—˜•‡• •‰ƒ…€’™ bpq €•„„•

c�� = bpq
@�p

@��
@�q

@��
; Y� =

@�p

@��
X p;

C�;�� =
1
2

�
@ c��
@��

+
@ c��
@��

 
@ c��
@��

�
:

Aƒ‡ˆ™ •‰•ƒ€ Œ…‰†•„•€‹ +2.7/ † ‹†•‡• †€‘„, •‰‘‡ •‰•ƒ€ ‹†•™„
†™…‰%„•€‹ ‘—‹ Œ!‰‚ƒ†Œ)&€ž † •€žc�� ; C�;�� ; Y� : "•‰!‰—„ †™!€‚-
—€• '—„•„•ƒ™ •„ƒ…€!„‚•‡•‡ ƒ„•Š‡…‰ c�� : ”‡ °…€!€•„ ‘€‰•‡•‰—˜•‡-
‚ƒ€ bpq €•„„•

c�� =

= b11
@�1

@��
@�1

@��
+ b22

@�2

@��
@�2

@��
+ ::: + b(13)(13)

@�(13)

@��
@�(13)

@��
=

= m2
@�1

@��
@�1

@��
+ m2

@�2

@��
@�2

@��
+ m2

@�3

@��
@�3

@��
+

+ m3
@�4

@��
@�4

@��
+ m3

@�5

@��
@�5

@��
+ m3

@�6

@��
@�6

@��
+

+ m4
@�7

@��
@�7

@��
+ m4

@�8

@��
@�8

@��
+ m4

@�9

@��
@�9

@��
+
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+ B2
@�(10)

@��
@�(10)

@��
+ B3

@�(11)

@��
@�(11)

@��
+ B4

@�(12)

@��
@�(12)

@��
+

+ D1
@�(13)

@��
@�(13)

@��
:

 ‚ƒ‰„ƒ‚‹ °…‡€Š†„‚ƒ€ °…‹•™„ †™!€‚—„•€‹. " €ƒ‡•„ °‡—Œ!€•

c11 = ( m2k2
2 + m3 + m4) l2

2 + B2;

c12 = c21 = ( m3k3 + m4) l2l3 cos (� 3  � 2);

c13 = c31 = m4k4l2l4 cos (� 4  � 2);

c14 = c41 = 0 ; c22 = ( m3k2
3 + m4) l2

3 + B3;

c23 = c32 = m4k4l3l4 cos (� 4  � 3); c24 = c42 = 0 ;

c33 = m4k2
4 l2

4 + B4; c34 = c43 = 0 ;

c44 = m2k2
2 l2

2 cos2 � 2 + m3 (l2 cos� 2 + k3l3 cos� 3)2 +

+ m4 (l2 cos� 2 + l3 cos� 3 + k4l4 cos� 4)2 + D1:

Ž„ŠŒ—˜ƒ‰ƒ‡• 'ƒ€ž †™•—‰‘‡• ‹†—‹„ƒ‚‹ •„ƒ…€!„‚•€• ƒ„•Š‡… ‚—„-
‘Œ)&„•‡ †€‘‰:

c�� =

0

B
B
@

c11 c12 c13 0
c21 c22 c23 0
c31 c32 c33 0
0 0 0 c44

1

C
C
A :

•‡%•‡ °‡•ƒ€ „&„ ‘‰—˜(„ † °—‰•„ Œ•€œ€•‰’€€ Š‰°€‚€ c�� :  —‹ 'ƒ‡-
•‡ ††„‘„• ‚€••„ƒ…€!„‚•€• ‡ˆD„•ƒ ‚ '—„•„•ƒ‰•€ B ik ; i; k = 1 ; 2; 3 :

B11 = ( m2k2
2 + m3 + m4) l2

2 + B2; B12 = B21 = ( m3k3 + m4) l2l3;

B13 = B31 = m4k4l2l4; B22 = ( m3k2
3 + m4) l2

3 + B3;

B23 = B32 = m4k4l3l4; B33 = m4k2
4 l2

2 + B4:

" ƒ„…•€•‰ž 'ƒ‡•‡ ‡ˆD„•ƒ‰ •„ƒ…€!„‚•€• ƒ„•Š‡… c�� Š‰°€(„ƒ‚‹ ƒ‰•:

c�� =

0

B
B
@

B11 B12 cos (� 3  � 2) B13 cos (� 4  � 2) 0
B21 cos (� 3  � 2) B22 B23 cos (� 4  � 3) 0
B31 cos (� 4  � 2) B32 cos (� 4  � 3) B33 0

0 0 0 c44

1

C
C
A :
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 ƒ•„ƒ€•, !ƒ‡ '—„•„•ƒ™ •„ƒ…€!„‚•‡•‡ ƒ„•Š‡…‰ •‡%•‡ ‡°…„‘„-
—€ƒ˜ ‚ƒ‰•‘‰…ƒ•™• ‚°‡‚‡ˆ‡• ‚ °‡•‡&˜) †™!€‚—„•€‹ •€•„ƒ€!„‚•‡•
'•„…•€€ T …‰‚‚•‰ƒ…€†‰„•‡• ‚†‹Š‰••‡• † ‰•…„•‰ƒ ‚€‚ƒ„•™ ƒ†„…‘™ž
ƒ„—: †„‘˜ •‡'œœ€’€„•ƒ™ •†‰‘…‰ƒ€!•‡• œ‡…•™T ‹†—‹)ƒ‚‹ '—„•„•-
ƒ‰•€ •„ƒ…€!„‚•‡•‡ ƒ„•Š‡…‰. š•„„•: T = T1 + T2 + T3 + T4; •‘„
T� ; � = 1 ; 2; 3; 4; $ •€•„ƒ€!„‚•‰‹ '•„…•€‹ Š†„•˜„† •‰•€°Œ—‹ƒ‡…‰.
 —‹  = 0 °‡—Œ!€•

T1 =
1
2

A1
_ 2;

T2 =
1
2

m2 _x2
2Ci +

1
2

(A2 cos2 � 2 + C2 sin2 � 2) _ 2 +
1
2

B2
_� 2
2 ;

T3 =
1
2

m3 _x2
3Ci +

1
2

(A3 cos2 � 3 + C3 sin2 � 3) _ 2 +
1
2

B3
_� 2
3 ;

T4 =
1
2

m4 _x2
4Ci +

1
2

(A4 cos2 � 4 + C4 sin2 � 4) _ 2 +
1
2

B4
_� 2
4 ;

•‘„ •‡‡…‘€•‰ƒ™ ’„•ƒ…‡† €•„…’€€ Š†„•˜„† ‡°…„‘„—‹)ƒ‚‹ ‚—„‘Œ)&€-
•€ Š‰†€‚€•‡‚ƒ‹•€:

x1C 1 = b1 + k1l1; x1C 2 = b2; x1C 3 = b3;

x2C 1 = b1 + l1 + k2l2 sin � 2;

x2C 2 = b2  k2l2 cos� 2 sin  ;

x2C 3 = b3 + k2l2 cos� 2 cos ;

x3C 1 = b1 + l1 + l2 sin � 2 + k3l3 sin � 3;

x3C 2 = b2  (l2 cos� 2 + k3l3 cos� 3) sin  ;

x3C 3 = b3 + ( l2 cos� 2 + k3l3 cos� 3) cos ;

x4C 1 = b1 + l1 + l2 sin � 2 + l3 sin � 3 + k4l4 sin � 4;

x4C 2 = b2  (l2 cos� 2 + l3 cos� 3 + k4l4 cos� 4) sin  ;

x4C 3 = b3 + ( l2 cos� 2 + l3 cos� 3 + k4l4 cos� 4) cos :

”…‡‘‡—%‰‹, °‡—˜ŠŒ‹‚˜ 'ƒ€•€ …‰†„•‚ƒ†‰•€, †™!€‚—„•€„T; °‡—Œ-
!€•

T = (1 =2)
n

[ (m2k2
2 + m3 + m4) l2

2 + B2 ] _� 2
2 + [ ( m3k2

3 + m4) l2
3 + B3 ] _� 2

3 +

+ ( m4k2
4 l2

4 + B4) _� 2
4 + 2 ( m3k3 + m4) l2l3 cos (� 3  � 2) _� 2

_� 3 +
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+ 2m4k4l2l4 cos (� 4  � 2) _� 2
_� 4 + 2m4k4l3l4 cos (� 4  � 3) _� 3

_� 4 +

+ [ A1 + ( A2 cos2 � 2 + C2 sin2 � 2) + ( A3 cos2 � 3 + C3 sin2 � 3) +

+ ( A4 cos2 � 4 + C4 sin2 � 4) + m2k2
2 l2

2 cos2 � 2 +

+ m3 (l2 cos� 2 + k3l3 cos� 3)2 +

+ m4 (l2 cos� 2 + l3 cos� 3 + k4l4 cos� 4)2 ] _ 2
o

:

“…‰†•„•€„ •‡'œœ€’€„•ƒ‡† •‰•‘„••‡• •†‰‘…‰ƒ€!•‡• œ‡…•™ T ‚
'—„•„•ƒ‰•€ •„ƒ…€!„‚•‡•‡ ƒ„•Š‡…‰ Œˆ„%‘‰„ƒ † €ž ‚‡†°‰‘„•€€.

 —‹ †™!€‚—„•€‹ ƒ…„ž€•‘„•‚•‡•‡ ‚€•†‡—‰ µ…€‚ƒ‡œœ„—‹ †‡Š˜-
•„• •‰°€‚‰••™• …‰•„„ ƒ„•Š‡…c�� ; •Œ‘‰ †ž‡‘‹ƒ '—„•„•ƒ™ B ik : š•„-
„• † €ƒ‡•„ ‚—„‘Œ)&€„ •„ …‰†•™„ •Œ—) •‡•°‡•„•ƒ™ C�;�� :

C1;22 =  B12 sin (� 3  � 2); C1;33 =  B13 sin (� 4  � 2);

C1;44 =  
1
2

@ c44

@�2
;

C2;11 = B21 sin (� 3  � 2); C2;33 =  B23 sin (� 4  � 3);

C2;44 =  
1
2

@ c44

@�3
;

C3;11 = B31 sin (� 4  � 2); C3;22 = B32 sin (� 4  � 3);

C3;44 =  
1
2

@ c44

@�4
;

C4;14 =
1
2

@ c44

@�2
; C4;24 =

1
2

@ c44

@�3
; C4;34 =

1
2

@ c44

@�4
:

 ‚ƒ‰—‡‚˜ °‡—Œ!€ƒ˜ †™…‰%„•€‹ ‘—‹ ‡ˆ‡ˆ&„••‡• ‚€—™. ”‡—˜ŠŒ-
‹‚˜ ‚ƒ…Œ•ƒŒ…•‡• •‰ƒ…€’„• ‘—‹ ‚†‹Š„• +2.6/, ˆŒ‘„• €•„ƒ˜

Y1 = ( k2F21 + F31 + F41)X l2 cos� 2 +

+ ( k2F 22 + F32 + F42)X l2 sin � 2 sin   

 (k3F23 + F33 + F43)X l2 sin � 2 cos + M 22;

Y2 = ( k3F31 + F41)X l3 cos� 3 +

+ ( k3F32 + F42)X l3 sin � 3 sin   

 (k3F33 + F43)X l3 sin � 3 cos + M 32;

Y3 = k4FX 41 l4 cos� 4 + k4FX 42 l4 sin � 4 sin   

 k4FX 43 l4 sin � 4 cos + M 33;

3C $%€!€ 2D *#•€&#‚€ +%,(‚,‰, &€•#+ˆ%.ƒ,†€

Y4 =  k2FX 22 l2 cos� 2 cos  k2FX 23 l2 cos� 2 sin   

 FX 32 (l2 cos� 2 + k3l3 cos� 3) cos  

 FX 33 (l2 cos� 2 + k3l3 cos� 3) sin   

 FX 42 (l2 cos� 2 + l3 cos� 3 + k4l4 cos� 4) cos  

 FX 43 (l2 cos� 2 + l3 cos� 3 + k4l4 cos� 4) sin  + M 0:

*‰°€(„• ƒ„°„…˜ •‡†‰…€‰•ƒ•™„ Œ…‰†•„•€‹ ‘†€%„•€‹ •‰•€°Œ—‹-
ƒ‡…‰

c11 •� 1 + c12 •� 2 + c13 •� 3 + C1;22 ( _� 2)2 + C1;33 ( _� 3)2 + C1;44 ( _� 4)2 = Y1;

c21 •� 1 + c22 •� 2 + c23 •� 3 + C2;11 ( _� 1)2 + C2;33 ( _� 3)2 + C2;44 ( _� 4)2 = Y2;

c31 •� 1 + c32 •� 2 + c33 •� 3 + C3;11 ( _� 1)2 + C3;22 ( _� 2)2 + C3;44 ( _� 4)2 = Y3;

c44 •� 4 + C4;14 _� 1 _� 4 + C4;24 _� 2 _� 4 + C4;34 _� 3 _� 4 = Y4;

•‘„ †‚„ •‡•°‡•„•ƒ™ 'ƒ€ž Œ…‰†•„•€• †™(„ ˆ™—€ °…„‘‚ƒ‰†—„•™ † …‰Š-
†„…•Œƒ‡• †€‘„.  ƒ•„ƒ€• ƒ‰•%„, !ƒ‡ ‰•…„•‰ƒ€†•‰‹ ‚ž„•‰ ‚‡‚ƒ‰†—„-
•€‹ Œ…‰†•„•€• ‘†€%„•€‹ °—‡‚•‡•‡ ƒ…„žŠ†„••‡•‡ •‰•€°Œ—‹ƒ‡…‰ °‡-
‘…‡ˆ•‡ ‡°€‚‰•‰ † …‰ˆ‡ƒ„ [81].
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,('•,&)  (€&'>"(€)$!"7 .€!'+!€,&'; 0E.>€,.'2'&€!854  (€!".!€)'-
!"7 ) &(6•!€•€,&6 !8'4 € $,!8' "2" >$($*'!!8' #',&$4 €,)€'!"7
"!8/  2$!'&$(!8/  (€,&($!,&)<

M 32$)' K ) €,!€)!€# ($,,#$&(")$%&,7 >$•$+" 6 ($)2'!"7
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•)"*'!"'# D$3$%9"/ #!€3€>)'!!8/ $  $($&€) " #'&€•8 ,"!&'-
>$ 6 ($)27%9"/ )€>•';,&)"; ) D$(!"($/ 2€.€#€C"€!!8/ #'/$!">-
#€)4 ", €2:>6%9"' ('>62:&$&8 &'€("; € &"#$2:!€3€4 ,&$1"2">$C"-
€!!€3€4 $•$ &")!€3€ " •(< 6 ($)2'!";<

N&€ ($,,#€&('!"' !€,"& +",&€ €1>€(!8; /$($.&'(4  €,.€2:.6
 (">)$!€  (€•'#€!,&("(€)$&: &" "+!8'  €•/€•8  (" ('D'!"" 6.$-
>$!!8/ >$•$+< O!$.€#,&)€ ,  '()€",&€+!".$#" [B4 FK4 IG4 HA]  €>-
)€2"& ">6+"&: •$!!8' >$•$+" •'&$2:!€ " !$ 1€2'' .$+',&)'!!€#
6(€)!'<

M § K<? ($,,#$&(")$%&,7 >$•$+"  '('#'9'!"7 •)6!€3"/ D$3$%-
9"/ #'/$!">#€) , ", €2:>€)$!"'# "# 62:,!€3€ 6 ($)2'!"7< M8-
 ",8)$%&,7 6($)!'!"7 •)"*'!"7 #'/$!">#$ " ">6+$%&,7 €•!€-
€ €(!€' " •)6/€ €(!€' •)"*'!"7 $!&(€ €#€(P!€3€ (€1€&$  (" "#-
 62:,!8/ 6 ($)27%9"/ )€>•';,&)"7/4 .€3•$  '('!€,"#$7 !€3$ •)"-
3$'&,7  € 1$22",&"+',.€; &($'.&€(""<

M § K<F  ('•,&$)2'!$ .€!C' C"7 .€#P€(&$1'2:!€; •)6!€3€;
/€•:18 ) ,#8,2' ($)!€#'(!€3€ "  (7#€2"!';!€3€ •)"*'!"7 !'.€-
&€(€; &€+." .€( 6,$ D$3$%9'3€ $  $($&$< Q!$2">"(6%&,7 E!'(3'-
&"+',."' >$&($&8  (" .€#P€(&$1'2:!8/ 2€.€#€C"7/4 $ ,$#  ("!-
C" .€#P€(&$1'2:!€,&" P€(#62"(6'&,7 .$. € &"#">$C"€!!€' 6,2€-
)"'< R(€#' E&€3€4 ",,2'•6%&,7 €,€1'!!€,&"  '("€•"+',.€; .€#P€(-
&$1'2:!€; /€•:18<

§ K<K  €,)79'! #'&€•6 >$•$!!€; ,"!'(3""4 €,!€)!$7 "•'7 .€&€-
(€3€ >$.2%+$'&,7 ) ,2'•6%9'#S +$,&: .€€(•"!$& " ,"24 € ",8)$%-
9"/  €)'•'!"' 2€.€#€C"€!!€; ,",&'#84 >$•$'&,7 7)!€4 $ €,&$2:!$7
+$,&: !$/€•"&,7 "> 6($)!'!"; •)"*'!"7 " 6($)!'!"; ,)7>';< N&€&
#'&€•  €>)€27'&  €!">"&: ($>#'(!€,&: ,",&'#8 ) €19'# "'($(-
/"+',.€# € ",$!""< R$.  ($)"2€4 6(€)'!: •)"*'!"7 .€!'+!€,&';
>•',: >$•$'&,74 $ 6(€)'!: •)"*'!"7 .€( 6,$ € ('•'27'&,7 ) ,"26
•"!$#"+',."/ >$)","#€,&';<

3.1 •€•€‚€ƒ€„…€ †„‡•ˆ‰ˆ‚ˆ•Š„‹Œ ‚€Œ†-
„…•‚ˆŽ ‰•… …‚‰••‘’„ˆ‚ •‰•†Ž•€„……

•$($3($P  €,)79'! 6 ($)27'#€#6 •)"*'!"% 2€.€#€C"€!!€3€ $!-
&(€ €#€(P!€3€ #'/$!">#$ ,  €#€9:% "# 62:,!8/ 6 ($)2'!"; ,
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x

D

C

Y

O

E

A

B

2

1

2
1

a

b

a b

y

T",< K<?< Q!&(€ €#€(P!8; #'/$!">#

", €2:>€)$!"'# ) P$>'  '('!€,$ 1$22",&"+',."/ 0"!'(C"€!!8/5
&($'.&€("; [HA]<

3.1.1 •€•‚ƒ„ƒ…† ‡‚…ˆ„ƒ…†

U3($!"+"#,7 ($,,#€&('!"'#  2€,.€3€ #'/$!">#$4 ,€,&€79'3€ ">
 7&" D$(!"(!€ ,€'•"!'!!8/ )',€#8/ >)'!:')S .€( 6,$ OC " •)6/
•)6>)'!!8/ .€!'+!€,&'; 0!€35 ) )"•' >)'!:') 1'•($ OB " OD "
>)'!:') 3€2'!" BA " DE < 0,#< T",< K<?5<

O•',: D$(!"( O; ,€'•"!7%9"; .€( 6, OC , 1'•($#" OB " OD;
!$>8)$'&,7  !"€#Š‡$Š……†‚ %&% !ˆ€‚ 4 $ D$(!"(8 B " D; ,€'•"!7-
%9"' 1'•($ OB " OD , 3€2'!7#" BA " DE; V •€•Š……†‚„ %&% !-
ˆ!‚„ < •('• €2$3$'&,74 +&€ ),' D$(!"(8 "•'$2:!8' " &('!"' ) !"/
€&,6&,&)6'&<

•6,&: XY V !' €•)"*!$7  2€,.$7 ,",&'#$ .€€(•"!$&4 3•' €,:
Y !$ ($)2'!$ )'(&".$2:!€ ))'(/4 €,: X V 3€(">€!&$2:!€< W'/$-
!"># ($, €2€*'! ) )'(&".$2:!€;  2€,.€,&" " "#''& ,'#: ,&' '!';
,)€1€•8< U1€>!$+"# €1€19'!!8' .€€(•"!$&8S x; y V .€€(•"!$&8
&$>€1'•('!!€3€ ,6,&$)$ O;  V 63€2 #'*•6 .€( 6,€# " )'(&".$-
2:%4� 1; � 2 V 63284 .€&€(8' €1($>6%& 1'•($ , )'(&".$2:%4 $ � 1; � 2

V 6328 #'*•6 3€2'!7#" " )'(&".$2:%<
X27 6($)!'!"; •)"*'!"7  7&">)'!!".$ )€, €2:>6'#,7 6($)!'-

42 •€•‚• 3. ƒ„…•†„‡• •…ˆ‰Š‹Š†Š‰Œ…•Ž †•Ž•…„•†Š‚

!"7#" Y$3($!*$ F±3€ (€•$ [AF]S

d
dt

�
@L
@_zs

�
 

@L
@zs

= Qs; s = 1; n; 0K<?5

3•' zs V €1€19'!!$7 .€€(•"!$&$4 Qs V €1€19'!!$7 !'.€!,'()$&")-
!$7 ,"2$4 L = T  V V P6!.C"7 Y$3($!*$4 T V ."!'&"+',.$7
E!'(3"74 V V  €&'!C"$2:!$7 E!'(3"7 ,",&'#84 n = 7 :

Z&€18 )8+",2"&: ."!'&"+',.6% E!'(3"% .$*•€3€ >)'!$4 16•'#
 €2:>€)$&:,7 P€(#62€; [AF]S

T =
1
2

�
mv2 + 2m ((v � ! ); � ) + �! 2 �

; 0K<F5

3•' v V ,.€(€,&:  €2%,$ 0P".,"(€)$!!€; &€+." >)'!$54 ! V 632€)$7
,.€(€,&: )($9'!"7 >)'!$4 � V ($•"6,-)'.&€( C'!&($ #$,, >)'!$ ,
!$+$2€# )  €2%,'4 m V #$,,$ >)'!$4 � V #€#'!& "!'(C"" >)'!$
€&!€,"&'2:!€  €2%,$<

X27 >)'!:') OC; OB " OD >$  €2%, )€>:#'# &€+.6 O: R"!'&"-
+',.$7 E!'(3"7 .€( 6,$ TOC ($)!$

TOC =
1
2

h
mk ( _x2 + _y2)  2K r

_ ( _x cos + _y sin  ) + J _ 2
i

; 0K<K5

3•' K r = mk r; m k V #$,,$ .€( 6,$4 r V ($,,&€7!"' €& &€+." O •€
C'!&($ #$,, .€( 6,$4 J V #€#'!& "!'(C"" .€( 6,$ €&!€,"&'2:!€
&€+." O:

R"!'&"+',.$7 E!'(3"7 1'•($ OB ($)!$

TOB =
1
2

�
ma ( _x2+ _y2) + 2 maa _� 1 ( _x cos� 1 + _y sin � 1)+ J 0

a _� 2
1

�
; 0K<G5

3•' ma V #$,,$ 1'•($4 a V ($,,&€7!"' €& &$>€1'•('!!€3€ ,6,&$)$ •€
C'!&($ #$,, 1'•($4 J 0

a V #€#'!& "!'(C"" 1'•($ €&!€,"&'2:!€ &€+."
O; TOD  €26+"#  6&'# >$#'!8 632$ � 1 !$ � 2 ) P€(#62' 0K<G5<

M8+",277 ."!'&"+',.6% E!'(3"% 3€2'!" BA; )€>:#'# >$  €2%,
&€+.6 B 0.€2'!€5< \€3•$

TBA =
1
2

�
mb

�
_x2+ _y2 + 2 _� 1L a( _x cos� 1+ _y sin � 1)+ _� 2

1L 2
a

�
+

+ 2K b
_� 1 [ _x cos� 1+ _y sin � 1+ _� 1L a cos(� 1  � 1)]+ Jb

_� 2
1

o
; 0K<A5
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3•' K b = mbb; mb V #$,,$ 3€2'!"4 b V ($,,&€7!"' €& .€2'!!€3€
,6,&$)$ (B ) •€ C'!&($ #$,, 3€2'!"4 L a V •2"!$ 1'•($4 Jb V #€#'!&
"!'(C"" 3€2'!" €&!€,"&'2:!€ &€+." B ; TDE  €26+"#  6&'# >$#'!8
632€) � 1; � 1 632$#" � 2; � 2:

\' '(: ,  €#€9:% €€&!€D'!"; 0K<K5 ± 0K<A5 #€*'# !$ ",$&: )8-
($*'!"' •27 ."!'&"+',.€; E!'(3"" ),'3€  7&">)'!!€3€ #'/$!">#$

T = TOC + TOB + TOD + TBA + TDE =

=
1
2

M ( _x2 + _y2) +
1
2

J _ 2  K r
_ ( _x cos + _y sin  ) +

+
2X

i =1

�
1
2

Ja _� 2
i +

1
2

Jb
_� 2
i + K a _� i ( _x cos� i + _y sin � i ) +

+ K b
_� i ( _x cos� i + _y sin � i ) + Jab _� i

_� i cos (� i  � i )
i

; 0K<I5

3•' M = mk + 2ma + 2mb V #$,,$  7&">)'!!".$4

K a = maa + mbL a ; Ja = J 0
a + mbL 2

a ; Jab = K bL a = mbbLa :

X27  €&'!C"$2:!€; E!'(3"" V #'/$!">#$ "#''# P€(#626

V = gf mk (y + r cos )+

+
2X

i =1

[ma(y  a cos� i ) + mb (y  L a cos� i  bcos� i )]

)

;

"2" )  ("!7&8/ €1€>!$+'!"7/

V = g

"

M y + K r cos  
2X

i =1

(K a cos� i + K b cos� i )

#

; 0K<B5

3•' g V 6,.€('!"' ,)€1€•!€3€  $•'!"7<
^.$*'# !$ )!6&('!!"' !'.€!,'()$&")!8' ,"284 •';,&)6%9"'

!$ #'/$!"># 0,#< T",< K<F5< N&€ u1; u2 V #€#'!&8 ,"24  ("2€*'!-
!8/ ) .€2'!!8/ ,6,&$)$/4 q1; q2 V #€#'!&8 ,"24  ("2€*'!!8/ #'*-
•6 .€( 6,€# " 1'•($#"< M!'D!"' ,"28 ('$.C"" € €(!€;  €)'(/-
!€,&" R1; R2  ("2€*'!8 . .€!C$# A " E !€3_ � 1; � 2 V #€#'!&8
)!'D!"/ ,"24  ("2€*'!!8/ . 3€2'!"< L"28 R1; R2 "#'%& 3€(">€!-
&$2:!8' R1x ; R2x " )'(&".$2:!8' R1y ; R2y ,€,&$)27%9"' ,€€&)'&-
,&)'!!€< •('• €2$3$'&,74 +&€ ),' D$(!"(84 ,€'•"!7%9"' >)'!:74
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X

D

C

Y

O

E
A

B

1

2

R

R

1

2

q
q

U U12

Ï 1

Ï 2

T",< K<F< L"284 •';,&)6%9"' !$ #'/$!">#

"•'$2:!8'4 $ #€#'!&8 u1; u2; q1; q2; � 1; � 2 ) D$(!"($/ ,€>•$%&,7
 (")€•$#"<

•(",&6 "# . ,€,&$)2'!"% 6($)!'!"; •)"*'!"7< X27 E&€3€ !$•€
>!$&: ,'#: €1€19'!!8/ ,"2 Qx ; Qy ; Q ; Q� 1 ; Q� 2 ; Q� 1 ; Q� 2 ; .€&€(8'
#€*!€ !$;&"4  €2:>67,: )8($*'!"'# •27 E2'#'!&$(!€; ($1€&8 �W
),'/ ,"24  ("2€*'!!8/ . ,",&'#'S

�W = ( R1x + R2x ) �x + ( R1y + R2y ) �y  (q1 + q2) � +

+
2X

i =1

[ (qi  ui )�� i +( ui  � i )�� i + Rix � (L a sin � i + L b sin � i ) 

 Riy � (L a cos� i + L b cos� i )] =
2X

i =1

[Rix �x + Riy �y  qi � +

+ ( qi  ui + Rix L a cos� i + Riy L a sin � i ) �� i +

+ ( ui  � i + Rix L b cos� i + Riy L b sin � i ) �� i ] ; 0K<H5

3•' L b V •2"!$ 3€2'!"< => P€(#628 0K<H5 !$;•'#

Qx = R1x + R2x ; Qy = R1y + R2y ; Q =  (q1 + q2);

Q� i =  ui + qi + L a (Rix cos� i + Riy sin � i ); i = 1 ; 2; 0K<J5

Q� i = ui  � i + L b (Rix cos� i + Riy sin � i ); i = 1 ; 2:



3.1.  •‰•†•!•…„• ‹‰„ „†‹"€#$…Š† "‹‰•‚€•…„„ 45

L  €#€9:% )8($*'!"; 0K<I54 0K<B54 0K<J54 )8+",2'!"7
@L=@_zs; @L=@zs; 6($)!'!"7 Y$3($!*$ 0K<?5 >$ "D6&,7 ) )"•' [HA]S

M •x  K r
• cos + K a •� 1 cos� 1 + K a •� 2 cos� 2 + K b

•� 1 cos� 1 +

+ K b
•� 2 cos� 2 + K r

_ 2 sin   K a _� 2
1 sin � 1  K a _� 2

2 sin � 2  

 K b
_� 2
1 sin � 1  K b

_� 2
2 sin � 2 = R1x + R2x ;

M •y  K r
• sin  + K a •� 1 sin � 1 + K a •� 2 sin � 2 + K b

•� 1 sin � 1 +

+ K b
•� 2 sin � 2  K r

_ 2 cos + K a _� 2
1 cos� 1 + K a _� 2

2 cos� 2 +

+ K b
_� 2
1 cos� 1 + K b

_� 2
2 cos� 2 = R1y + R2y  Mg;

 K r •x cos  K r •y sin  + J •  gK r sin  =  q1  q2;

K a •x cos� i + K a •y sin � i + Ja •� i + Jab
•� i cos (� i  � i ) +

+ gKa sin � i + Jab
_� 2
i sin (� i  � i ) =

=  ui + qi + L aRix cos� i + L aRiy sin � i ; i = 1 ; 2;

K b•x cos� i + K b•y sin � i + Jab •� i cos (� i  � i ) + Jb
•� i +

+ gKb sin � i  Jab _� 2
i sin (� i  � i ) =

= ui  � i + L bRix cos� i + L bRiy sin � i ; i = 1 ; 2:

N&" 6($)!'!"7 •)"*'!"7  7&">)'!!".$ #€*!€  '(' ",$&: , 6+'-
&€# ,€€&)'&,&)6%9"/ €1€>!$+'!"; 0,#< .!"36 [HA]5 ) .€# $.&!€;
)'.&€(!€-#$&("+!€; P€(#' &$.S

B (z) •z + gA f 1(z) + D(z) f 2( _z) = C(z) w; 0K<?@5

3•'

z =

0

B
B
B
B
B
B
B
B
@

x
y
 
� 1

� 2

� 1

� 2

1

C
C
C
C
C
C
C
C
A

; f 1(z) =

0

B
B
B
B
B
B
B
B
@

0
1

sin  
sin � 1

sin � 2

sin � 1

sin � 2

1

C
C
C
C
C
C
C
C
A

; f 2( _z) =

0

B
B
B
B
B
B
B
B
@

0
0
_ 2

_� 2
1

_� 2
2

_� 2
1

_� 2
2

1

C
C
C
C
C
C
C
C
A

;
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w� = ( u1; u2; q1; q2; � 1; � 2; R1x ; R1y ; R2x ; R2y ) ;

3•' >)'>•€+.€; ,)'(/6 €1€>!$+'!€ &($!, €!"(€)$!"'< M"• #$&("C
B (z); A; D (z)  €(7•.$ 7 � 7 " #$&("C8 C(z)  €(7•.$ 7 � 10 #€*!€
!$;&" ) ($1€&' [HA]<

U&#'&"#4 +&€ ,"##'&("+',.$7 #$&("C$ B (z) > 0 V E&€  €2€*"-
&'2:!€ € ('•'2'!!$7 #$&("C$ ."!'&"+',.€; E!'(3""4 &<'<

T = T(z; _z) =
1
2

_z� B (z) _z:

O!$+"&4 6($)!'!"' 0K<?@5 #€*!€ ($>('D"&: €&!€,"&'2:!€ )'.&€($
,&$(D"/  (€">)€•!8/S

•z =  gB  1(z) A f 1(z)  B  1(z) D (z) f 2( _z) + B  1(z) C(z) w:

O•',: A V •"$3€!$2:!$7  €,&€7!!$7 #$&("C$4 $ E2'#'!&8 #$&("-
C8 D(z) V ,6&: ,"#)€28 R(",&€PP'27  '()€3€ (€•$ •27 #$&("C8
B (z):

3.1.2  ‡ƒ!!"!€ƒ!„ ‡‚…ˆ„ƒ…„.

Y€.€#€C"€!!€'  '('•)"*'!"' #'/$!">#$ , •)6#7 .€!'+!€,&7#"
€,69',&)27'&,7 ) •)' P$>8 V '!"& €‡…€€(€$…€)€ ‡ˆ„‰Š…„*0€•!$
!€3$ € "($'&,74 •(63$7  '('!€,"&,75 " '!"& ‡ˆ&+€(€$…€)€ ‡ˆ„‰Š-
…„*< M  (€C',,' /€•:18 E&" P$>8  €€+'('•!€ ,#'!7%&,7<

^($)!'!"7 0K<?@5 3€•7&,7 •27 € ",$!"7 .$. €•!€€ €(!€3€4 &$. "
•27 •)6/€ €(!€3€ •)"*'!"7 V !$•€ &€2:.€ ,€€&)'&,&)'!!€ ).2%-
+$&: ) •"!$#".6 R1 "2" R2; 2"1€ R1 " R2: T$,,#€&("# 1€2''  €-
•(€1!€ €•!€€ €(!6% P$>6< •6,&: € €(!$7 !€3$4 !$ ("#'(4 OBA
D$(!"(!€ € "($'&,7 !$  €)'(/!€,&:< N&€& D$(!"( 16•'# !$>8)$&:
)€•Š…€% €(…†‚ %&% !ˆ€‚ " ,+"&$&: '3€ "•'$2:!8#<

L€,&$)"# •$2'' 6($)!'!"7 €•!€€ €(!€3€ •)"*'!"74  €2$3$7
&€+.6 A 0.€!'C !€3"5 >$.(' 2'!!€;< \€3•$ #'/$!"># ) C'2€# "#''&
 7&: ,&' '!'; ,)€1€•8< O$ €1€19'!!8' .€€(•"!$&8 )€>:#'# €1€-
>!$+'!!8' )8D' 6328S  ; � 1; � 2; � 1; � 2: ^($)!'!"7 •)"*'!"7  7&"-
>)'!!".$ , >$.(' 2'!!€; &€+.€; A  €26+"#4 ",/€•7 "> 6($)!'!";
Y$3($!*$ 0K<?5<

L)7>: .€€(•"!$& (x; y) &$>€1'•('!!€3€ ,6,&$)$ O , .€€(•"!$&$-
#" (xA ; yA ) 3€2'!€,&€ !€3€ ,6,&$)$ A >$•$'&,7 ($)'!,&)$#"

x = xA  L a sin � 1  L b sin � 1; y = yA + L a cos� 1 + L b cos� 1:
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X27 xA = const; yA = const "#''# €&,%•$

_x =  L a _� 1 cos� 1  L b
_� 1 cos� 1; _y =  L a _� 1 sin � 1  L b

_� 1 sin � 1:

•€•,&$)277 E&" ,€€&!€D'!"7 ) P€(#628 0K<I5 " 0K<B54 !$;•'#
)8($*'!"7 •27 ."!'&"+',.€; "  €&'!C"$2:!€; E!'(3";  7&">)'!-
!".$ , >$.(' 2'!!€; &€+.€; ,€€&)'&,&)'!!€< =#''#

T =
1
2

J _ 2 +
1
2

(Ja  2L aK a + L 2
aM ) _� 2

1 +
1
2

Ja _� 2
2 +

+
1
2

(Jb  2L bK b + L 2
bM ) _� 2

1 +
1
2

Jb
_� 2
2 +

+ L aK r cos (  � 1) _ _� 1 + L bK r cos (  � 1) _ _� 1  

 L aK a cos (� 1  � 2) _� 1 _� 2 +

+ ( Jab  L aK b  L bK a + + L aL bM ) cos (� 1  � 1) _� 1
_� 1  

 L aK b cos (� 1  � 2) _� 1
_� 2  L bK a cos (� 2  � 1) _� 2

_� 1 +

+ Jab cos (� 2  � 2) _� 2
_� 2  L bK b cos (� 1  � 2) _� 1

_� 2; 0K<??5

$ &$.*'

V = g [ My A + K r cos + ( L aM  K a) cos� 1  

 K a cos� 2 + ( L bM  K b) cos� 1  K b cos� 2 ] : 0K<?F5

•('• €2€*"#4 +&€ !$ #'/$!"># •';,&)6%&S ('$.C"7 R1 ) € €(-
!€; !€3'4 #€#'!&8 u1; u2 ) .€2'!!8/ ,6,&$)$/ B " D; #€#'!&8 q1; q2

) &$>€1'•('!!€# ,6,&$)' O; #€#'!&8 � 1; � 2 ) 3€2'!€,&€ !8/ ,6,&$-
)$/ A " E; $ &$.*' !'.€&€($7 ,"2$ R2;  ("2€*'!!$7 ) &€+.' E  '('-
!€,"#€; !€3"< U&#'&"# >•',:4 +&€ "# 62:,!8' )€>•';,&)"7 R2; � 2

#€*!€ ,€>•$)$&: ,  €#€9:% 6,&(€;,&)$ &" $ ,&€ 8 V  '('!€,"#$7
!€3$ ) E&€# ,26+$' €&&$2.")$'&,7 €&  €)'(/!€,&"<

Z&€18 !$;&" )8($*'!"7 •27  7&" €1€19'!!8/ ,"2
Q ; Q� 1; Q� 2 ; Q� 1 ; Q� 2 ; ,€,&$)"# )8($*'!"' •27 E2'#'!&$(-
!€; ($1€&8 �W ),'/ ,"24  ("2€*'!!8/ . ,",&'#'< •€•,&$)"#  ("
E&€# ) P€(#626 0K<H5 ($)'!,&)$ ,)7>"

�x =  L a cos� 1 � �� 1  L b cos� 1 � �� 1;

�y =  L a sin � 1 � �� 1  L b sin � 1 � �� 1:
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\€3•$ 16•'# "#'&:

�W =  (q1 + q2) � +

+ ( q1  u1  R2x L a cos� 1  R2y L a sin � 1) �� 1 +

+ ( q2  u2 + R2x L a cos� 2 + R2y L a sin � 2) �� 2 +

+ ( u1  � 1  R2x L b cos� 1  R2y L b sin � 1) �� 1 +

+ ( u2  � 2 + R2x L b cos� 2 + R2y L b sin � 2) �� 2;

€&.6•$  €,2'•6%& ,€€&!€D'!"7

Q =  q1  q2;

Q� 1 = q1  u1  L a (R2x cos� 1 + R2y sin � 1);

Q� 2 = q2  u2 + L a (R2x cos� 2 + R2y sin � 2);

Q� 1 = u1  � 1  L b (R2x cos� 1 + R2y sin � 1);

Q� 2 = u2  � 2 + L b (R2x cos� 2 + R2y sin � 2): 0K<?K5

=, €2:>67 )8($*'!"7 0K<??5 ± 0K<?K54 #€*!€ 6($)!'!"7 Y$3($!-
*$ 0K<?5  ('•,&$)"&: ) )"•' 6($)!'!"7 0K<?@54 3•'

z =

0

B
B
B
B
@

 
� 1

� 2

� 1

� 2

1

C
C
C
C
A

; f 1(z) =

0

B
B
B
B
@

sin 
sin � 1

sin � 2

sin � 1

sin � 2

1

C
C
C
C
A

; f 2( _z) =

0

B
B
B
B
@

_ 2

_� 2
1

_� 2
2

_� 2
1

_� 2
2

1

C
C
C
C
A

;

w� = ( u1; u2; q1; q2; � 1; � 2; R2x ; R2y );

B (z); A; D (z) 2 R5 � R5; C(z) 2 R5 � R8:

M"• ,€€&)'&,&)6%9"/ #$&("C  ('•,&$)2'! ) .!"3' [HA]<
`,2" R2 = 0 ; &€ #€*!€  €26+"&: )8($*'!"7 •27 ,€,&$)27%9"/

R1x ; R1y ('$.C"" R1 ) € €(!€; !€3'< M ,$#€# •'2'4 ) E&€# ,26+$'
6($)!'!"7 •)"*'!"7 C'!&($ #$,, (xc; yc) #$/$!">#$ )8327•7& &$.S

M •xc = R1x ; M •yc = R1y  Mg; 0K<?G5

3•' "#''# ,2'•6%9"' )8($*'!"74 € ('•'27%9"' xc; yc :

Mx c = Mx A  K r sin  + ( K a  L aM ) sin � 1 +
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+ K a sin � 2 + ( K b  L bM ) sin � 1 + K b sin � 2;

My c = My A + K r cos + ( L aM  K a) cos� 1  

 K a cos� 2 + ( L bM  K b) cos� 1  K b cos� 2;

€&.6•$  €,2' •"PP'('!C"(€)$!"7  € )('#'!"  €26+"#

M _xc =  K r
_ cos + ( K a  L aM ) _� 1 cos� 1 +

+ K a _� 2 cos� 2 + ( K b  L bM ) _� 1 cos� 1 + K b
_� 2 cos� 2;

M _yc =  K r
_ sin  + ( K a  L aM ) _� 1 sin � 1 + 0K<?A5

+ K a _� 2 sin � 2 + ( K b  L bM ) _� 1 sin � 1 + K b
_� 2 sin � 2:

L  €#€9:% ,€€&!€D'!"; 0K<?G54 0K<?A5  €26+"# )8($*'!"7 •27
R1x ; R1y :

R1x =
5X

i =1

aii
 
•zi coszi  _z2

i sin zi
�

;

R1y = Mg +
5X

i =1

aii
 
•zi sin zi + _z2

i coszi
�

:

+'('> .€# €!'!&8 #$&("C8 A = diag ( aii ) " )'.&€($ z = ( zi ); i =
1; 5:

3.1.3 #!$%•ƒ!‚&• '•‡•(…

L!$+$2$ ($,,#€&("# €•!€€ €(!6% P$>6 )  ('• €2€*'!""4 +&€ )
!$+$2:!8; #€#'!& )('#'!" t = 0 .€!P"36($C"7 #'/$!">#$ /$($.-
&'(">6'&,7 )'.&€(€#

z� (0) = (  ; � 1; � 2; � 1; � 2)
�
�
t =0 :

•6,&: .€!P"36($C"7 #'/$!">#$ z(T) ) !'.€&€(8; >$•$!!8; #€-
#'!& )(#'!" t = T 0)('#7 D$3$5 ,€) $•$'& , !$+$2:!€; , &€+!€,&:%
•€ ,#'!8 !€34 &<'<

 (T) =  (0); � 1(T) = � 2(0); � 2(T) = � 1(0);

� 1(T) = � 2(0); � 2(T) = � 1(0): 0K<?I5
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U+')"•!€4 +&€ #€*!€ 6.$>$&: ,.€2: 63€•!€ 1€2:D€' +",2€ , €-
,€1€)  (")'•'!"7  7&">)'!!€3€ #'/$!">#$ "> ,€,&€7!"7 z(0) )
,€,&€7!"' z(T): a6•'# ,+"&$&:4 +&€ ) €•!€€ €(!€; P$>' R2 =
0; � 2 = 0 : \€3•$ ) 6($)!'!"" •)"*'!"7 0K<?@5S w 2 R5; C(z) 2
R5 � R5; det C(z) 6= 6= 0 : •€E&€#6 •27 >$•$!!€; )'.&€(-P6!.C"" z(t)
6 ($)27%9"' #€#'!&8 u1; :u2; q1; q2; � 1 € ('•'27%&,7 €•!€>!$+!€
0€1($&!8; #'&€•  €,&(€'!"7 €•!€€ €(!€3€ •)"*'!"75<

•€,&$)"# >$•$+6 ,2'•6%9"# €1($>€#< a6•'# ,+"&$&: 6 ($)27-
%9"' )€>•';,&)"7 "# 62:,!8#"4 .€&€(8'  €•$%&,7 &€2:.€ ) !$-
+$2:!8; " .€!'+!8; #€#'!&8 )('#'!" t = 0 ; t = T; &<'< &€3•$4
.€3•$  '('!€,"#$7 !€3$ !$/€•"&,7 !$  €)'(/!€,&"< =&$.4 ($,,#$&-
(")$'&,7 ,2'•6%9"; .2$,, 6 ($)2'!";S

w(t) = E0 � (t) + ET � (t  T); 0K<?B5

3•' � (t); � (t  T) V •'2:&$-P6!.C"" X"($.$4 !' ($)!8' !62%  ("
t = 0 ; t = T; E0; ET V )'.&€(8 "!&'!,")!€,&'; "# 62:,!8/ )€>-
•';,&)";  (" t = 0 ; t = T; •27 €•!€€ €(!€; P$>8 E0; ET 2 R8:

•€,2'  €•$+" 6 ($)2'!"7 w(t) 0K<?B5  (" t = 0 ; t = T !$ "!-
&'()$2' )('#'!" t 2 (0; T); .€3•$ w(t) = 0 ; #'/$!"># •)"*'&,7  €
"!'(C"" "2"4 "!$+'4  € 1$22",&"+',.€; &($'.&€(""< •€•,&$)"# )
,",&'#6 0K<?@54z 2 R5; )  ($)6% +$,&: w 0K<?B5< •€•$+$ "# 62:-
,€) !' )8>€)'& ">#'!'!"7  €>"C"€!!8/ .€€(•"!$& 0)'.&€($ z); !€
 (")'•'& . ,.$+.6 ,.€(€,&'; _z: M #€#'!& t = 0 E&€& ,.$+€. � _z(0)
($)'! 0,#< 6($)!'!"' 0K<?@5 ) ($>('D'!!€;  € •z P€(#'5

� _z(0) = _z(+0)  _z( 0) = B  1[ z(0) ] C[ z(0) ] E0; 0K<?H5

"2"

B [ z(0) ] � _z(0) = C[ z(0) ] E0; 0K<?J5

3•' _z( 0); _z(+0) V )'.&€(8 632€)8/ ,.€(€,&'; #'/$!">#$ •€ "  €-
,2'  ("2€*'!"7 "# 62:,€)<

•(" t 2 (0; T) "#''# w(t) = 0 ;  €E&€#6 )'.&€( z(t) 6•€)2'&)€-
(7'& €•!€(€•!€; ,",&'#' 6($)!'!";

B (z) •z + gA f 1(z) + D(z) f 2( _z) = 0 ; 0K<F@5

€ ",8)$%9'; 1$22",&"+',.€' •)"*'!"' #'/$!">#$4 "2"

•z =  g B  1(z) A f 1(z)  B  1(z) D (z) f 2( _z);
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3•' _z(0) = _z(+0) " )'.&€( _z(+0) € ('•'27'&,7 ,€€&!€D'!"'# 0K<?H5<
M #€#'!& t = T ,",&'#$ 0K<F@5  ("/€•"& ) P$>€)6% &€+.6

z(T); _z(T): \€3•$ . ,",&'#'  €•$'&,7 ,'("7 "# 62:,€) "!&'!,")-
!€,&" ET : M'.&€( _z  (" E&€#  ('&'( ')$'& ,.$+€. � _z(T); ($)!8;

� _z(T) = _z(T + 0)  _z(T  0) = B  1[ z(T) ] C[ z(T) ] ET : 0K<F?5

b€(#626 0K<F?5 #€*!€  '(' ",$&: ) )"•'

B [ z(T) ] � _z(T) = C[ z(T) ] ET : 0K<FF5

•€,.€2:.6 rank C(z) = 5 8 z; &€ "> P€(#62 0K<?J54 0K<FF5 ,2'•6'&4
+&€ "# 62:,!8#" )€>•';,&)"7#" #€*!€ ('$2">€)$&: 2%1€; ,.$+€.
,.€(€,&';4 &<'< 2%1€' ($, ('•'2'!"' ,.€(€,&'; >)'!:') #'/$!">#$<

•€,&$)"# >$•$+6< •6,&: >$•$!8 !$+$2:!$7 " .€!'+!$7 .€!P"-
36($C"" #'/$!">#$ z(0); z(T) 0K<?I5< \('16'&,7 !$;&" 6 ($)2'!"'
0K<?B54 .€&€(€'  '(')€•"& #'/$!"># "> z(0) ) z(T); $ "#'!!€ !$-
•€ !$;&" &$."' )'.&€(8 E0 " ET ; .€3•$ ('D'!"' z(t) ,€€&)'&,&)6-
%9'; ,",&'#8 0K<?@5  (" 6 ($)2'!"" 0K<?B5 ) #€#'!&8 )('#'!"
t = 0 ; t = T  ("!"#$'& >!$+'!"7 z(0); z(T) ,€€&)'&,&)'!!€<

b€(#62"(€).6 >$•$+" #€*!€ 6 (€,&"&:S &('16'&,7 !$;&" &$.€'
('D'!"' z(t) ,",&'#8 0K<F@54 .€&€(€' ) #€#'!&8 t = 0 ; t = T  ("-
!"#$'& >$•$!!8' >!$+'!"7 z(0); z(T):

`,2" .($')$7 >$•$+$ •27 ,",&'#8 0K<F@5 ('D'!$ " € ('•'2'! )'.-
&€( _z(+0) ; &€ &€3•$ , 6+'&€# ($)'!,&)$ 0K<?J5 #€*!€ !$;&" )'.&€(
E0 "!&'!,")!€,&'; "# 62:,!8/ )€>•';,&)";< •6,&: _z( 0) = 0 ; &<'<
)'.&€( 632€)8/ ,.€(€,&'; >)'!:') #'/$!">#$ _z ($)'! !62%< \€3•$
,€€&!€D'!"' 0K<?J5 •$'& >$ ",:

C[ z(0) ] E0 = B [ z(0) ] _z(+0) ;

€&.6•$ ) ,"26 !')8(€*•'!!€,&" #$&("C8 C(z) !$;•'# '•"!,&)'!-
!€' ('D'!"'

E0 = C  1[ z(0) ] B [ z(0) ] _z(+0) : 0K<FK5

•€,2'  ("2€*'!"7  (" t = 0 6 ($)27%9"/ "# 62:,€)  (" 1$2-
2",&"+',.€# •)"*'!"" #'/$!"># ) #€#'!& t = T  € $•$'& )  €2€-
*'!"' z(T): •('• €2$3$74 +&€ "# 62:,!8' )€>•';,&)"7 ) #€#'!&
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t = T 3$,7& 632€)8' ,.€(€,&" >)'!:')S _z(T +0) = 0 ; "> ,€€&!€D'!"7
0K<FF5  €26+"#

C[ z(T) ] ET =  B [ z(T) ] _z(T  0);

€&.6•$  (" det C(z) 6= 0 !$;•'# '•"!,&)'!!€' ('D'!"'

ET =  C  1[ z(T) ] B [ z(T) ] _z(T  0): 0K<FG5

X$2''  € P€(#62$# 0K<FK54 0K<FG5 €•!€>!$+!€ € ('•'27%&,7 "!&'!-
,")!€,&" "# 62:,!8/ #€#'!&€) u1; u2; q1; q2; � 1; !'€1/€•"#8' •27
,€€19'!"7 >)'!:7# #'/$!">#$ 632€)8/ ,.€(€,&';4 ('D$%9"/  €-
,&$)2'!!6% .($')6% >$•$+6<

M .€!C'  $($3($P$ €,&$!€)"#,7 .($&.€ !$ >$•$+' €(3$!">$C""
•)"*'!"7 ) •)6/€ €(!€; P$>'< L#'!$ .€!'+!€,&';  (" €•!€€ €(-
!€# •)"*'!""  ('• €2$3$'& !$2"+"' •)6/€ €(!€; P$>8< a6•'#  ("
E&€# ,+"&$&: )('#7 '' •';,&)"7 ,.€2: 63€•!€ #$28#< U+')"•!€4 +&€
) &$.€# ,26+$'  '('($, ('•'2'!"' ,.€(€,&'; >)'!:') •€2*!€ 18&:
#3!€)'!!8#4 &<'< . >)'!:7# •€2*!8 18&:  ("2€*'!8 "# 62:,!8'
)€>•';,&)"7<

T$,,#€&("# , €,€1 )8+",2'!"7 "# 62:,€)4 &('16'#8/ •27 *'-
2$'#€3€  '('($, ('•'2'!"7 ,.€(€,&'; >)'!:')< T'D'!"' .($')€; >$-
•$+" •27 ,",&'#8 0K<F@5 •$'& >!$+'!"7 _z(0); _z(T): L  €#€9:% P€(-
#62 ,)7>" 0,#< ($>•'2 K<?<F #€*!€ !$;&" .€# €!'!&8 _x(0); _y(0) "
_x(T); _y(0) ,.€(€,&" &$>€1'•('!!€3€ ,6,&$)$ O ) !$+$2' " .€!C' €•-
!€€ €(!€; P$>8 (t = 0 ; t = T):

M8 "D'# *'2$'#8' ,.$+." ,.€(€,&" &$>€1'•('!!€3€ ,6,&$)$ "
632€)€; ,.€(€,&" .€( 6,$

� _x = _x(0)  _x(T); � y = _y(0)  _y(T); � _ = _ (0)  _ (T);

>$&'# ,.$+." 632€)8/ ,.€(€,&'; 1'•($ " 3€2'!"  '('•!'; !€3"

� _� 1 = _� 1(0)  _� 2(T); � _� 1 = _� 1(0)  _� 2(T);

$ &$.*' ,.$+." 632€)8/ ,.€(€,&'; 1'•($ " 3€2'!" >$•!'; !€3"

� _� 2 = _� 2(0)  _� 1(T); � _� 2 = _� 2(0)  _� 1(T):

c$ ",$!!8' P€(#628  €2!€,&:% € ('•'27%& )'.&€( � _z 2 R7 ,.$+-
.€) ,.€(€,&';<
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W3!€)'!!€' ">#'!'!"' ,.€(€,&'; •€,&"3$'&,7  6&'#  €•$+" "#-
 62:,!8/ )€>•';,&)";

w(t) = E � (t  T); 0K<FA5

3•' � (t  T) V •'2:&$-P6!.C"74 ($)!$7 !62%  (" t 6= T; E 2
R10 V )'.&€( "!&'!,")!€,&';  (".2$•8)$'#8/ "# 62:,€) 0 €
u1; u2; q1; q2; � 1; � 2; R1x ; R1y ; R2x ; R2y ):

M #€#'!& •)6/€ €(!€; P$>8 !" €•!$ "> .€!C')8/ &€+'. .€!'+-
!€,&'; !' 7)27'&,7 >$.(' 2'!!€;< •€E&€#6 6($)!'!"7 •)"*'!"7
 7&">)'!!€3€ #'/$!">#$ 0K<?@5 , €•!€; >$.(' 2'!!€; &€+.€;4 .€-
3•$ z 2 R5; w 2 R8; !' #€36& 18&: ", €2:>€)$!8 •27 € ",$!"7
P$>8 •)€;!€; € €(8< X27 € ",$!"7 •)6/€ €(!€; P$>8 !$•€ )€,-
 €2:>€)$&:,7 6($)!'!"7#" 0K<?@54 .€3•$ z 2 R7; w 2 R10:

M #€#'!& )('#'!" t = T 6 ($)2'!"' 0K<FA5 ,.$+.€# ">#'!7'& _z;
!' #'!77 >!$+'!"7 )'.&€($  €>"C"€!!8/ .€€(•"!$& z: => 6($)!'!";
0K<?@5 ,2'•6'&4 +&€ ,.$+€. ,.€(€,&'; � _z(T) ) #€#'!& t = T ($)'!

� _z(T) = B  1[ z(T) ] C[ z(T) ] E; z 2 R7; E 2 R10; C 2 R7 � R10;

"2"

B [ z(T) ] � _z(T) = C[ z(T) ] E: 0K<FI5

M P€(#62' 0K<FI5 rank C(z) = 7 8 z: •€E&€#64 ($,,#$&(")$7 ,€-
€&!€D'!"' 0K<FI5 .$. )'.&€(!€-#$&("+!€' 6($)!'!"' €&!€,"&'2:!€
)'.&€($ E 2 R10; !$;•'# '3€ &('/ $($#'&("+',.€' #!€*',&)€ ('D'-
!";< U&,%•$ #€*!€  (€)',&" $!$2"> ($>2"+!8/ ,"&6$C"; ($, ('-
•'2'!"7  (".2$•8)$'#8/ ,"2 " #€#'!&€)4 /$($.&'(!8/ •27 P$>8
•)€;!€; € €(8<

3.2  ˆ‚Šˆ•‡†!€•‘„ˆ’‡‘ "Ž•„ˆ#ˆ$ Œˆ"‘!‹

•€• •€‚'€$ !#Š•,…†‚ ‡ˆ„‰Š…„Š‚  €!"#$%& &$."' 2€.€#€C""
•)6!€3€3€ D$3$%9'3€ #'/$!">#$4  (" .€&€(8/ € ('•'2'!!$7 &€+.$
.€( 6,$ $  $($&$ •)"*'&,7 ($)!€#'(!€ "  (7#€2"!';!€ [B]< L$#6
&€+.6 !$>8)$%&  €.•€/ •€‚'€$ !#Š•,…€% „ 0.€#P€(&$1'2:!€,&:
&€+."  €•)',$ !€34 C'!&($ #$,, ,",&'#8 " &<•<5<
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M)"•6 )$*!€,&"  €!7&"; .€#P€(&$1'2:!€3€ " E!'(3'&"+',."
€ &"#$2:!€3€  '('•)"*'!"7  (" /€•:1' !"*' 16•6& ($,,#€&('-
!8 !'.€&€(8' ('>62:&$&8 ",,2'•€)$!"; [B]  € ">6+'!"% €,!€)!8/
,)€;,&) ,€€&)'&,&)6%9'3€ 2€.€#€C"€!!€3€ •)"*'!"7<

3.2.1  ) *ƒ„€+„%…(„$&…, '•%€•%•,

X27 !$+$2$ >$ "D'# 6($)!'!"' •)"*'!"7 C'!&($ #$,, ,",&'#8 0 7-
&">)'!!8;  2€,."; #'/$!">#5 " 6($)!'!"' ">#'!'!"7 '' ."!'&"+'-
,.€3€ #€#'!&$  (" /€•:1'<

M)'•'# €1€>!$+'!"7S M V #$,,$ ,",&'#84 r c V ($•"6,-)'.&€(
C'!&($ #$,, ,",&'#8 ">  €2%,$ N !' €•)"*!€; ,",&'#8 .€€(•"-
!$& NXY Z; 3•' €,: Z !$ ($)2'!$ )'(&".$2:!€ ))'(/4 P V ,"2$
&7*',&"4 R V ,"2$ ('$.C"" € €(84 r � V ($•"6,-)'.&€(  €.•„ …&•,-
‚€‚Š… ! 0&@#54 &<'< &€+."  '(','+'!"7 2"!"" •';,&)"7 )'.&€($ R
,  €)'(/!€,&:% € €(84 K V ."!'&"+',."; #€#'!& ) €,7/ R'!"3$<
\€3•$ 6($)!'!"7 •)"*'!"7 "#'%& )"•

M
d2zc

dt2 = P + R;
dK
dt

= ( r �  r c) � R: 0K<FB5

X27 €•!€€ €(!€; /€•:18 ))'•'# ($•"6,-)'.&€( r � .€!C$ € €(-
!€; !€3" ,€ ,&€ €;S r � = r � + � � ; 3•' � � V ($•"6,-)'.&€( €& .€!C$
€ €(!€; !€3" . &@#< M E&€# ,26+$' r �  r c = ( r �  r c) + � � " &€3•$
(r �  r c) � R = = R � (r c  r � ) = R � (r c  r � )  R � � � ; $ >!$+"&4
)&€(€' 6($)!'!"' ,",&'#8 0K<FB5 #€*!€  '(' ",$&: &$.S

dK
dt

= R � (r c  r � ) + m; m � � � � R: 0K<FH5

M)€•7 €1€>!$+'!"' r = r c  r � ;  €26+"# •27 ,",&'#8 0K<FB54
0K<FH5 >$ ",:

M
d2r
dt2 = P + R;

dK
dt

= R � r + m; 0K<FJ5

3•' m = 0 •27 &€+'+!€3€ .€!&$.&$ !€3" ,  €)'(/!€,&:%<
•6,&: #€•'2: D$3$%9'3€ 6,&(€;,&)$  ('•,&$)27'& !'.€&€(6%

#$&'("$2:!6% &€+.6 #$,,€; M; . .€&€(€; .(' 7&,7 •)' !')',€#8'
!€3"< =#''#S K � 0; m = 0 " ,€32$,!€ ,",&'#' 0K<FJ5 R � r � 0; 3•'
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R = Rsr=r s; >•',: Rs; r s V #€•62" ,€€&)'&,&)6%9"/ )'.&€(€) R "
r: O$ "D'# ,.$27(!€  '()€' 6($)!'!"' ,",&'#8 0K<FJ5S

M •x =
Rsx
r s

; M •z =  Mg +
Rsz
r s

; 0K<K@5

3•' x; z V .€€(•"!$&8 #$&'("$2:!€; &€+."4 €&,+"&8)$'#8' €& &€+-
." € €(8 !€3"4 Mg = P V )', ,",&'#8< •(" €•!€€ €(!€# •)"*'-
!"" ,#'!$ !€3  (€",/€•"& #3!€)'!!€< M ,",&'#' 0K<K@5 )'2"+"!$ Rs

€ €(!€; !€3" !' ">)',&!$<
X27  '("€•"+',.€; /€•:18 , •2"!€; D$3$ L = 2x0; x0 > 0 "

•2"&'2:!€,&:% D$3$ 2T "#'%& #',&€ 3($!"+!8' 6,2€)"7  ("#'!"-
&'2:!€ . ,",&'#' 0K<K@54 3•' t = (2 n � 1) T; n = 0 ; 1; 2; ::: :

x � x0; _x = V0; z = h; _z = 0 ; 0K<K?5

V0; h V >$•$!!8' +",2$<
M !' €•)"*!€; ,",&'#' .€€(•"!$& NXY Z .€€(•"!$&8 #$&'("-

$2:!€; &€+." >$•$%&,7 ($)'!,&)$#" X = x + x � ; Z = z + z� ; 3•'
x � ; z� V .€€(•"!$&8 € €(!8/ &€+'. ) )"•' >$•$!!8/ P6!.C"; )('-
#'!"S x � = nL = 2x0n; z� = 0 ; t 2 [ (2n  1) T; (2n + 1) T ]; n =
0; 1; 2; ::: :

R($')$7 >$•$+$ 0K<K@54 0K<K?5 #€*'& 18&: ('D'!$ ,  €#€9:%
!$•2'*$9'3€ )81€($ 6 ($)27%9'; P6!.C"" R(t): O$•$•"# , E&€;
C'2:% •)"*'!"' € €(!€; !€3" &$.4 +&€18 #$&'("$2:!$7 &€+.$ !$-
/€•"2$,: )€ )('#7 •)"*'!"7 !$ )8,€&' h €& 3€(">€!&$2:!€;  €)'(/-
!€,&"S z � h; _z � 0: U&,%•$ "> )&€(€3€ 6($)!'!"7 0K<K@5  €26+"#
Rs=rs = Mg=h; $ ">  '()€3€ 6($)!'!"7 16•'& ,2'•€)$&: ,€€&!€D'-
!"'

•x  kx = 0 ; 0K<KF5

3•' k � g=h:
R($')$7 >$•$+$ 0K<KF54 0K<K?5 "#''& ,2'•6%9'' ('D'!"'S

x =
x0

sh
p

kT
sh

p
k (t  2nT ); _x =

x0

sh
p

kT

p
k ch

p
k (t  2nT )

 (" 6,2€)""4 +&€ V0 = ( L=2)
p

k cth
p

kT: N&€ 6,2€)"' !$.2$•8)$'&
>$)","#€,&: #'*•6 )'2"+"!$#" L = 2x0; 2T " !$+$2:!€; ,.€(€-
,&:% •)"*'!"7 V0:
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O$&'#4 )8+",277 ,('•!%% ,.€(€,&: !$ D$3' V = (1 =2T)
RT

 T _x dt;
!$;•'#4 +&€ V = L=(2T): •(" )8+",2'!"" ($1€&8 6 ($)27'#€;
,"28 ('$.C"" !$ D$3' A =

RT
 T j (Rs=rs) x _x j dt;  €26+"# )'2"+"!6

A =
MgL 2

4h
=

PL2

4h
: 0K<KK5

U&#'&"#4 +&€ E&$ )'2"+"!$ #€*'& ,26*"&: !'.€&€(€; E!'(3'&"-
+',.€; €C'!.€; ($1€&8  (" /€•:1'4 .€&€(6% D$3$%9"; $  $($& ,
•)6#7 .€!'+!€,&7#" >$&($+")$'& !$ €•!€# D$3' •)"*'!"7< L€€&-
)'&,&)'!!€ E&€#6 ($1€&$ �A !$ '•"!"C'  6&" " #€9!€,&: N •)"3$-
&'2'; #'/$!">#$ ($)!8

�A =
PL
4h

; N =
PLV

4h
: 0K<KG5

R  ("#'(64 •27 +'2€)'.$ /$($.&'(!8  $($#'&(8S P = 70 .3, ; L =
= 0 ; 7 #; h = 0 ; 8 #; V = 3 ; 6 .#d+ = 1 #d, : =#''#  € P€(#62$#
0K<KK54 0K<KG5 E., '("#'!&$2:!€  €•&)'(*•'!!8' >!$+'!"7

A � 105 X* ; �A � 150 X*d# ; N � 150 M&:

M #€•'2" 1'3$ € €(!$7 P$>$ •2"&,7 #3!€)'!!€ " ,$# 1'3  ('•-
,&$)27'& ,€1€; +'('•€)$!"' 1'>€ €(!8/ P$>4 € ",8)$'#8/ 6($)!'-
!"7#" 0K<K@54 .€3•$Rs � 0: M .$+',&)' ('D'!"; E&"/ 6($)!'!";
 €26+"#  $($1€2"+',."' &($'.&€(""<

=#''# V0 = ( _x0; _z0); T V )('#7  €2'&!€3€ 6+$,&.$4 L V '3€ •2"-
!$< M'2"+"!8 T; _z0; L ,)7>$!8 P€(#62$#"  $($1€2"+',.€3€ •)"*'-
!"7

T =
2 _z0

g
; L = V T: 0K<KA5

M .€!C'  €2'&!€3€ 6+$,&.$ Vk = ( _xk ; _zk ): c$ 3$D'!"' ,.€(€,&"
_zk =  _z0 6/€•"& ($1€&$ M _z2

k =2: X27  (€•€2*'!"' 1'3$ !$•€  ("-
€1(',&" ,.€(€,&: _z0 " >$&($&"&: ($1€&6 M _z2

0=2: O!$+"&4 !$ €•!€#
6+$,&.' 0eD$3'e5 1'3$ >$&($+")$'&,7 ($1€&$ A = M ( _z2

k + _z2
0 )=2 =

M _z2
0 ; "2"4  ("!"#$7 ) ($,+'& P€(#628 0K<KA5S

A =
PgL2

4V 2 : 0K<KI5
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L($)!'!"' )8($*'!"; 0K<KI5 " 0K<KK5  €.$>8)$'&4 +&€  (" ,.€(€-
,&7/ V > V� =

p
gh )83€•!€ , E!'(3'&"+',.€; &€+." >('!"7  '(';&"

, /€•:18 !$ 1'3S ($1€&$ 0K<KI5  (" 1'3' , &$."#" ,.€(€,&7#" #'!:D'4
+'# ($1€&$ 0K<KK54 >$&($+")$'#$7 !$ /€•:16< = !$€1€(€&4  (" V < V�

/€•:1$ ,&$!€)"&,7 E!'(3'&"+',." )83€•!''4 +'# 1'3< c$ ("#'(4 ',-
2" h = 0 ; 8 #; &€ V� � 10 .#d+ ;  (" h = 1 # "#''# V� � 11 .#d+ ;
&<'<  €26+"# ,.€(€,&" , €(&")!€; /€•:18<

W€9!€,&: 0K<KG5 &($&"&,7 !$  €••'(*$!"' )',$ #'/$!">#$< c$-
•€  €#"#€ E&€3€ 6+"&8)$&: #€9!€,&:4 .€&€($7 "•'& !$  '('!€, !€-
3" [A]S �N = 4 �PV 3=(gL); 3•' � = mn =Mk V E&€ €&!€D'!"' #$,,8
!€3" . #$,,' .€( 6,$< L2'•€)$&'2:!€4 , 6+'&€# P€(#628 0K<KG5 €1-
9$7 #€9!€,&: ($)!$

N =
PLV

4h
+

4�PV 3

gL
; 0K<KB5

€&.6•$ #€*!€ !$;&" € &"#$2:!6% •2"!6 D$3$ L opt = 4V
p

�=k:
R  ("#'(64 •27 +'2€)'.$4 .€3•$ V = 4 ; 5 .#d+ = 1 ; 25 #d, ; h =
1 #; � = = 0 ; 2; "#''# L opt = 0 ; 7 #:

X€1$)"# . E&€#64 +&€  €&('127'#$7 #€9!€,&: 2€.€#€C"€!!€3€
$  $($&$ ,€ #!€3"#" .€!'+!€,&7#" >$)","& €& ,.€(€,&"  € >$.€!64
,/€*'#6 , >$.€!€# 0K<KB5S N � c1V + c2V 3; 3•' )  '()€# ,2$3$'#€#
#€9!€,&: &($&"&,7 !$ 6•'(*$!"' )',$ $  $($&$4 $ )€ )&€(€# V !$
 '('!€, ),'/ .€!'+!€,&';<

3.2.2 #€…ƒ-…" &!/0!€%•)„45ƒ!$%…

N&€&  ("!C" [B] P€(#62"(6'&,7 .$. € &"#">$C"€!!€' 6,2€)"'
/€•:18 ,€ ,2'•6%9"# .("&'("'# .$+',&)$S •)"*'!"' •)6!€3€3€ 2€-
.€#€C"€!!€3€ #'/$!">#$ €,69',&)27'&,7 &$.4 +&€18 '3€ C'!&( #$,,
", 8&8)$2 !$"#'!:D'' ,('•!'' 6,.€('!"'4 &<'< ,&('#"2,7 . ($)!€-
#'(!€#6 "  (7#€2"!';!€#6 •)"*'!"%<

•6,&: "#''&,7  2€,.€' €•!€€ €(!€' •)"*'!"' $!&(€ €#€(P!€3€
#'/$!">#$4 € ",8)$'#€' 6($)!'!"7#" 0K<FJ5  (" m = 0 : M)'•'# )
($,,#€&('!"' 1'>($>#'(!8' )'2"+"!8

e =
P

Mg
; R 0 =

R
Mg

=
 
R 0

x ; 0; R 0
z

� �
; 0K<KH5
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� 0 =
r

gT2 = ( x; o; z) � ; K 0 =
K

Mg2T3 = (0 ; K 0; 0)� ;

3•' 1'>($>#'(!8' .€€(•"!$&8 ,€/($!"2" €1€>!$+'!"7 x; y; z: M('-
#7 t &$.*' ,+"&$'&,7 1'>($>#'(!8#4 $ >$ '•"!"C6 )('#'!" )>7&$
)'2"+"!$ T; 3•' 2T V •2"&'2:!€,&: D$3$<

c"*'  €&('16'&,7 ), €#€3$&'2:!$7  '('#'!!$7 �; .€&€($7 >$-
•$'&,7 6($)!'!"'#

d�
dt

= K 0: 0K<KJ5

X€1$)"# . 1'>($>#'(!€; ,",&'#' 0K<FJ54 0K<KJ5 .($')8' 6,2€)"7

� 0( 1) = A� 0(1) = � 0
0 = ( x0; 0; z0) � ; 0K<G@5

_� 0( 1) = _� 0(1) = _� 0
0; K 0( 1) = K 0(1); � ( 1) = � (1);

3•' A = diag (  1; 1; 1): c$ ",$!!8' 6,2€)"7 0K<G@5 €1', '+")$%&
!' ('(8)!€,&: .€€(•"!$&4 ,.€(€,&'; " ."!'&"+',.€3€ #€#'!&$4 $
&$.*' 3$($!&"(6%&  '("€•"+!€,&:  €2€*'!"7  (" ,#'!' € €(!€;
!€3" " !'!$.$ 2")$'#€,&: ."!'&"+',.€3€ #€#'!&$<

M€>:#'# )'.&€( ('$.C"" R 0 >$ 6 ($)2'!"'< c$•€ !$;&" R 0
x ; R 0

z ;
6•€)2'&)€(7%9"' •$„ Š$„0 •€‚'€$ !#Š•,…€% „ 4  (" .€&€(8/ #"-
!"#">"(6'&,7 P6!.C"€!$2

J =
Z 1

 1
j •� 0 j2 dt =

Z 1

 1

�
(R 0

x )2 + ( R 0
z  1)2 �

dt 0K<G?5

, €3($!"+'!"'# !$ 6 ($)2'!"'S R 0( 1) = R 0(1) = 0 ; .€3•$ ('$.C"7
($)!$ !62% ) #€#'!&8 €&(8)$ "  €,&$!€)." !€3"< U&#'&"#4 +&€
 (" J ! min •)"*'!"' C'!&($ #$,, #"!"#$2:!€ €&.2€!7'&,7 €&
($)!€#'(!€3€ "  (7#€2"!';!€3€ •)"*'!"7<

O$•$+6 0K<FJ54 0K<KH5 ± 0K<G?5 16•'# ('D$&: ,  €#€9:%($„…ƒ„(!
‚!•%„‚&‚! •27 '&…•ƒ„„ 1€… $*)„…!

H =  1vx +  2R 0
x +  3vz +  4 (R 0

z  1) +  5K 0 +

+  6 (R 0
z x  R 0

x z)  (R 0
x )2  (R 0

z  1)2:
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O$ "D'# •$2'' ,",&'#6 0K<KH5 ± 0K<G?5 " ,€ (7*'!!6% ,",&'#6

_x = vx ; _ 1 =   6R 0
z ; _vx = R 0

x ; _ 2 =   1;

_z = vz ; _ 3 =  6R 0
x ; _vz = R 0

z  1; _ 4 =   3;
_K 0 = R 0

z x  R 0
x z; _ 5 = 0 ; _� = K 0; _ 6 =   5: 0K<GF5

=> 6,2€)"7 #$.,"#6#$ P6!.C"" H  €26+"#

@H
@R0

x
=  2   6z  2R 0

x = 0 ;

@H
@R0

z
=  4 +  6x  2 (R 0

z  1) = 0 : 0K<GK5

T'D'!"' !'2"!';!€; € &"#$2:!€; >$•$+" 0K<GF54 0K<GK5 ,)€•"&,7
. "!&'3("(€)$!"% 2"!';!€; ,",&'#8

_R 0
z = C1x + C3; _R 0

z =
1
2

�
C1

t2

2
+ C0t

�
 C1z + C2;

d3x
dt3 + C1z =

1
2

�
C1

t2

2
+ C0t

�
+ C2;

d3z
dt3  C1x = C3; 0K<GG5

3•' C0; C1; C2; C3 V  €,&€7!!8' "!&'3("(€)$!"7<
U3($!"+'!"' !$ 6 ($)2'!"' "#''& #',&€4 ',2" C1 6= 0 : \€3•$4

('D$7 ,",&'#6 0K<GG54  €26+"#

x = D1 sin 2�  D2 cos 2�  D3E � sin � + D4E � cos�  

 D5E  � sin � + D6E  � cos�  C3=C1;

z = D1 cos 2� + D2 sin 2� + D3E � cos� + D4E � sin � + D5E  � cos� +

+ D6E  � sin � + T2=4 + C0t=(2C1) + C2=C1;

R 0
x = �C1

h
 D1 sin 2� + D2 cos 2�  D3E � (

p
3 cos� + sin � )  

 D4E � (
p

3 sin�  cos� ) + D5E  � (
p

3 cos�  sin � ) +

+ D6E  � (
p

3 sin� + cos � )
i

;

R 0
z = �C1

h
 D1 cos 2�  D2 sin 2�  D3E � (

p
3 sin�  cos� ) +

+ D4E � (
p

3 cos� + sin � ) + D5E  � (
p

3 sin� + cos � )  

 D6E  � (
p

3 cos�  sin � )
i

+ 3=2; 0K<GA5
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3•' ))'•'!8 €1€>!$+'!"7

� =
C1=3

1

2
t; �C1 =

C1=3
1

2
; E � = e

p
3� ; E  � = e 

p
3� ;

D1; :::; D6 V  (€">)€2:!8'  €,&€7!!8'<
W€*!€  €.$>$&: 0 €•(€1!€,&" $!$2">$ " •'&$2" +",2'!!8/ ($,-

+'&€) ,#< ) ($1€&' [B]54 +&€8 C1 6= 0 P6!.C"" _x(t); z(t); R 0
z (t); K 0(t)

+'&!84 $ P6!.C"" x(t); _z(t); R 0
x (t) !'+'&!8< R(€#' &€3€4

C0 = C3 = 0 ; D3 = D5; D4 =  D6; 0K<GI5

" &€3•$ "> ,",&'#8 0K<GF5 , 6+'&€# ,€€&!€D'!"; 0K<GA54 0K<GI5 16•'#
"#'&:

K 0(t) = x _z  z _x +
R 0

z

C1
+ C4:

R($')8' 6,2€)"7 0K<G@5 )8 €2!7%&,7  (" )81€('  €,&€7!!€; C4 :

C4 =  
Z 1

 1

�
x _z  z _x +

R 0
z

C1

�
dt

" ) ,"26 ,)€;,&) +'&!€,&" ('D'!"; >$•$+"< U&#'&"# >•',: *'4 +&€
2€.$2:!€#6 0($,+'&!€#65 #"!"#6#6 P6!.C"€!$2$ J 16•'& €&)'+$&:
" ,€€&)'&,&)6%9$7 .€#P€(&$1'2:!$7 2€.$2:!€ #"!"#$2:!$7 •2"-
!$ D$3$ L:

3.2.3 #„€…!‡…(„$&•† &!/0!€%•)„45ƒ•† ,!‡5)•

T$,,#€&("# .€#P€(&$1'2:!6%  €/€•.6 ) !' €•)"*!€; ,",&'#' .€-
€(•"!$& NXY Z &)'(•€3€ &'2$ 0.€( 6,$5 , )',€# P = Mg; . &€+.'
O .€&€(€3€  €•)'D'!$  $($ #!€3€>)'!!8/ !€34 ,€,&€79"/ "> !')'-
,€#8/ 1'>"!'(C"€!!8/ >)'!:')4 ,€'•"!'!!8/ •)6/,&' '!!8#" ,6-
,&$)$#" [B]< X)"*'!"' !€3 " &€+."  €•)',$ >$•$'&,7 ."!'#$&"+'-
,."4 &<'< €1', '+")$'&,7 •)"*'!"' .€( 6,$4 !' >$)",79'' €& •)"*'-
!"7 !€3< X"!$#".$ .€( 6,$ € ('•'27'&,7 &€2:.€ &($'.&€("'; &€+."
 €•)',$ " %•Š‡€ˆ€/ ‡€$€‰•€/ V &€+.$#" .€!&$.&$ € €(!8/ !€3 ,
 €)'(/!€,&:%<

•6,&: C V C'!&( #$,, &'2$4 r c V ($•"6,-)'.&€( "> N ) C; r0 V
($•"6,-)'.&€( "> N ) O; r j V ($•"6,-)'.&€( "> N ) &€+.6 € €(8
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j ±€; !€3" (j = 1 ; 2); � V ($•"6,-)'.&€( "> O ) C : r c = r 0 + �; R j

V )'.&€(8 ,"2 ('$.C"" € €(84 R = R1 + R2; >•',: •27  '('!€,!€;
!€3" Rj = R� = 0 ; $ •27 € €(!€; !€3" Rj = R� (r j = r � ):

\€3•$ &'€('#$ € •)"*'!"" C'!&($ #$,, ,",&'#8 0C'!&($ #$,,
.€( 6,$5 #€*'& 18&: >$ ",$!$ ) )"•'

R =  P + M [ •r 0 + _! � � + ! � (! � � ) ] ;

3•' ! V )'.&€( 632€)€; ,.€(€,&" &)'(•€3€ &'2$4 M V #$,,$ &'2$<
\'€('#$ €1 ">#'!'!"" .€2"+',&)$ •)"*'!"7 €&!€,"&'2:!€ &€+."
 €•)',$ O #€*'& 18&: >$ ",$!$ &$.S

J _! + ! � J! + M� � •r 0 = � � P  
2X

j =1

(r 0  r j ) � Rj ;

3•' J V &'!>€( "!'(C"" &'2$ ) &€+.' O:
Z&€18 E&" 6($)!'!"7  ('•,&$)272" ,€1€; >$#.!6&6% ,",&'#64

!$•€ '9' € ('•'2"&: )'.&€( ('$.C""< U1€>!$+$7 "!•'., € €(!€;
!€3" +'('> �; •27 €•!€€ €(!€; /€•:18 6($)!'!"7 #€*!€  '(' ",$&:
) )"•'

J _! + ! � J! = [ � + ( r 0  r � ) ] � (P  M •r 0)  

 (r 0  r � ) � [ _! � � + ! � (! � � ) ] M:

O•',: •)"*'!"' &€+."  €•)',$ !€3 € ('•'27'&,7 ."!'#$&".€; •)"-
*'!"7 !€3 " #€*'& ,+"&$&:,7 ">)',&!8#< •($)8' +$,&" E&"/ 6($)-
!'!"; •27 €•!€€ €(!8/  €/€•€. 7)27%&,7 ($>(8)!8#" )'.&€(-
P6!.C"7#" )('#'!"4 &$. .$. r � (t) V .6,€+!€-!' ('(8)!$74 $ r 0(t)
V !' ('(8)!$7 )'.&€(-P6!.C"" t:

U1€>!$+"# ,6,&$)8 .$*•€; !€3" "!•'.,€# i = 0 ; 1; 2; ::: ,)'(/6
(i = 0 : ,6,&$) ) &€+.' O  €•)',$54 r i

j V ($•"6,-)'.&€( "> N ) i±;
,6,&$) j ±€; !€3"4 ui

j V )'.&€( 6 ($)27%9'3€ #€#'!&$ ) i±€# ,6,&$)'
j ±€; !€3"4 r 0

j � r 0:
•("#'!77 &'€('#6 €1 ">#'!'!"" #€#'!&$ .€2"+',&)$ •)"*'!"7

€&!€,"&'2:!€ i±3€ ,6,&$)$ . +$,&" !€3" €& &€+." € €(8 •€ i±3€
,6,&$)$4  €26+"#

ui
� = 0 ; ui

� = ( r i
�  r � ) � R� ; i = 0 ; 1; 2; :::;
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3•' !$ r i
� !$2€*'!8 ,)7>"S j r i +1

�  r i
� j = l i V •2"!$ i±3€ >)'!$ !€3"<

N&" P€(#628  €2!€,&:% ('D$%& >$•$+6 € )8+",2'!"" 6 ($)2'-
!";4 €1', '+")$%9"/ >$•$!!€' •)"*'!"' &€+."  €•)',$ O: O•',:
 '('!€, !')',€#€; !€3" €,69',&)27'&,7 1'> >$&($& #'/$!"+',.€;
($1€&8< •(" €•!€>!$+!€# >$•$!"" &($'.&€("; .$*•€3€ ,6,&$)$ €•-
!€>!$+!€ € ('•'27%&,7 " 6 ($)2'!"7 ) !"/<

a6•'# ,+"&$&:4 +&€ &€+.$  €•)',$ !€3" ,€) $•$'& , C'!&(€# #$,,
&'2$ " � = 0 : \€3•$ 6($)!'!"7 •)"*'!"7 ($,,#$&(")$'#€; •"!$#"-
+',.€; ,",&'#8 0.€( 6,$4 &)'(•€3€ &'2$5 " 6 ($)2'!"7 "#'%& )"•

R =  P; ui
� = ( r i

�  r � ) � ( P);
dK
dt

= ( r 0  r � ) � P; 0K<GB5

3•' K V )'.&€( ."!'&"+',.€3€ #€#'!&$<
X27 .€#P€(&$1'2:!€;  €/€•." r 0(t) V 2"!';!$7 )'.&€(-

P6!.C"7 )('#'!"4 r 0(t)  r � (t) V .6,€+!€-2"!';!$7 )'.&€(-
P6!.C"7< •6,&: � = 0 ; $ 6($)!'!"7 •)"*'!"7 " 6 ($)2'!"7 € ",8-
)$%&,7 ,",&'#€; 0K<GB5<

U ('•'2"# &($'.&€("% r 0(x; y; z) &€+."  €•)',$ !€3 .$.

x = x0 + V t; y = 0 ; z = h; 0K<GH5

€>!$+$%96%4 +&€ &€+.$O •)"*'&,7 ,  €,&€7!!€; ,.€(€,&:% V
)•€2: €," X !$ )8,€&' h = const €&  2€,.€,&" XY: O$•$•"# &$.*'
 '("€•"+',.€' ,  '("€•€# T •)"*'!"' !€3 P€(#62$#" •27 ,2'•€-
)€; •€(€*."S

y� (t) =
�

y0; t 2 [ iT=2; (i + 1) T=2) ;
 y0; t 2 [ (i + 1) T=2; (i + 2) T=2) ;

x � = x0
� + V ti ; t 2 [ t i ; t i + T=2 = t i +1 ); z� = 0 ; 0K<GJ5

3•' t i = iT=2; i = 0 ; 1; 2; ::: :
X)"*'!"' 2€.€#€C"€!!€3€ $  $($&$ ,+"&$'&,7 €%&2Š% ˆ„‚†‚ 4

',2" €!€ !'  (")€•"& . !'€3($!"+'!!€#6 6)'2"+'!"% 632€)€; ,.€-
(€,&" .€( 6,$< X27 )8 €2!'!"7 E&€3€ &('1€)$!"7 !'€1/€•"#€ " •€-
,&$&€+!€4 +&€18j K j = K s < 1 :

^+"&8)$7 ,€€&!€D'!"7 0K<GH54 0K<GJ54 6($)!'!"7 0K<GB5 ,.$27(!€
>$ "D'# ) )"•'

_K x = Py� ; _K y = P [ V (t  t i )  � ] ; _K z = 0 ; 0K<A@5
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3•' � = x0
�  x0: =!&'3("(€)$!"' ,",&'#8 0K<A@5  (")€•"& . )8•)"-

*'!"% 6,2€)"7S +&€18 K s < 1 ; !$•€  ("•$&:  $($#'&(6 � ) €2!'
.€!.('&!€' >!$+'!"'4 $ "#'!!€S � = V T=4:

•(" E&€# >!$+'!"" � ,",&'#$ 0K<A@5 "#''&  '("€•"+',.€' ,  '-
("€•€# T ('D'!"'_  '('#'9'!"' &€+."  €•)',$ !€3 €&!€,"&'2:!€
€ €(!€; &€+." ,"##'&("+!€4 &$. .$. ) #€#'!&8 !$+$2$ " .€!C$
€ €(!€; P$>8 ($,,&€7!"7 #'*•6 E&"#" &€+.$#" €•"!$.€)8<

M)€•7 1'>($>#'(!8' )'2"+"!8

� =
t  t i

T0
; lx =

K x

Py0T0
; ly =

K y

PV T2
0

;

T0 = T=4; lx = l0
x + � lx ; ly = l0

y + � ly ;

3•' l0
x ; l0

y V ,('•!"' >!$+'!"7 )'2"+"! lx ; ly ;  €26+"# T-
 '("€•"+',.€' ('D'!"' ,",&'#8 0K<A@5 ) ,2'•6%9';  $($#'&("+'-
,.€; P€(#'S

� lx + 1 = �; � ly =
1
3

+
� 2

2
 �;

3•' � 2 [ 0; 2); t 2 [ t i ; t i + T=2) "

� lx = 3 + �; � ly =
1
3

+
(�  2)2

2
 (�  2);

3•' � 2 [ 2; 4 ]; t 2 [ t i + T=2; t i + T):
Q!$2"> ($>2"+!8/ ,26+$') [B]  €>)€27'&  (";&" . >$.2%+'!"%4

+&€ ,€€&)'&,&)6%9"# )81€(€#  $($#'&(€) l0
x ; l0

y ; K 0
z 6= 0 #€*!€4

 € ),'; )"•"#€,&"4  €,&(€"&:  '("€•"+',.€' •)"*'!"' •27 2%1€3€
>$•$!!€3€ !$+$2:!€3€  €2€*'!"7 .€( 6,$<

3.3 %€‡ˆ" •†"†„„ˆ$ ’…„€•#……

M 2€.€#€C"€!!€; •"!$#".' D"(€.€ ", €2:>6'&,7 ‚Š €‡ "!‡!……€/
%„…Š$)„„0WOL5 [FK]4 €&!€,79";,7 . .2$,,6  €26€1($&!8/ #'&€•€)<
O•',: +$,&: €1€19'!!8/ .€€(•"!$& " ,"2 >$•$'&,7 7)!€4 $ €,&$2:-
!$7 +$,&: € ('•'27'&,7 "> 6($)!'!"; •)"*'!"7 " 6($)!'!"; ,)7>';<
M$*!€ "#'&: ) )"•64 +&€ WOL  €>)€27'& ", €2:>€)$&: $ ("€(!6%
"!P€(#$C"% € •)"*'!"" ,",&'#8 "  €!"*$&: '' ($>#'(!€,&: 1'>
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6,2€*!'!"7 •"!$#"."< •(€3($##$ •)"*'!";4 .€&€($7 >$•$'&,7  €
+$,&" .€€(•"!$& " ,"2 !$>8)$'&,7 …€‚„…!•,…€/ "2" „%•&%% ˆŠ……€/
%„…Š$)„Š/4 $ >$.€! •)"*'!"74 .€&€(8; € ('•'27'&,7 •27 €,&$)D"/-
,7 .€€(•"!$& " ,"24 !$>8)$'&,7 •€‚(Š…%! €$…€/ %„…Š$)„Š/<

O$•$)$7 ($>2"+!8' ",.6,,&)'!!8' ,"!'(3""4 #€*!€  €26+"&:
$•'.)$&!8; !$1€( .€# '!,$&€(!8/ ,"!'(3";4 $ &'# ,$#8# )€ 2€-
&"&: ),' •"!$#"+',."' )€>#€*!€,&" ,",&'#8 ) *'2$'#€#  (€C',-
,' /€•:18< Y$.€!"+!€  €7,!"# ,6&: WOL4 €1($&")D",: . ,",&'#'
6($)!'!"; 0K<FJ5< O$•$•"# )!$+$2' •)"*'!"' !€3< \€3•$ )'.&€( r
7)27'&,7 P6!.C"'; 632€)€3€  €2€*'!"7 .€( 6,$ " ) ,"26 >$•$!-
!€3€ •)"*'!"7 !€3 V 7)!€; )'.&€(-P6!.C"'; )('#'!"< M'.&€( ."-
!'&"+',.€3€ #€#'!&$ K ',&: P6!.C"7 •)"*'!"7 .€( 6,$ " ) ,"26
>$•$!!€3€ •)"*'!"7 !€3 V 7)!€; )'.&€(-P6!.C"'; )('#'!"<

=,.2%+$7 R ,  €#€9:% •)6/ 6($)!'!"; ,",&'#8 0K<FJ54  €26-
+"# )'.&€(!€' •"PP'('!C"$2:!€' 6($)!'!"'4 € ",8)$%9'' &€2:.€
•)"*'"' .€( 6,$< O!$+"&4 •'2€ ,)€•"&,7 2"D: . ('D'!"% !'.€&€-
(€; .($')€; >$•$+" •27 •)"*'!"7 .€( 6,$4  €,2' ('D'!"7 .€&€(€;
#€*!€ € ('•'2"&: ) ,"26 ,",&'#8 0K<FJ5 ('$.C"% R: O$&'# #€*!€
!$;&" &$.*' 7)!8' )8($*'!"7 •27 ,6,&$)!8/ #€#'!&€)<

W€*!€  €,&6 "&: "!$+'4 >$•$)$7 )'.&€( R = R(t) ) )"•' 7)!€;
)'.&€(-P6!.C"" )('#'!"< =!&'3("(€)$!"' .)$•($&6($#" ,",&'#8
0K<FJ5 &€3•$  (")€•"& . 7)!8# >$)","#€,&7# r = r (t); K = K (t):
M€>#€*!8 " •(63"' , €,€18 >$•$!"7 ,"!'(3""4 !$ ("#'(4 ,  €-
#€9:% 6($)!'!"; ,'()€,)7>'; •27 !'.€&€(8/  $($#'&(€) ,",&'#8
"2"4 !$ ("#'(4 "> .$.€3€-2"1€ € &"#">$C"€!!€3€ .("&'("7 /€•:18<

•'(';•'# €& ,2€)',!€3€ € ",$!"7 . #$&'#$&"+',.€; >$ ","
WOL [FK]< •6,&: G V )'.&€( €1€19'!!8/ •)"*69"/ ,"2 •"!$-
#"+',.€3€  (€C',,$  (€">)€2:!€3€ &" $4 � V )'.&€( •"!$#"+',.€-
3€ ,€,&€7!"7 0 €2€*'!"75 ($,,#$&(")$'#€3€  (€C',,$< \€3•$ E&€&
 (€C',, #€*!€  ('•,&$)"&: ,€€&)'&,&)6%9"# !$1€(€# !'2"!';!8/
•"PP'('!C"$2:!8/ 6($)!'!";

A •� + B ( _� 2) + C ( _� _� ) + D = G; 0K<A?5

3•' #$&("C8 A; B; C " )'.&€( D >$)",7& €& €1€19'!!8/ .€-
€(•"!$& � •"!$#"+',.€3€  (€C',,$< M 6($)!'!"" 0K<A?5 >$ ",:
( _� 2; ( _� _� ) €>!$+$'& )'.&€(84 .€# €!'!&8 .€&€(8/  ('•,&$)27%& ,€-
1€; _� 2

i ; _� i
_� j ; i; j = = 1; n; n V ($>#'(!€,&: ,",&'#8<
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U ('•'2"# ,2'•6%9"' &(" &" $ >$•$+S
?< O$•$!€ •)"*'!"' ),'; ,",&'#8< \€3•$ •"PP'('!C"$2:!8'

6($)!'!"7  (" !'">)',&!8/ €1€19'!!8/ ,"2$/  ('€1($>6%&,7 ) $2-
3'1($"+',."' 6($)!'!"74 ,  €#€9:% .€&€(8/ #€*!€ !$;&" !'€1/€-
•"#8' 6 ($)27%9"' )€>•';,&)"7<

F< X27 € ('•'2'!"7 •)"*'!"7  € >$•$!!8# 6 ($)27%9"# )€>-
•';,&)"7# 0€1€19'!!8# ,"2$#5 !$•€ )8($>"&: )'.&€( •� "> 6($)!'-
!"7 0K<A?5 ) 7)!€# )"•'

•� = A  1
�

G  B ( _� 2)  C ( _� _� )  D
�

;

2"1€ ('D"&: 0K<A?5 +",2'!!€ •27 !$+$2:!8/ 6,2€)"; � 0; _� 0:
K< •(" .€#1"!"(€)$!!€# &" ' •"!$#"+',.€; >$•$+" 6 ($)2'-

!"7 0€1€19'!!8' ,"285 G " •)"*'!"' � !'.€&€(€; +$,&" ,",&'#8
">)',&!8< =>)',&!6% 0>$•$!!6%5 +$,&: €1€>!$+"# G0; � 0; $ !'">-
)',&!6% V Gx ; � x : M)'•'# #$&("C8  ('€1($>€)$!"7 P " Q :

�
P0

Px

�
G =

�
G0

Gx

�
;

 
Q0

�
� Qx

�
�

� 0

� x

�
= �;

 €>)€27%9"' >$ ",$&: 0K<A?5 ) P€(#'
�

G0

Gx

�
=

�
P0

Px

�
A

 
Q0

�
�Qx

�
� •� 0

•� x

�
+

�
P0

Px

� �
B ( _� 2)+ C( _� _� )+ D

�
; 0K<AF5

3•' �
P0

Px

�
A

 
Q0

�
� Qx

�
=

�
A00 A0x

Ax 0 Axx

�

, ,"##'&("+',."#"  €•#$&("C$#" A0x ; Ax 0:
^($)!'!"' 0K<AF5 •€ 6,.$'&  ('€1($>€)$!"' . 7)!€#6 )"•6 €&-

!€,"&'2:!€ !'">)',&!8/ Gx ; •� x :
�

Gx
•� x

�
=  

�
0 A0x

I A xx

�  1

�

�
� �

 I A 00

0 Ax 0

�
+

�
P0

Px

� �
B ( _� 2) + C ( _� _� ) + D

� �
: 0K<AK5

L",&'#$ 0K<AK5  ('•,&$)27'& ,€)€.6 !€,&: $23'1($"+',."/ " •"P-
P'('!C"$2:!8/ 6($)!'!";4 ($>•'277 .€&€(6% !$ •)'  €•,",&'#8
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, !'">)',&!8#" €1€19'!!8#" .€€(•"!$&$#" " ,"2$#"4  €26+"# )
"&€3'

•� x = A  1
0x

h
G0  A00

•� 0  P0

�
B ( _� 2) + C ( _� _� ) + D

� i
;

Gx = Axx
•� x + Ax 0

•� 0 + Px

�
B ( _� 2) + C ( _� _� ) + D

�
:

U&#'&"# >•',:4 +&€ ,",&'#$ 0K<AK5 7)27'&,7 €,!€)!€; •27 ,"!&'>$
!€#"!$2:!8/ •"!$#"+',."/ ('*"#€) ) ($#.$/ WOL<

U,&$!€)"#,7 &' '(: !$ €19'# 1$2$!,' ,"2 " #€#'!&€) ) )€ (€,'
€1 6+'&' ,"2 ('$.C"" " &('!"7 € €(8 [FK]< •('• €2€*"#4 +&€ !€-
3$ ,!$1*'!$ ,&€ €; " €,69',&)27'&,7 €•!€€ €(!$7 /€•:1$< •6,&:
('$.C"7 € €(!€;  €)'(/!€,&" R !$ ($)2'!$ )'(&".$2:!€ ))'(/4 P
V ,"2$ &7*',&"4 T V ,"2$ &('!7< M,' E&" ,"28 ,€,&$)27%& !$1€(
)!'D!"/ ,"2< \€3•$  ("($9'!"' .€2"+',&)$ •)"*'!"7 J  € !'.€-
&€(€#6 !$ ($)2'!"%4 >$•$)$'#€#6 '•"!"+!8# )'.&€(€# a; ($)!€

� a J =
Z

(R + P + T)a dt;

3•' (R + P + T)a = pr a (R + P + T) � a V )'.&€(!$7 .€# €!'!&$
)'.&€($ R + P + T !$ !$ ($)2'!"" a:

X27  ("($9'!"7 #€#'!&$ .€2"+',&)$ •)"*'!"7 I €&!€,"&'2:!€
C'!&($ #$,, "#''#

� a I =
Z

(r � R + r � T + M R + M T )a dt;

3•' r V ($•"6,-)'.&€( "> C'!&($ #$,, ) C'!&( € €(!€;  €)'(/!€,&"
,&€ 84 M R ; M T V ,€€&)'&,&)'!!€ #€#'!& ,"2 ('$.C"" " ,"2 &('!"7
 €,2'  (")'•'!"7 E&"/ ,"2 . C'!&(6 ,&€ 8<

L+"&$'# )'.&€(8 R " P .€22"!'$(!8#"4 ,"26 &('!"7 T "# €(&€-
3€!$2:!€;< U&,%•$4 ',2" )'.&€( a 3€(">€!&$2'!4 &€ •)"*'!"' C'!-
&($ #$,, ) !$ ($)2'!"" a 16•'& € ('•'27&:,7 &€2:.€ ,"2€; &('-
!"74 &<'< � a J =

R
Ta dt: Q!$2€3"+!€ � a I €&!€,"&'2:!€ 3€(">€!-

&$2:!€; €," a 16•'& € ('•'27&:,7 &€2:.€ ('$.C"'; € €(8S � a I =
=

R
(r � R + M R )a dt; $  €)€(€& ,",&'#8 0#€#'!& .€2"+',&)$ •)"-

*'!"7 €&!€,"&'2:!€ )'(&".$2:!€; €," a5 € ('•'27'&,7 ,"2$#" &('-
!"7S � a I =

R
(r � T + M T )a dt:
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\$."# €1($>€#4 €&#'+$'#4 +&€ >!$!"' ,"2 ('$.C"" " &('!"7
 ('•,&$)27'& ,€1€; )$*!6% "!P€(#$C"% € •)"*'!"" ,",&'#84  €-
&('1!6%  (" ,"!&'>' ",.6,,&)'!!€; ,"!'(3""< `,2" !€3$ ,!$1*'-
!$ ,&€ €;4 &€ €+')"•!€4 +&€  (" € €(' !$ €•!6 !€36 &€+.$ !62:-
#€#'!&$ 0&@#5 !' #€*'& !$/€•"&:,7 )!' € €(!€;  €)'(/!€,&" ,&€-
 8_ ) •)6/€ €(!€; P$>' &@# •€2*!$  '('#'9$&:,7 #'*•6 ,2'•$-
#" !€3< •(" ,"!&'>' ",.6,,&)'!!€; ,"!'(3"" ", €2:>6'&,7 32$)!$7
"•'74 >$.2%+$%9$7,7 ) &€#4 +&€ >$($!'' € ('•'27%&,7 >$.€!8 ">-
#'!'!"7 ,"2 ('$.C"" " &('!"7< c$ ("#'(4 >$•$'&,7 >$.€! •)"*'-
!"7 &@# " &€+."  ("2€*'!"7 ($)!€•';,&)6%9'; ,"2 &('!"7< \'#
,$#8# !$.2$•8)$%&,7 •€ €2!"&'2:!8' ,)7>" ) )"•' •"!$#"+',."/
€3($!"+'!"; !$ #€•'2: ,",&'#8<

•("  (")'•'!"" . &@# ,"2 ('$.C"" € €(8 R 3€(">€!&$2:!8;
#€#'!& M R ($)'! !62%S M R = 0 " )  (€'.C"7/ !$ 3€(">€!&$2:!8'
€," X " Y "#''#S M RX = 0 ; M RY = 0 : X27 ,"2 &('!"7 T #€*!€
 €2€*"&:4 +&€ M T €&!€,"&'2:!€ !'.€&€(€; )'(&".$2:!€; €," �; � k
Z; ($)'! !62%S M T � = 0 ; 3•' €,: � #€*'&  (€/€•"&:4 !$ ("#'(4
+'('> C'!&( #$,, "2" C'!&( € €(!€;  €)'(/!€,&" ,&€ 84 "2" &@#<

•€  ("!C" 6 X$2$#1'($ ,",&'#$ •€2*!$ !$/€•"&:,7 ) ($)!€-
)',""< U1€>!$+"# +'('> F " M F V ,"28 " #€#'!&8 ,"2 "!'(-
C""< •(")'•'# "/ . &@#< \€3•$ , 6+'&€# •)6/ 6($)!'!"; ,)7>"
(M RX = 0 ; M RY = 0) 6($)!'!"7 •"!$#"." #€*!€ >$ ",$&: )  (€-
'.C"7/ !$ €," X " Y &$.S

(M P + M F )X = 0 ; (M P + M F )Y = 0 ; 0K<AG5

3•' M P V ,6##$(!8; #€#'!& ,"2 &7*',&" €&!€,"&'2:!€ &@#4 $ ,
6+'&€# &€3€4 +&€ ,"28 &7*',&" !' •$%& #€#'!&$ €&!€,"&'2:!€ €,"
� " ))"•6 &('&:'3€ 6($)!'!"7 ,)7>" (M T � = 0) ;  €26+"# 6($)!'!"'
•"!$#"." )  (€'.C"" !$ €,: � :

(M F + � � F ) � = 0 ; 0K<AA5

3•' � V )'.&€( "> &@# . &€+.'  '(','+'!"7 €," � , € €(!€;  €)'(/!€-
,&:%< •6,&: ' i V €1€19'!!8' .€€(•"!$&8 D$3$%9'3€ #'/$!">#$4
3•' ' 0 = 0 €>!$+$'&4 +&€ ,&€ $  €2!€,&:% € "($'&,7 !$  €)'(/!€,&:
€ €(8< L+"&$'&,74 +&€ ) €19'# ,26+$' )'.&€(8 F " M F #€*!€
 ('•,&$)"&: ) )"•' 2"!';!€; P€(#8 €& €1€19'!!8/ 6,.€('!"; "
.)$•($&"+!€; P€(#8 €&!€,"&'2:!€ €1€19'!!8/ ,.€(€,&';S

F = A •' + B ( _' _' ); M F = C •' + D ( _' _' ); ' = ( ' i ) i = 1;n ;
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3•' #$&("C8 A; B; C; D >$)",7& €& €1€19'!!8/ .€€(•"!$& ' i ; ( _' _' )
V )'.&€( 2 Rn , E2'#'!&$#" _' i _' j ; i; j = 1; n:

•€,2'  €•,&$!€)." E&"/ )8($*'!"; ) 0K<AG54 0K<AA5  €26+"#

(M P + C •' + D ( _' _' ))X = 0 ; (M P + C •' + D ( _' _' ))Y = 0 ;

(C •' + D ( _' _' ) + � � A •' + � � B ( _' _' )) � = 0 : 0K<AI5

U&#'&"# >•',:4 +&€ 6($)!'!"7 0K<AI5 !' ,€•'(*$& "!P€(#$C"" €
 €/€•.'4 $ 2"D: >$•$%& !'.€&€(8' 6,2€)"7 !$ ($)!€)',!€'  '('#'-
9'!"' ,",&'#8< b€(#"(€)$!"' ",.6,,&)'!!€; ,"!'(3""  (€",/€•"&
&$.S •27 +$,&" .€€(•"!$& >$•$'&,7 *',&.$7  (€3($##$ •)"*'!"7
) )"•' !'.€&€(€3€ ."!'&"+',.€3€ $23€("&#$4 $ >$.€!8 ">#'!'!"7
€,&$)D"/,7 .€€(•"!$& € ('•'27%&,7 "> 0K<AI5<

U1€>!$+"#S ' � V .€€(•"!$&84 >$.€! ">#'!'!"7 .€&€(8/ >$•$!4
' � V .€€(•"!$&84 >$.€! ">#'!'!"7 .€&€(8/ !$/€•"&,7 "> 6($)!'-
!"; 0K<AI5_' = ( ' � j ' � ): •('€1($>6'# 6($)!'!"7 0K<AI5 . ,2'•6%-
9'; #$&("+!€; P€(#'S

A � •' � + B � ( _' � _' � ) + G = 0 ; 0K<AB5

3•' #$&("C8 A � ; B � >$)",7& €& ' � ; _' � ; •' � ; $ )'.&€( G 7)27'&,7
)'.&€(-P6!.C"';  '('#'!!8/ ' � ; ' � ; _' � ; _' � :

R 6($)!'!"7# 0K<AB5 #€*!€ •€1$)"&: 6,2€)"7  €)&€(7'#€,&"4
.€&€(8' •27 .€€(•"!$& ' � !$  €26 '("€•' D$3$ T=2 )8327•7& &$.S

' � (0) = ' � (T=2); _' � (0) = _' � (T=2): 0K<AH5

\$."# €1($>€#4 ,€)€.6 !$7 ,",&'#$ 6($)!'!"; 0K<AB54 0K<AH5  €>-
)€27'& € ('•'2"&: >$.€! ">#'!'!"7 )'.&€($ ' � ; $ >!$+"&4 €,69'-
,&)"&: ,"!&'> .€# '!,$&€(!€; ,"!'(3""< X27 ('D'!"7 E&€; ,",&'-
#8 #€*!€  (")2'+: "&'($C"€!!8' #'&€•8 ('D'!"7 .($')8/ >$•$+<

f'2',€€1($>!€ .€€(•"!$&8 ' � )>7&: .$. 632€)8'  '('#'!!8'
!€3 0!"*!77 +$,&:54 € ('•'27%9"'  €/€•.6 #'/$!">#$_  (" E&€#
.€€(•"!$&8 ' � 16•6& €&!€,"&,7 . .€( 6,6 0)'(/!77 +$,&:5 #€•'2"<

•(" >$•$!"" >$.€!$ •)"*'!"7 •27 .€€(•"!$& ' � 0!"*!77 +$,&:
#'/$!">#$5 ,!"*$'&,7 &'# ,$#8# ($>#'(!€,&: ,",&'#8 •"PP'-
('!C"$2:!8/ 6($)!'!";< L('•" #!€*',&)$ ('D'!"; E&€; ,",&'-
#8 #€*!€ )8•'2"&: !'.€&€(€'  €•#!€*',&)€4 €1', '+")$%9'' >$-
•$!!€'  €)'•'!"' &@#< N&€  €•#!€*',&)€ € ",8)$'&,7 6($)!'!"'#
0K<AB54 .€&€(€' /$($.&'(">6'& .€!.('&!8; )"• •)"*'!"7 .€( 6,$
0)'(/!77 +$,&: #'/$!">#$5<
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•€•‚ƒ €„…„†„†•‡ˆƒ‰•Š‹ƒ‡ ŠƒŠ†•Œ, †.•. •Ž€••‘’•Œ“‡ ŠƒŠ†•Œ †••€-
‚“‡ †•‘, ”•Œ•†ˆ•• €„‘– ƒ—€••† ˜•—••™ƒ• •Š†€„šŠ†•• ƒ‘ƒ, ‹•‹
ƒ‡ •™• ‰•Š†„ ˆ•”“•••†, ‘„‹„Œ„›ƒ„ˆˆ“• ŠƒŠ†•Œ“ (œ•). • „†‘ƒ‰ƒ•
„† Œ•ˆƒŽ•‘’›ƒ„ˆˆ“‡ ‘„‹„Œ„›ƒ„ˆˆ“• •Š†€„šŠ†•• Ž€•‚Š†••‘’•† Š„-
…„š Š„•„‹•Žˆ„Š†– „†‹€“†„-”•Œ‹ˆ•†“‡ ›•Ž•š (‹„ˆ•‰ˆ„Š†•š), Ž„Š€•‚-
Š†•„Œ ‹„†„€“‡ „Š•™•Š†•‘’•†Š’ Ž•€•‚•ƒž•ˆƒ• œ• • Ž€„Š†€•ˆŠ†••.
Ÿ•‘ƒ‰ƒ• …„‘–˜„—„ ‰ƒŠ‘• Š†•Ž•ˆ•š Ž„‚•ƒžˆ„Š†ƒ œ• ‚•‘••† ”•‚•-
‰• •• Š„”‚•ˆƒ’ ƒ •Ž€••‘•ˆƒ’ ˆ•Œˆ„—„ …„‘•• Š‘„žˆ„š, ‰•Œ ‚€•—ƒ‡
•ƒ‚„• €„…„†„†•‡ˆƒ‰•Š‹ƒ‡ •Š†€„šŠ†•.

 €„…‘•Œ• Ž„Š†€„•ˆƒ’ ƒŠ‹•ŠŠ†••ˆˆ“‡ ˜•—••™ƒ‡ ŠƒŠ†•Œ, †.•. Šƒ-
Š†•Œ, Ž•€•Œ•™••™ƒ‡Š’ • Ž€„Š†€•ˆŠ†•• Ž€ƒ Ž„Œ„™ƒ ‹„ˆ•‰ˆ„Š†•š,
ƒ”‚••ˆ• Ž€ƒ•‘•‹•‘• •ˆƒŒ•ˆƒ• •‰•ˆ“‡ ƒ ‹„ˆŠ†€•‹†„€„•. °„Š†•†„‰-
ˆ„ • µ†„š Š•’”ƒ •Ž„Œ’ˆ•†– €•”‘ƒ‰ˆ“• Ž„‚•‘‹ƒ ƒˆž•ˆ•€„• Ž€„˜‘„—„
• •ƒ‚• ”••„‚ˆ“‡ ‹•‹„‘ ƒ‘ƒ ªc†„Ž„‡„‚’™••º Œ•˜ƒˆ•  .œ. ¾•…“˜•-
••.

ÀŠˆ„•ˆ•’ ƒ‡ „Š„…•ˆˆ„Š†–, ƒ • µ†„Œ, ˆ•‚„ ”•Œ•†ƒ†–, ƒ‡ —‘••ˆ“š
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ˆ•‚„Š†•†„‹, ”•‹‘•‰•‘•Š– • †„Œ, ‰†„ ‚•ƒ—•†–Š’ „ˆƒ Œ„—‘ƒ ‘ƒ˜– Ž„
ž•Š†‹„š Ž€„—€•ŒŒ•, ƒŠ‹‘•‰••™•š •Š’‹•• •„”Œ„žˆ„Š†– ƒ”Œ•ˆ•ˆƒ’
•Š‘„•ƒš  •ˆ‹›ƒ„ˆƒ€„••ˆƒ’.  „’•‘•ˆƒ• µ‘•‹†€„ˆˆ„-•“‰ƒŠ‘ƒ†•‘–-
ˆ„š †•‡ˆƒ‹ƒ Š •• •„”Œ„žˆ„Š†’Œƒ …“Š†€„ Ž€„ƒ”•„‚ƒ†– €•Š‰•† ‚ƒ-
ˆ•Œƒ‰•Š‹ƒ‡ €•žƒŒ„•, Ž•€•Œ•†€„• ŠƒŠ†•Œ“ •Ž€••‘•ˆƒ’ •ˆ„•– •„”-
€„‚ƒ‘„ ƒˆ†•€•Š ‹ ƒ‚•• •„Ž‘„™•ˆƒ’ €„…„†„†•‡ˆƒ‰•Š‹„—„ ˜•—••™•—„
•Š†€„šŠ†••.

! µ†„Œ• ˆ•‚„ ‚„…••ƒ†–, ‰†„ • œ• ˆ• •Š• Š†•Ž•ˆƒ Ž„‚•ƒžˆ„Š†ƒ
•Ž€••‘’•Œ“. ••Œ• ‘„‹„Œ„›ƒ„ˆˆ•’ ŠƒŠ†•Œ• Ž€•‚Š†••‘’•† Š„…„š •—-
€•—•† †••€‚“‡ †•‘, Ž€ƒ‰•Œ „Šˆ„•ˆ•’ ”•‚•‰• ‚ƒˆ•Œƒ‰•Š‹„—„ Šƒˆ†•”•
ŠƒŠ†•Œ“ •Ž€••‘•ˆƒ’ ”•‹‘•‰••†Š’ • Š†•…ƒ‘ƒ”•›ƒƒ („†Š‘•žƒ••ˆƒƒ)
‚•ƒž•ˆƒ’ ‹„€Ž•Š• ˜•—••™•—„ •Š†€„šŠ†••. "•Œ Š•Œ“Œ ••žˆ•’ €„‘–
„†•„‚ƒ†Š’ •“•„‚• •€••ˆ•ˆƒš ‚•ƒž•ˆƒ’ •Š•‡ Š„Š†••‘’•™ƒ‡ ‚‘’ Ž„-
Š‘•‚••™•—„ ‹„ŒŽ–•†•€ˆ„—„ •„Ž‘„™•ˆƒ’.

• ˆ•‚•‘•‹„Œ …•‚•™•Œ Š Ž„’•‘•ˆƒ•Œ Œ„™ˆ“‡ •“‰ƒŠ‘ƒ†•‘–ˆ“‡
‹„ŒŽ‘•‹Š„• Ž„’•ƒ†Š’ €••‘–ˆ•’ Ž•€ŠŽ•‹†ƒ•• €•˜•ˆƒ’ ”•‚•‰ƒ Š„”‚•-
ˆƒ’ ƒŠ‹•ŠŠ†••ˆˆ„—„ ƒˆ†•‘‘•‹†• ƒ •Ž€••‘•ˆƒ’ Š‘„žˆ“Œƒ ‚ƒˆ•Œƒ-
‰•Š‹ƒŒƒ ŠƒŠ†•Œ•Œƒ, Š€•‚ƒ ‹„†„€“‡ •“‚•‘’•†Š’ €„…„†„†•‡ˆƒ‰•Š‹ƒ•
•Š†€„šŠ†••.

œ„‹„Œ„›ƒ„ˆˆ“• ŠƒŠ†•Œ“, Ž€•‚ˆ•”ˆ•‰•ˆˆ“• ‚‘’ Ž•€•‚•ƒž•ˆƒ’
Ž„ Œ•Š†ˆ„Š†ƒ Š„ Š‘„žˆ“Œ €•‘–• „Œ, Ž„‘•‰ƒ‘ƒ Š•„• „…„Šˆ„••ˆƒ• •
€•…„†•‡ €’‚• ••†„€„•. À‚ˆ•‹„ ˆ•‘ƒ‰ƒ• …„‘–˜„—„ ‰ƒŠ‘• Š†•Ž•ˆ•š
Š•„…„‚“, •‰•† ƒˆ•€›ƒ„ˆˆ“‡ ‡•€•‹†•€ƒŠ†ƒ‹, €••‹›ƒš „Ž„€“ ƒ ˆ•‹„-
†„€“‡ ‚€•—ƒ‡ „Š„…•ˆˆ„Š†•š, Ž€ƒŠ•™ƒ‡ µ†ƒŒ ŠƒŠ†•Œ•Œ, Ž„-Ž€•žˆ•Œ•
‚•‘••† •‹†••‘–ˆ„š ”•‚•‰• •Ž€••‘•ˆƒ’ œ•. • ˆ•š ‚•‘•‹„ ˆ• Ž„Š‘•‚-
ˆ•• Œ•Š†„ ”•ˆƒŒ••† €•˜•ˆƒ• Ž€’Œ„š ”•‚•‰ƒ ‚ƒˆ•Œƒ‹ƒ, • ”ˆ•‰ƒ†, ƒ
ˆ•‡„ž‚•ˆƒ• Šƒ‘„•“‡ •„”‚•šŠ†•ƒš, ƒŠŽ“†“•••Œ“‡ ‹„€Ž•Š„Œ ƒ ‹„-
ˆ•‰ˆ„Š†’Œƒ œ• • Ž€„›•ŠŠ• Ž•€•‚•ƒž•ˆƒ’.

#‹•ž•Œ ˆ• …ƒ…‘ƒ„—€• ƒ• Ž„ ‚•ˆˆ„š †•Œ•†ƒ‹•. À…™ƒ• Š••‚•ˆƒ’
„ Œ•ˆƒŽ•‘’›ƒ„ˆˆ“‡ ƒ ‘„‹„Œ„›ƒ„ˆˆ“‡ •Š†€„šŠ†••‡ Œ„žˆ„ ˆ•š†ƒ,
ˆ•Ž€ƒŒ•€, • €•…„†•‡ [3, 9, 23±26, 32, 34, 37±44, 46, 47, 54, 58, 66, 68, 70,
72,73,83,87,88]. • €•…„†•‡ [7,17,41,48,64,84,85,89,96,98] Š„‚•€žƒ†Š’
Œ•†•€ƒ•‘ „… „Š„…•ˆˆ„Š†’‡ Ž„Š†€„•ˆƒ’ ŠƒŠ†•Œ •Ž€••‘•ˆƒ’ ‘„‹„Œ„-
›ƒ„ˆˆ“‡ •Š†€„šŠ†•. $•†•Œ•†ƒ‰•Š‹ƒ• Œ„‚•‘ƒ ˜•—••™ƒ‡ •ŽŽ•€•†„•
…•”ƒ€••†Š’ ˆ• „Šˆ„•ˆ“‡ Ž€ƒˆ›ƒŽ•‡ Œ•‡•ˆƒ‹ƒ, ‹ƒˆ•Œ•†ƒ‰•Š‹„Œ ƒ
‚ƒˆ•Œƒ‰•Š‹„Œ •ˆ•‘ƒ”• ŠƒŠ†•Œ †••€‚“‡ †•‘ Š„ Š•’”’Œƒ (ŠŒ. Ž„ µ†„-
Œ• Ž„•„‚• €•…„†“ [22,27,31,33,42,43,51,71,74].

••žˆ„• ”ˆ•‰•ˆƒ• • ”•‚•‰• Šƒˆ†•”• •Ž€••‘’•Œ“‡ œ• Ž€ƒ‚••†-
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Š’ •“•„‚• •€••ˆ•ˆƒš ‚•ƒž•ˆƒ’ ‹„€Ž•Š• ƒ ‹„ˆ•‰ˆ„Š†•š •  „€Œ•,
•‚„…ˆ„š ‚‘’ €••‘ƒ”•›ƒƒ ˆ• %•$ [1,2,6,7,45,49,52,60,62,63,69,86].
•••‚•ˆƒ’ „ ˆ•‹„†„€“‡ Ž„‡„‚‹•‡ ƒ „Š„…•ˆˆ„Š†’‡ ‡„‚–…“ œ• Œ„žˆ„
Ž„‰•€Žˆ•†– ƒ” Ž•…‘ƒ‹•›ƒš [23,34,53,62].

• § 4.1 €•”€•…•†“•••†Š’ ‹ƒˆ•Œ•†ƒ‰•Š‹•’ Š‡•Œ• ƒ‘ƒ, ƒˆ•‰•, —•„-
Œ•†€ƒ‰•Š‹•’ Œ„‚•‘– ‘„‹„Œ„›ƒ„ˆˆ„—„ •ŽŽ•€•†•, Ž•€•‚•ƒ—••™•—„Š’
• Ž€„Š†€•ˆŠ†•• Ž€ƒ Ž„Œ„™ƒ ‹„ˆ•‰ˆ„Š†•š. &ŠŠ‘•‚„••ˆƒ• ‹ƒˆ•Œ•†ƒ-
‰•Š‹ƒ‡ „Š„…•ˆˆ„Š†•š œ• ‹•Š••†Š’ ••„‚ƒŒ“‡ ŠƒŠ†•Œ ‹„„€‚ƒˆ•† ‹„€-
Ž•Š• ƒ ‹„ˆ•‰ˆ„Š†•š, • †•‹ž• Œ•†€ƒ› Ž€•„…€•”„••ˆƒ’ ‹„„€‚ƒˆ•†,
…‘•—„‚•€’ ‹„†„€“Œ •‚••†Š’ ˆ•š†ƒ „‚ˆ„”ˆ•‰ˆ„• Š„„†••†Š†•ƒ• Œ•ž-
‚• Ž„‘„ž•ˆƒ•Œ ‹„€Ž•Š• ƒ „Ž„€ˆ“‡ ‹„ˆ•‰ˆ„Š†•š ˜•—••™•—„ •Š†€„š-
Š†••.

• § 4.2 —‘••ˆ„• •ˆƒŒ•ˆƒ• •‚•‘•ˆ„ •“•„‚• •€••ˆ•ˆƒš •Ž€••‘’•-
Œ„—„ ‚•ƒž•ˆƒ’ ‹„€Ž•Š• œ• ƒ •• ‹„ˆ•‰ˆ„Š†•š.  „‚ ‚•šŠ†•ƒ•Œ Ž€ƒ-
‘„ž•ˆˆ“‡ Š„ Š†„€„ˆ“ ‹„ˆ•‰ˆ„Š†•š Šƒ‘ ƒ Œ„Œ•ˆ†„• „Š•™•Š†•‘’•†Š’
Ž•€•Œ•™•ˆƒ• ‹„€Ž•Š• • Ž€„Š†€•ˆŠ†••.  €ƒ „…„Šˆ„••ˆƒƒ •€••ˆ•ˆƒš
‚•ƒž•ˆƒ’ ƒ ƒŠŠ‘•‚„••ˆƒƒ ‚ƒˆ•Œƒ‰•Š‹ƒ‡ „Š„…•ˆˆ„Š†•š ‹„ˆ•‰ˆ„Š†•š
”• „Šˆ„•• •”’† ‹ƒˆ•†„Š†•†ƒ‰•Š‹ƒš Ž€ƒˆ›ƒŽ °•‘•Œ…•€• „ €•••ˆŠ†••
ˆ•‘• Š•ŒŒ“ •Š•‡ ‚•šŠ†•••™ƒ‡ ˆ• ŠƒŠ†•Œ• Šƒ‘ ƒ Œ„Œ•ˆ†„•.

 „Š‘•‚ˆƒš § 4.3 —‘••“ Ž„Š•’™•ˆ ˆ•‹„†„€“Œ ”•‚•‰•Œ, •„”ˆƒ‹•-
•™ƒŒ Ž€ƒ Œ„‚•‘ƒ€„••ˆƒƒ ‚•ƒž•ˆƒ’ Œˆ„—„ˆ„—„—„ ˜•—••™•—„ •Ž-
Ž•€•†•. • ƒ‡ ‰ƒŠ‘„ • ‹•‰•Š†•• „‚ˆƒ‡ ƒ” „Šˆ„•ˆ“‡ Ž„Ž•‘ƒ: ”•‚•‰•
€•ŠŽ€•‚•‘•ˆƒ’ €••‹›ƒš „Ž„€“ ƒ ”•‚•‰• ƒ‚•ˆ†ƒ ƒ‹•›ƒƒ ‚ƒˆ•Œƒ-
‰•Š‹ƒ‡ Ž•€•Œ•†€„•. '•˜•ˆƒ• µ†ƒ‡ ”•‚•‰ Š•Œ“Œ ˆ•Ž„Š€•‚Š†••ˆˆ“Œ
„…€•”„Œ Š‹•”“•••†Š’ ˆ• Ž„Š‘•‚••™•Œ  „€Œƒ€„••ˆƒƒ µ  •‹†ƒ•ˆ„š
ŠƒŠ†•Œ“ •Ž€••‘•ˆƒ’ ˜•—••™ƒŒ •ŽŽ•€•†„Œ.

4.1 •€•‚ƒ„…€†‚‡ˆ„‰ ƒŠ‹‚Œ• Ž„•„•‘‚•Š
’Š“Š…Š…‚”•€†‚‡ˆŠ•Š •‡…’Š–‡…—„

•€•€‚€ƒ„€……€† (˜•—••™••)  !"#€$!"%€ Ž€•‚Š†••‘’•† Š„…„š ž•Š†-
‹ƒš ‹„€Ž•Š Š n ‹„ˆ•‰ˆ„Š†’Œƒ (ŠŒ. 'ƒŠ. 4.1). !„ˆ•‰ˆ„Š†ƒ Œ„—•† ˆ•-
‡„‚ƒ†Š’ • „Ž„€ˆ„š, Ž•€•ˆ„Šˆ„š ƒ Š•„…„‚ˆ„š  •”•‡. "„‰‹ƒ Š†„Ž „…„-
”ˆ•‰ƒŒH i ; ‹„‘•ˆ (‘„‹†•š) * Si ; …•‚•€ (Ž‘•‰) * E i ; i = 1; n: !•ž-
‚•’ ƒ” ‹„ˆ•‰ˆ„Š†•š Š„Š†„ƒ† ƒ” ‚••‡ ž•Š†‹ƒ‡ ”••ˆ–••, Š„•‚ƒˆ•ˆˆ“‡
Œ•ž‚• Š„…„š „‚ˆ„Š†•Ž•ˆˆ“Œ ˜•€ˆƒ€„Œ. ! ‹„€Ž•Š• ‹„ˆ•‰ˆ„Š†– ‹€•-
Žƒ†Š’ Š Ž„Œ„™–• ‚••‡Š†•Ž•ˆˆ„—„ &'#…„#' ( •' . • ‹ƒˆ•Œ•†ƒ‰•Š‹ƒ-
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'ƒŠ. 4.1. +•†„Œ•†ƒ‰•Š‹ƒš ˜•—••™ƒš •ŽŽ•€•†

Œƒ ‡•€•‹†•€ƒŠ†ƒ‹•Œƒ œ•, —•„Œ•†€ƒ•š ‹„ˆ•‰ˆ„Š†•š …„‘•• Ž„‚€„…ˆ„
Œ„žˆ„ „”ˆ•‹„Œƒ†–Š’ Ž„ ‹ˆƒ—• [81].

 €ƒˆ’†•’ ‹ƒˆ•Œ•†ƒ‰•Š‹•’ Š‡•Œ• †ƒŽƒ‰ˆ• ‚‘’ ƒŠŠ‘•‚••Œ“‡ • ˆ•-
Š†„’™•• •€•Œ’ ˜•—••™ƒ‡ •ŽŽ•€•†„•.  •€•‚•ƒž•ˆƒ• œ• „Š•™•Š†•-
‘’•†Š’ ŠŒ•ˆ„š „Ž„€ˆ“‡ ‹„ˆ•‰ˆ„Š†•š Ž„ ‹•‹„š-‘ƒ…„ ƒ”••Š†ˆ„š Ž€„-
—€•ŒŒ• (Ž„‡„‚‹•), Ž€ƒ‰•Œ ˆ•‰•‘„  •”“ „Ž„€“ „‚ˆƒ‡ ‹„ˆ•‰ˆ„Š†•š
Š„„†••†Š†•••† ˆ•‰•‘•  •”“ Ž•€•ˆ„Š• ‚‘’ ‚€•—ƒ‡ ‹„ˆ•‰ˆ„Š†•š ƒ ˆ•-
„…„€„†.

 €•‚Ž„‘•—••†Š’ †•‹ž•, ‰†„ • †„‰‹• ‹„ˆ†•‹†• ‹„ˆ•‰ˆ„Š†ƒ Š „Ž„€-
ˆ„š Ž„••€‡ˆ„Š†–• Ž€„ƒŠ‡„‚ƒ† ˜•€ˆƒ€ˆ„• „Žƒ€•ˆƒ• Š Œ•‹ŠƒŒ•‘–ˆ„
•„”Œ„žˆ“Œ ‰ƒŠ‘„Œ Š†•Ž•ˆ•š Ž„‚•ƒžˆ„Š†ƒ. °•ƒž•ˆƒ• •ŽŽ•€•†• €•-
•‘ƒ”••†Š’ Ž•†•Œ Ž€ƒ‘„ž•ˆƒ’ •Ž€••‘’•™ƒ‡ Œ„Œ•ˆ†„• •€•™•ˆƒ’ •
Š„‰‘•ˆ•ˆƒ’‡ ‹„ˆ•‰ˆ„Š†•š.

°•‘•• …•‚•† €•ŠŠŒ•†€ƒ••†–Š’ €•”‘ƒ‰ˆ“• ŠƒŠ†•Œ“ ‹„„€‚ƒˆ•†
(•!), Š•’”•ˆˆ“• Š †•Œƒ ƒ‘ƒ ƒˆ“Œƒ †„‰‹•Œƒ œ•. #Š‘„•ƒŒŠ’ „ Š‘•-
‚••™ƒ‡ „…„”ˆ•‰•ˆƒ’‡. ¾•€•” C …•‚•Œ „…„”ˆ•‰•†– ˆ•‹„†„€••  ƒ‹-
Šƒ€„••ˆˆ•• †„‰‹• ‹„€Ž•Š• •ŽŽ•€•†•. À†••‰••™•’ •š •! (C; � C )
ž•Š†‹„ Š•’”•ˆ• Š ‹„€Ž•Š„Œ; ”‚•Š– C * ˆ•‰•‘„ •!, � C * Š„„†••†-
Š†•••™•’ Ž€•••’ †€„š‹• „€†„• (…•”ƒŠ � C ): °€•—ƒ• •! Š•’”•ˆ“ Š
†„‰‹•ŒƒE i …•‚•€ (Ž‘•‰), C i

1 * ••€‡ˆ•—„ ”••ˆ•, C i
2 * ˆƒžˆ•—„ ”••ˆ•

‹„ˆ•‰ˆ„Š†•š, i = 1; n; —‚• C i
1; C i

2 * ›•ˆ†€“ ƒˆ•€›ƒƒ Š„„†••†Š†•••-
™ƒ‡ ”••ˆ–••.



4.1.  ‡!‰†•„‡ˆ‰Š‹•" †…#‰€$ 73

E

S

H

C

x

y

z

x
y

z

C

C

C

E
E

E

C1

1

2

2

L
yC1

yC2

xC1

xC2

zC2

zC1

3
j

j

j

'ƒŠ. 4.2. #—‘„•“• Ž•€•Œ•ˆˆ“•

#—‘„•“• Ž•€•Œ•ˆˆ“•, „Ž€•‚•‘’•™ƒ• Ž„‘„ž•ˆƒ• ”••ˆ–•• ‹„ˆ•‰-
ˆ„Š†•š (•—‘“ •€•™•ˆƒ’ ˜•€ˆƒ€„• ‹„ˆ•‰ˆ„Š†•š) „…„”ˆ•‰ƒŒ ‰•€•”
' i

1; ' i
2 • …•‚€• ƒ ‰•€•” ' i

3 • ‹„‘•ˆ•, • ƒ‡ Š„•„‹•Žˆ„Š†– ‰•€•” ' i =
= ( ' 1; ' 2; ' 3) i � ; � Š••€‡• „”ˆ•‰••† ”ˆ•‹ †€•ˆŠŽ„ˆƒ€„••ˆƒ’. À†Œ•-
†ƒŒ, ‰†„ ••‹†„€ˆ“• ••‘ƒ‰ƒˆ“ ˆƒ—‚• ˆ• •“‚•‘’•†Š’ (ŠŒ. 'ƒŠ. 4.2).

 „ ‹•ž‚„š ƒ” „†Œ•‰•ˆˆ“‡ Š†•Ž•ˆ•š Ž„‚•ƒžˆ„Š†ƒ i±„š ‹„ˆ•‰-
ˆ„Š†ƒ ‚•šŠ†•••† •Ž€••‘’•™ƒš Œ„Œ•ˆ† •€•™•ˆƒ’ ui

j ; i = 1; n; j =
1; 2; 3:  •Š†– EL * ‘ƒˆƒ’ Ž•€•Š•‰•ˆƒ’ Ž‘„Š‹„Š†ƒ xC yC ƒ Ž‘„Š‹„Š†ƒ
‹„ˆ•‰ˆ„Š†ƒ ESH: /‚•Š– xC ; yC ; zC * „Šƒ ‹„„€‚ƒˆ•†, „Ž€•‚•‘’•Œ“•
„€†•Œƒ •! (C; � C ); †„‰‹• C Œ„žˆ„ Š„•Œ•Š†ƒ†– Š †„‰‹„š E: "„—‚•
•! (E; x E ; yE ; zE ) * Ž€•••’, Ž€ƒ‰•Œ „Š– xE ˆ•Ž€••‘•ˆ• Ž„ Ž€’Œ„š
EL; • „Š– zE = zC ; ( \xC ; xE ) = ' 1; ( \xE ; ES) = ' 2; \ ESH = �= 2+ ' 3:
¾•€•” ' 3 „…„”ˆ•‰•ˆ •—„‘ •€•™•ˆƒ’ ˜•€ˆƒ€• ‹„‘•ˆ•, ‹„†„€“š Š †„‰-
ˆ„Š†–• ‚„ �= 2 Š„•Ž•‚••† Š •—‘„Œ Œ•ž‚• ”••ˆ–’Œƒ ‹„ˆ•‰ˆ„Š†ƒ.

•ƒŠ†•Œ“ ‹„„€‚ƒˆ•† ‹„ˆ•‰ˆ„Š†•š „…€•”••† Ž€••“• †€„š‹ƒ ••‹-
†„€„•; „Šƒ zE ; zC1 ; zC2 Ž€ƒˆ•‚‘•ž•† Ž‘„Š‹„Š†ƒ ESH:  „‘„ž•ˆƒ•
†„‰•‹ C1 ƒ C2 ‹„ˆ•‰ˆ„Š†ƒ „Ž€•‚•‘’•†Š’ Š‘•‚••™ƒŒ „…€•”„Œ:

S
� C 1
C1

=

0

@
l0
1
0
0

1

A ; E
� C 1
C1

=

0

@
 l00

1
0
0

1

A ; H
� C 2
C2

=

0

@
l0
2
0
0

1

A ; S
� C 2
C2

=

0

@
 l00

2
0
0

1

A ;

„†‹•‚• ‚‘ƒˆ“ ”••ˆ–•• ‹„ˆ•‰ˆ„Š†ƒ Š„„†••†Š†••ˆˆ„ €••ˆ“: l1 = l0
1+ l00

1 ;
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l2 = l0
2 + l00

2 :
/•ŽƒŠ– a� A

A „”ˆ•‰••† ”•‚•ˆƒ• ‹„ŒŽ„ˆ•ˆ† ••‹†„€• a • •! (A; � A );
†.•. Š ›•ˆ†€„Œ • †„‰‹• A ƒ Š „€†•Œƒ� A :  €•‚Ž„‘„žƒŒ, ‰†„ †„‰‹ƒ C1

ƒ C2 Š„•Ž•‚••† Š ›•ˆ†€•Œƒ ƒˆ•€›ƒƒ ”••ˆ–••. ••‘ƒ‰ƒˆ“ l0
1; l00

1 ; l0
2 ƒ l00

2
…•‚•†, Ž€„Š†„†“ €•‚ƒ, Ž„‘•—•†–Š’ €••ˆ“Œƒ ‚‘’ •Š•‡ ‹„ˆ•‰ˆ„Š†•š.
Ÿ•‹„ˆ•›, ”•‚•••’ ‹„ŒŽ„ˆ•ˆ†“ E � C i

C ••‹†„€„• E i
C ; i = 1; n; Ž„‘•‰ƒŒ

”•Œ‹ˆ•†„• ‹ƒˆ•Œ•†ƒ‰•Š‹„• „ŽƒŠ•ˆƒ• œ•, Ž„”•„‘’•™•• „Ž€•‚•‘ƒ†–
Ž„‘„ž•ˆƒ• ‘•…„š †„‰‹ƒ œ• • ‘•…„š ƒ” •••‚•ˆˆ“‡ •“˜• •!, •Š‘ƒ
”•‚•ˆ„ Ž„‘„ž•ˆƒ• µ†„š †„‰‹ƒ • „‚ˆ„š ƒ” ˆƒ‡.

 „Š†••ƒŒ ”•‚•‰•: „Ž€•‚•‘ƒ†– ”•‹„ˆ ƒ”Œ•ˆ•ˆƒ’ •—‘„• •€•™•ˆƒ’
• …•‚€•‡ ƒ ‹„‘•ˆ’‡ ‹„ˆ•‰ˆ„Š†•š, „…•ŠŽ•‰ƒ•••™ƒ‡ Ž•€•Œ•™•ˆƒ• ‹„€-
Ž•Š• œ• Ž„ Ž€•‚ŽƒŠ•ˆˆ„Œ• ”•‹„ˆ•; ‚€•—ƒŒƒ Š‘„••Œƒ, †€•…••†Š’
ˆ•š†ƒ ˆ•‹„†„€„• Š„„†ˆ„˜•ˆƒ• ‚‘’ ‹ƒˆ•Œ•†ƒ‰•Š‹„—„ „ŽƒŠ•ˆƒ’ œ•,
„Ž€•‚•‘’•™•—„ •• —•„Œ•†€ƒ• • Ž€„Š†€•ˆŠ†••.

 „‘„ž•ˆƒ• ‹„€Ž•Š• • ‹•ž‚“š Œ„Œ•ˆ† •€•Œ•ˆƒ Ž„‘ˆ„Š†–• „Ž€•-
‚•‘’•†Š’ ”•‚•ˆƒ•Œ ˜•Š†ƒ Ž•€•Œ•†€„•, ‹„†„€“• „ŽƒŠ“•••† Ž„‘„ž•-
ˆƒ• • Ž€„Š†€•ˆŠ†•• ‹•‹„š-ˆƒ…•‚– †„‰‹ƒ ‹„€Ž•Š• ƒ ž•Š†‹„ Š•’”•ˆˆ„š
Š ‹„€Ž•Š„Œ •!. ••‹†„€ˆ“š ˆ•…„€ ˜•Š†ƒ Ž•€•Œ•†€„•, „Ž€•‚•‘’•-
™ƒ‡ Ž„‘„ž•ˆƒ• ‹„€Ž•Š• œ•, …•‚•Œ „…„”ˆ•‰•†– ‰•€•” q:

'•˜•ˆƒ• Ž„Š†••‘•ˆˆ„š ”•‚•‰ƒ €••‘ƒ”••†Š’ • ‚•• µ†•Ž•: ˆ• Ž•€-
•„Œ * •“‰ƒŠ‘’•†Š’ ”•‹„ˆ Ž•€•Œ•™•ˆƒ’ • •…Š„‘•†ˆ„š •! …•‚•€
„Ž„€ˆ“‡ ‹„ˆ•‰ˆ„Š†•š; ˆ• •†„€„Œ * „Ž€•‚•‘’•†Š’ ”•‹„ˆ“ ƒ”Œ•ˆ•-
ˆƒ’ •„ •€•Œ•ˆƒ •—‘„• •€•™•ˆƒ’ ‹„ˆ•‰ˆ„Š†•š, „…•ŠŽ•‰ƒ•••™ƒ‡ ”•-
‚•ˆˆ„• Ž•€•Œ•™•ˆƒ• …•‚•€. °‘’ ‹„ˆ•‰ˆ„Š†•š • Ž•€•ˆ„Šˆ„š ƒ Š•„…„‚-
ˆ„š  •”•‡ ”•‹„ˆ ƒ”Œ•ˆ•ˆƒ’ •—‘„•“‡ Ž•€•Œ•ˆˆ“‡ Œ„ž•† Ž€ƒ µ†„Œ
•“…ƒ€•†–Š’ €•”‘ƒ‰ˆ“Œƒ ŠŽ„Š„…•Œƒ.

'•ŠŠŒ„†€ƒŒ €•‚ƒ•Š-••‹†„€ „Ž„€ˆ“‡ Š†„Ž H i ; •“€•ž•ˆˆ“š •
‚••‡ €•”‘ƒ‰ˆ“‡ •! (C; � C ) ƒ (E i ; � i

C1
) = ( E; � C1 ) i : &Œ••Œ

H � C i
C = T � C

� (H �i  C � ); (4.1)

—‚•T � C
� * Œ•†€ƒ›• Ž€•„…€•”„••ˆƒ’ „† …•”ƒŠ• � ‹ …•”ƒŠ• � C ; Ž€ƒ‰•Œ

T �
� C

=

0

B
B
B
B
B
B
@

cos' cos   sin ' cos  sin � sin  
 sin ' cos� sin   cos' cos� sin  

cos' sin  + cos ' cos� cos   sin � cos 
+ sin ' cos� cos  sin ' sin  

sin ' sin � cos' sin � cos�

1

C
C
C
C
C
C
A

:
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/‚•Š– ';  ; � *  )*+ ,$*†#' , H �i * €•‚ƒ•Š-••‹†„€ Š†„Ž“ i±„š ‹„-
ˆ•‰ˆ„Š†ƒ, C � * €•‚ƒ•Š-••‹†„€ †„‰‹ƒ C ‹„€Ž•Š• • •…Š„‘•†ˆ„š •!
(O; � ): +ˆ•‘„—ƒ‰ˆ„

H
� C 1 i
E = T

� C 1 i
� C (H � C i

C  E � C i
C ); (4.2)

—‚•

T
� C 1 i
� C = ( T � C i

� C 1
) � = ( T � C i

� C 1
) 1;

T � C i
� C 1

=

0

@
cos' i

1 cos' i
2 cos' i

2 sin ' i
1  sin ' i

2
 sin ' i

1 cos' i
1 0

sin ' i
2 cos' i

1 sin ' i
2 sin ' i

1 cos' i
2

1

A :

°‘’ „Ž€•‚•‘•ˆƒ’ •—‘„• •€•™•ˆƒ’ ' i ˆ•„…‡„‚ƒŒ„ ”•‚•†– Œ•†€ƒ›•
Ž€•„…€•”„••ˆƒ’ T

� C 1 i
� C 2

:

T
� C 1 i
� C 2

=

0

@
sin ' i

3 0 cos' i
3

0 1 0
cos' i

3 0  sin ' i
3

1

A ; i = 1; n:

 €ƒ€••ˆƒ••’ (4.1) ‹ (4.2), Ž„‘•‰ƒŒ

H � C i
C  E � C i

C = T � C i
� C 1

H
� C 1 i
E : (4.3)

À…„”ˆ•‰ƒŒ
T � C i

� C 1
H

� C 1 i
E = R� C i

E ;

—‚• R� C i
E ’•‘’•†Š’  •ˆ‹›ƒ•š Ž•€•Œ•ˆˆ“‡ ' i

1; ' i
2; ' i

3: • •! (O; � )
Š„„†ˆ„˜•ˆƒ• (4.3) Ž€•„…€•”••†Š’ ‹ •ƒ‚•

H �i  E �i = T �
� C

R� C i
E : (4.4)

&” Š†„‘…›„• H �i ; E �i ; R� C i
E Š„Š†••ƒŒ Œ•†€ƒ›“ ƒ „…„”ˆ•‰ƒŒ ƒ‡

‰•€•” H; E; R Š„„†••†Š†••ˆˆ„. •ƒ‚ H
� C 1 i
E ; R� C i

E ; • †•‹ž• ”ˆ•‰•ˆƒ’
' i ; _' i ; „Ž€•‚•‘’•™ƒ• —•„Œ•†€ƒ• ‹„ˆ•‰ˆ„Š†ƒ, ˆ•‡„‚’†Š’ Ž€ƒ Ž„Œ„-
™ƒ Ž€„Š†“‡ Ž€•„…€•”„••ˆƒš:

H
� C 1 i
E = ( l1 + l2 sin ' i

3; 0; l2 cos' i
3) � ;
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R� C i
C =

0

B
@

[ l1 cos' i
2 + l2 sin(' i

2 + ' i
3) ] cos' i

1

[ l1 cos' i
2 + l2 sin(' i

2 + ' i
3) ] sin ' i

1

l2 cos(' i
2 + ' i

3)  l1 sin ' i
2

1

C
A :

•„—‘•Šˆ„  „€Œ•‘• (4.4) ƒŒ••Œ

R� C i = T � C
� (H �i  E �i );

ƒ‘ƒ

R� C i =

0

B
@

t11 (h1i  e1i ) + t21 (h2i  e2i ) + t31 (h3i  e3i )

t12 (h1i  e1i ) + t22 (h2i  e2i ) + t32 (h3i  e3i )

t13 (h1i  e1i ) + t23 (h2i  e3i ) + t33 (h3i  e3i )

1

C
A =

0

@
r 1i

r 2i

r 3i

1

A ;

T � C
� =

0

@
t11 t21 t31

t12 t22 t32

t13 t23 t33

1

A ; H �i =

0

@
h1i

h2i

h3i

1

A =

0

@
H �

x
H �

y
H �

z

1

A

i

;

E �i =

0

@
e1i

e2i

e3i

1

A =

0

@
E �

x
E �

y
E �

z

1

A

i

:

"„—‚• …•‚•Œ ƒŒ•†–

0

@
r 1i

r 2i

r 3i

1

A =

0

B
@

[ l1 cos' 2 + l2 sin(' 2 + ' 3) ] cos' 1

[ l1 cos' 2 + l2 sin(' 2 + ' 3) ] sin ' 1

l2 cos(' 2 + ' 3)  l1 sin ' 2

1

C
A

i

;

„†‹•‚• Š‘•‚••†

' i
1 = arctg

r 2i

r 1i
; ' i

3 = arcsin
�

r 2
2i + r 2

3i  (l2
1 + l2

2) sin2 ' i
1

2l1l2 sin2 ' i
1

�
;

' i
2 = arcsin

�
1

l2
1 + 2 l1l2 sin ' i

3 + l2
2

�
 r 3i (l1 + l2 sin ' i

3) +

+ l2 cos' i
3 (l2

1 + 2 l1l2 sin ' i
3  l2

2  r 2
3i )

1=2 �
�

:

°ƒ  •€•ˆ›ƒ€•’ Ž„ •€•Œ•ˆƒ, Ž„‘•‰ƒŒ

_' i
1 = cos2 ' i

1 ( _r 2i r 1i  r 2i _r 1i )=r2
1i ;
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_' i
3 =

1
2l1l2 cos' i

3 sin4 ' i
1

�

�
�

2
�

r 2i _r 2i + r 3i _r 3i  
l2
1 + l2

2

2
sin 2' i

1 _' i
1

�
sin2 ' i

1  

 2 sin 2' i
1 _' i

1

�
r 2

2i + r 2
3i  (l2

1 + l2
2) sin2 ' i

1

� 	
;

_' i
2 =

1
cos' i

2 (l2
1 + 2 l1l2 sin ' i

3 + l2
2)2

�
[  _r 3i (l1 + l2 sin ' i

3)  

 r 3i l2 cos' i
3 _' i

3  l2 sin ' i
3 _' i

3 (l2
1 + 2 l1l2 sin ' i

3 + l2
2  r 2

3i )
1=2 +

+ l2 cos' i
3 (l2

1 + 2 l1l2 sin ' i
3 + l2

2  r 2
3i )

 1=2 �

� (2l1l2 cos' i
3 _' i

3  2r 3i _r 3i )=2 ](l2
1 + 2 l1l2 sin ' i

3 + l2
2)  

 2l1l2 cos' i
3 _' i

3 [  r 3i l1 + l2 sin ' i
3) +

+ l2 cos' i
3 (l2

1 + 2 l1l2 sin ' i
3 + l2

2r 2
3i )

1=2 ]
	

;

—‚• 0

@
_r 1i

_r 2i

_r 3i

1

A = _T � C
� (H �i  E �i ) + T � C

� ( _H �i  _E �i ):

°„‹•ž•Œ •†••€ž‚•ˆƒ• „ ‹ƒˆ•Œ•†ƒ‰•Š‹„š „‚ˆ„”ˆ•‰ˆ„Š†ƒ œ•.
%‰…’‰†• 1.1.-  .†"€‚ %+/€#' 0€1€2•„3 0#„ •€"€#€$ …† ‚†…††

"#†1 •€…†.…€!"†$ …'1€24"!4 % 5'6† €0€#+3 ‚†72 0†#†‚†……+‚„
q •€#0 !' „ 0†#†‚†……+‚„ €0€#…+1 •€…†.…€!"†$ ' i = ( ' 1; ' 2; ' 3) i � ;
)2†  �= 2 < ' i

j < �= 2; i = 1; n; j = 1 ; 2; 3; ! 8†!"% †" %6'„‚…€€29
…€6…'.…€† !€€"%†"!"%„†:

&…‹•'•„‰€$Š„‚…. &” Š„„†ˆ„˜•ˆƒ’ (4.4) •“‚•‘ƒŒ Œ•†€ƒ›• E :

E = H  T �
� C

R: (4.5)

 •Š†– µ‘•Œ•ˆ†“ Œ•†€ƒ›“ „Ž„€ˆ“‡ Š†„Ž H ”•‚•ˆ“ ‹•‹  •ˆ‹›ƒƒ
•€•Œ•ˆƒ. °‘’ ‚„‹•”•†•‘–Š†•• †•„€•Œ“ ˆ•‚„ Ž„‹•”•†–, ‰†„ ”•‚•ˆƒ•
˜•Š†ƒ ‹„ŒŽ„ˆ•ˆ† ••‹†„€• q (Ž„‘„ž•ˆƒ• †„‰‹ƒ C • •! (O; � ) ƒ •—‘„•
%š‘•€•, Š•’”“•••™ƒ‡ •! (O; � ) ƒ (C; � C )) ; ••‚•† ‹ ”•‚•ˆƒ• Œ•†-
€ƒ›“ „Ž„€ˆ“‡ …•‚•€ E: "„—‚• Š„„†ˆ„˜•ˆƒ• (4.5) „‚ˆ„”ˆ•‰ˆ„ „Ž€•-
‚•‘’•† R ‹•‹  •ˆ‹›ƒ• ••‹†„€• q :

R = T � C
� (H  E):
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À…„”ˆ•‰ƒŒ ‰•€•”eij ; i; j = 1 ; 2; 3; µ‘•Œ•ˆ†“ Œ•†€ƒ›“ E; • ‰•€•”
t ij ; i; j = 1 ; 2; 3; * µ‘•Œ•ˆ†“ Œ•†€ƒ›“ T �

� C
: %‘•Œ•ˆ†“ t ij Š•†– ˆ•-

Ž€••‘’•™ƒ• ‹„Šƒˆ•Š“ ‚••‡ •! (C; � C ) ƒ (O; � ); ‹„†„€“• ‘ƒˆ•šˆ„
”••ƒŠ’† „† µ‘•Œ•ˆ†„• eij ; †.•.

� x = y; det � 6= 0 ; (4.6)

—‚• � * Œ•†€ƒ›• ‰ƒŠ‘„•“‡ ‹„µ  ƒ›ƒ•ˆ†„•, x * ••‹†„€, Š„Š†••-
‘•ˆˆ“š ƒ” µ‘•Œ•ˆ†„• eij ; y * ••‹†„€, Š„Š†••‘•ˆˆ“š ƒ” µ‘•Œ•ˆ†„•
t ij :

t11 =
e11  e13

� 1
; t21 =

2e12  (e11 + e13)
2� 2

;

t12 =
e21  e23

� 1
; t22 =

2e22  (e21 + e23)
2� 2

;

t13 =
e31  e33

� 1
; t23 =

2e32  (e31 + e33)
2� 2

;

t31 =
2C �

x

� 3
 

e11 + e13 + 2e12

2� 3
;

t32 =
2C �

y

� 3
 

e21 + e23 + 2e22

2� 3
;

t33 =
2C �

z

� 3
 

e31 + e33 + 2e32

2� 3
;

—‚• � 1; � 2; � 3 * ‹„ˆŠ†€•‹†ƒ•ˆ“• Ž•€•Œ•†€“ ‹„€Ž•Š• œ•, Š„„†••†-
Š†•••™ƒ• ‚‘ƒˆ•, ˜ƒ€ƒˆ• ƒ •“Š„†• ‹„€Ž•Š•.

'•˜•’ µ†• ŠƒŠ†•Œ• ‘ƒˆ•šˆ“‡ •‘—•…€•ƒ‰•Š‹ƒ‡ •€••ˆ•ˆƒš, Œ„žˆ„
„Ž€•‚•‘ƒ†– µ‘•Œ•ˆ†“ eij : $•†€ƒ›• � ƒ ••‹†„€ y • •“€•ž•ˆƒƒ (4.6)
ƒŒ••† •ƒ‚

�=

0

B
B
B
B
B
B
B
B
B
B
B
B
@

1 0  1 0 0 0 0 0 0
0 0 0 1 0  1 0 0 0
0 0 0 0 0 0 1 0  1

 1
2 1  1

2 0 0 0 0 0 0
0 0 0  1

2 1  1
2 0 0 0

0 0 0 0 0 0  1
2 1  1

2
1
2 1 1

2 0 0 0 0 0 0
0 0 0 1

2 1 1
2 0 0 0

0 0 0 0 0 0 1
2 1 1

2

1

C
C
C
C
C
C
C
C
C
C
C
C
A

; y=

0

B
B
B
B
B
B
B
B
B
B
B
B
@

� 1t11

� 1t12

� 1t13

� 2t21

� 2t22

� 2t23

2C �
x  � 3t31

2C �
y  � 3t32

2C �
z  � 3t33

1

C
C
C
C
C
C
C
C
C
C
C
C
A

;
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„†‹•‚• Š‘•‚••†, ‰†„ Œ•†€ƒ›• � Š„Š†••‘•ˆ• ƒ” ‘ƒˆ•šˆ„ ˆ•”••ƒŠƒ-
Œ“‡ Š†€„‹ ƒ Š†„‘…›„•. •„„†ˆ„˜•ˆƒ• (4.6) „‚ˆ„”ˆ•‰ˆ„ „Ž€•‚•‘’•†
µ‘•Œ•ˆ†“ eij Œ•†€ƒ›“ E ‹•‹ ’•ˆ“•  •ˆ‹›ƒƒ µ‘•Œ•ˆ†„• t ij Œ•†€ƒ-
›“ T �

� C
; ‹„†„€“•, • Š•„• „‰•€•‚–, ”••ƒŠ’† „† ‹„ŒŽ„ˆ•ˆ† ••‹†„€• q

(•—‘„• %š‘•€•). /•‚•ˆƒ• ••‹†„€• r Ž€ƒ ƒ”••Š†ˆ„š ‹ƒˆ•Œ•†ƒ‹• œ•
Ž„‘ˆ„Š†–• „Ž€•‚•‘’•† ”•‚•ˆƒ• ••‹†„€• q; • †•Œ Š•Œ“Œ ƒ ••‹†„€•
x: •‘•‚„••†•‘–ˆ„, •‹•”•ˆˆ“• Š„„†ˆ„˜•ˆƒ’ „‚ˆ„”ˆ•‰ˆ„ „Ž€•‚•‘’-
•† Œ•†€ƒ›• R: °„‹•”•†•‘–Š†•„ „…€•†ˆ„—„ •†••€ž‚•ˆƒ’ Ž€„•„‚ƒ†Š’
•ˆ•‘„—ƒ‰ˆ„.

(•†‰ˆ•!‡‰.  „‡„‚‹•, Ž€ƒ ‹„†„€„š Š•™•Š†•••† •„”Œ„žˆ„Š†–,
‹„—‚• Œ•ˆ•• ‰•Œ †€ƒ ‹„ˆ•‰ˆ„Š†ƒ …•‚•† ˆ•‡„‚ƒ†–Š’ •  •”• „Ž„€“,
•“”„••† ˆ•‚„Š†•†„‰ˆ„Š†– ”•‚•ˆƒ’ ”•‹„ˆ• ƒ”Œ•ˆ•ˆƒ’ •—‘„•“‡ Ž•€•-
Œ•ˆˆ“‡ ‹„ˆ•‰ˆ„Š†•š ‚‘’ „Ž€•‚•‘•ˆƒ’ ••‹†„€• q (Ž€ƒ ‚„‹•”•†•‘–-
Š†•• †•„€•Œ“ • „…€•†ˆ•• Š†„€„ˆ•) ƒ”-”• •„”Œ„žˆ„—„ •€•™•ˆƒ’ ‹„€-
Ž•Š• •„‹€•— „Šƒ, Ž€„‡„‚’™•š ‰•€•” µ†ƒ „Ž„€ˆ“• …•‚€• (Š‘•‰•š ‚••‡
ƒ‘ƒ „‚ˆ„š „Ž„€ˆ„š ‹„ˆ•‰ˆ„Š†ƒ).

4.2  €•„ƒ€†‚‡ˆ„‰ ƒŠ‹‚Œ• Ž„•„•‘‚•Š ’Š-
“Š…Š…‚”•€†‚‡ˆŠ•Š •‡…’Š–‡…—„

+ †•Ž•€– „Š†•ˆ„•ƒŒŠ’ ˆ• ‚ƒˆ•Œƒ‰•Š‹ƒ‡ „Š„…•ˆˆ„Š†’‡ ‹„€Ž•Š• ƒ
‹„ˆ•‰ˆ„Š†•š ‘„‹„Œ„›ƒ„ˆˆ„—„ •ŽŽ•€•†•, • †•‹ž• „Ž€•‚•‘ƒŒ ”•‹„ˆ
 „€Œƒ€„••ˆƒ’ €•”•‘–†ƒ€••™ƒ‡ Šƒ‘ ƒ Œ„Œ•ˆ†„•, ‚•šŠ†•••™ƒ‡ ˆ•
‹„€Ž•Š œ•, Ž€ƒ ‹„†„€„Œ …•‚•† „…•ŠŽ•‰ƒ••†–Š’ Š‡„‚ƒŒ„Š†– Š €„Š†„Œ
t ‚•šŠ†•ƒ†•‘–ˆ„—„ ”ˆ•‰•ˆƒ’ ••‹†„€• Ž„‘„ž•ˆƒ’ q(t) ‹ Ž€„—€•ŒŒ-
ˆ„Œ• ”•‚•ˆˆ„Œ• ‚•ƒž•ˆƒ• qp() : q(t) ! qp(t) Ž€ƒ t ! 1 ; ‘ƒ…„
lim t ! t 1 k q(t)  qp(t) k < � •ˆ• ”••ƒŠƒŒ„Š†ƒ „† ˆ•‰•‘–ˆ“‡ ”ˆ•‰•ˆƒš
q(t0): /‚•Š– t1 * •€•Œ’ „‹„ˆ‰•ˆƒ’ Ž•€•‡„‚ˆ„—„ Ž€„›•ŠŠ•, k � k * ••-
‹‘ƒ‚„•• ˆ„€Œ• ••‹†„€•, � > 0 * ”•‚•ˆˆ•’ †„‰ˆ„Š†– „†Š‘•žƒ••ˆƒ’
Ž€„—€•ŒŒˆ„—„ (ˆ„Œƒˆ•‘–ˆ„—„) ‚•ƒž•ˆƒ’.

 „‚ ‚•šŠ†•ƒ•Œ Šƒ‘“ F ƒ Œ„Œ•ˆ†• M; Ž€ƒ‘„ž•ˆˆ“‡ • †„‰‹• C
‹„€Ž•Š• ‹•‹ †••€‚„—„ †•‘•, ‚•ƒž•ˆƒ• ‹„€Ž•Š• „ŽƒŠ“•••†Š’ ‚ƒˆ•Œƒ-
‰•Š‹ƒŒ •€••ˆ•ˆƒ•Œ

A(q) •q + B (q; _q) = U; U =
�

F
M

�
; (4.7)
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—‚• A(q) 2 R6 � R6 * Ž„‘„žƒ†•‘–ˆ„ „Ž€•‚•‘•ˆˆ•’  •ˆ‹›ƒ„ˆ•‘–-
ˆ•’ Œ•†€ƒ›•, „Ž€•‚•‘’•™•’ ‹••‚€•†ƒ‰ˆ••  „€Œ• Š‹„€„Š†•š • •“-
€•ž•ˆƒƒ ‚‘’ ‹ƒˆ•†ƒ‰•Š‹„š µˆ•€—ƒƒ ‹„€Ž•Š•; B (q; _q); U * ••‹†„€-
 •ˆ‹›ƒƒ €•”Œ•€ˆ„Š†ƒ 6� 1; Ž€ƒ‰•Œ_q •‡„‚ƒ† • B (q; _q) ‹•‹ µ‘•Œ•ˆ†
‹••‚€•†ƒ‰ˆ„š ”••ƒŠƒŒ„Š†ƒ. $•†€ƒ›• A(q) ƒ ••‹†„€ B (q; _q) • •€••-
ˆ•ˆƒƒ ‚•ƒž•ˆƒ’ ‹„€Ž•Š• (4.7) „Ž€•‚•‘’•†Š’ •“…„€„Œ †„‰‹ƒ C ˆ•
‹„€Ž•Š• ƒ €•ŠŽ€•‚•‘•ˆƒ•Œ Œ•ŠŠ.

/•‚•‚ƒŒŠ’ ‰ƒŠ‘•Œƒ �; � > 0 ƒ …•‚•Œ  „€Œƒ€„••†– ••‹†„€ U Ž„
Ž€ƒˆ›ƒŽ• „…€•†ˆ„š Š•’”ƒ:

U = U(q; _q; t) = B (q; _q)  A(q) [ ::: ]; (4.8)

—‚• „…„”ˆ•‰•ˆ„ [ ::: ] = [  •qp + � ( _q  _qp) + � (q  qp) ]:
'•ŠŠ„—‘•Š„••ˆƒ• Œ•ž‚• q(t) ƒ qp(t) Œ„ž•† …“†– „…•Š‘„•‘•ˆ„

ˆ•€•••ˆŠ†••Œƒ q(t0) 6= qp(t0); _q(t0) 6= _qp(t0) • ˆ•‰•‘–ˆ“š Œ„Œ•ˆ†
•€•Œ•ˆƒ. •Š• ƒˆ•€›ƒ„ˆˆ“• ƒ ‹ƒˆ•Œ•†ƒ‰•Š‹ƒ• ‡•€•‹†•€ƒŠ†ƒ‹ƒ œ•
Ž€•‚Ž„‘•—••†Š’ ƒ”••Š†ˆ“Œƒ. • Šƒ‘• Ž€•‚“‚•™•—„ Š„„†ˆ„˜•ˆƒ’
(4.8) •€••ˆ•ˆƒ• ‚•ƒž•ˆƒ’ ‹„€Ž•Š• Ž€ƒŒ•† •ƒ‚

•~q + � _~q + � ~q = 0 ; ~q(t) = q(t)  qp(t);

—‚• ~q * ••‹†„€- •ˆ‹›ƒ’ €•ŠŠ„—‘•Š„••ˆƒ’. À†Š•‚•, „‰••ƒ‚ˆ„, Ž„-
‘•‰ƒŒ: q(t) ! qp(t) ( t ! 1 ): À†Œ•†ƒŒ, ‰†„ ••”‚• • ‚•‘–ˆ•š˜•Œ
—‘••ˆ“š ••‹†„€ Šƒ‘ ƒ Œ„Œ•ˆ†„• U …•‚•† ”•‚•••†–Š’ ƒŒ•ˆˆ„ • Ž€•‚-
Š†••‘•ˆˆ„Œ •“˜• •ƒ‚•.

/•šŒ•ŒŠ’ •“•„‚„Œ •€••ˆ•ˆƒš ‚•ƒž•ˆƒ’ ‹„ˆ•‰ˆ„Š†•š ƒ ˆ•š‚•Œ
”••ƒŠƒŒ„Š†– —‘••ˆ„—„ ••‹†„€• Šƒ‘ F ƒ Œ„Œ•ˆ†„• M; Ž€ƒ‘„ž•ˆˆ“‡ •
†„‰‹• C ‹„€Ž•Š• •ŽŽ•€•†•, „† •Ž€••‘’•™ƒ‡ Œ„Œ•ˆ†„• • Š„‰‘•ˆ•ˆƒ-
’‡ ‹„ˆ•‰ˆ„Š†•š. #€••ˆ•ˆƒ’ ‹ƒˆ•†„Š†•†ƒ‰•Š‹„—„ €••ˆ„••Šƒ’ …•‚•†
”•ŽƒŠ•ˆ“ • Ž€„•‹›ƒ’‡ ˆ• „Šƒ •! ••€‡ˆ•—„ (ˆƒžˆ•—„) ”••ˆ• (E; � C1 )
ƒ (S; � C2 ) Š„„†••†Š†••ˆˆ„. • Ž„Œ„™–• Œ•†€ƒ‰ˆ“‡ Ž€•„…€•”„••ˆƒš
µ†ƒ •€••ˆ•ˆƒ’ Œ„—•† …“†– ”•ŽƒŠ•ˆ“ • •! (C; � C ) ƒ (O; � ): °•‘••
…•‚•† Ž„‹•”•ˆ• ‘ƒˆ•šˆ•’ ”••ƒŠƒŒ„Š†– Šƒ‘ ƒ Œ„Œ•ˆ†„• „† •Ž€••‘•-
ˆƒš ui ƒ •Š‹„€•ˆƒš •—‘„• •€•™•ˆƒ’ •' i ; • †•‹ž• ‚„‹•”•ˆ„ •†••€-
ž‚•ˆƒ• „ Ž„‘ˆ„†• ”•‚•ˆƒ’ ‚•ƒž•ˆƒ’ •Š•š ‘„‹„Œ„›ƒ„ˆˆ„š ŠƒŠ†•Œ“
ƒ ••‹†„€• •Ž€••‘•ˆƒš.

<•‚•Œ •Ž„†€•…‘’†– ƒˆ‚•‹Š 1(2) ‚‘’ „…„”ˆ•‰•ˆƒ’ ••‹†„€„• Šƒ‘ ƒ
Œ„Œ•ˆ†„•, Ž€ƒ‘„ž•ˆˆ“‡ ‹ ••€‡ˆ•Œ• (ˆƒžˆ•Œ•) ”••ˆ• ‹„ˆ•‰ˆ„Š†ƒ.
 •Š†– ‚‘’ i±„š ‹„ˆ•‰ˆ„Š†ƒ: ui * ••‹†„€ •Ž€••‘’•™ƒ‡ Œ„Œ•ˆ†„•
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'ƒŠ. 4.3. °•šŠ†•ƒ• Šƒ‘ ƒ Œ„Œ•ˆ†„• ˆ• ‹„ˆ•‰ˆ„Š†–

•€•™•ˆƒ’ • ˜•€ˆƒ€ˆ“‡ Ž€ƒ•„‚•‡, P i
1(2) * ••‹†„€ Šƒ‘“ †’ž•Š†ƒ

••€‡ˆ•—„ (ˆƒžˆ•—„) ”••ˆ•, Ri * ••‹†„€ Šƒ‘“ €••‹›ƒƒ „Ž„€“, F i

* ••‹†„€ Šƒ‘“ €••‹›ƒƒ • ˜•€ˆƒ€• …•‚€•, M i * ••‹†„€ Œ„Œ•ˆ†•
µ†„š Šƒ‘“, F i

k1(2) * ••‹†„€ Šƒ‘“ €••‹›ƒƒ • ˜•€ˆƒ€• ‹„‘•ˆ• (F i
k1 =

 F i
k2); M i

k1(2) * ••‹†„€ Œ„Œ•ˆ†• µ†„š Šƒ‘“ (M i
k1 =  M i

k2); F̂ *

••‹†„€ Šƒ‘“ ƒˆ•€›ƒƒ †•‘• Œ•ŠŠ“ m; M̂ * ••‹†„€ Œ„Œ•ˆ†• µ†„š
Šƒ‘“, F̂ i

1(2) * ••‹†„€ Šƒ‘“ ƒˆ•€›ƒƒ ••€‡ˆ•—„ (ˆƒžˆ•—„) ”••ˆ•, M̂ i
1(2)

* ••‹†„€ Œ„Œ•ˆ†• µ†„š Šƒ‘“.
•Š• •‹•”•ˆˆ“• ••‹†„€“ ƒŒ••† €•”Œ•€ˆ„Š†– 3� 1: ••‹†„€“ F̂ i

1(2) ;

M̂ i
1(2) Ž€ƒ••‚•ˆ“ ‹ ›•ˆ†€•Œ ƒˆ•€›ƒƒ ••€‡ˆ•—„ (ˆƒžˆ•—„) ”••ˆ–••.

•‡•Œ•†ƒ‰ˆ„ ‚•šŠ†•ƒ• •‹•”•ˆˆ“‡ Šƒ‘ ƒ Œ„Œ•ˆ†„• ˆ• ‹„ˆ•‰ˆ„Š†– Ž„-
‹•”•ˆ„ ˆ• 'ƒŠ. 4.3

• ‚•‘–ˆ•š˜•Œ …•‚•† €•ŠŠŒ•†€ƒ••†–Š’ Š‘•‰•š, ‹„—‚• Ri
z � 0: •

•‰•†„Œ ‰ƒŠ‘• Š†•Ž•ˆ•š Ž„‚•ƒžˆ„Š†ƒ ˜•€ˆƒ€„• • Š„‰‘•ˆ•ˆƒ’‡ • •!
(E; � C1 ) ƒŒ••Œ

M
� C 1 i
k1(2) E = ( M

� C 1 i
k1(2) Ex ; 0; M

� C 1 i
k1(2) Ez ) � = (~u2; 0; ~u3) i � ;

M
� C 1 i
E = ( M

� C 1 i
Ex ; 0; 0)� = (~u1; 0; 0)� : (4.9)

•ƒ‘• ƒˆ•€›ƒƒ F̂ ƒ Œ„Œ•ˆ† Šƒ‘“ ƒˆ•€›ƒƒ M̂ ‚‘’ †•‘• Œ•ŠŠ“ m
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ˆ•‡„‚’†Š’ ƒ” •€••ˆ•ˆƒš:

F̂ =  mw; M̂ =  J _! + ! � J!;

—‚• w * •Š‹„€•ˆƒ• ›•ˆ†€• †’ž•Š†ƒ †•‘•, J * †•ˆ”„€ ƒˆ•€›ƒƒ, ! *
•—‘„••’ Š‹„€„Š†– •€•™•ˆƒ’ †•‘•.

•„—‘•Šˆ„ 0#„…ƒ„0 ;'*'‚/†#' „ €•••ˆŠ†•• ˆ•‘• Š•ŒŒ“ •‹†ƒ•-
ˆ“‡ Šƒ‘, Šƒ‘ €••‹›ƒš ƒ Šƒ‘“ ƒˆ•€›ƒƒ, • †•‹ž• €•••ˆŠ†•• ˆ•‘•
Š•ŒŒ“ Œ„Œ•ˆ†„• µ†ƒ‡ Šƒ‘, „…„”ˆ•‰ƒŒ ƒ‡M i

1 ƒ M i
2 Š„„†••†Š†••ˆˆ„,

ƒŒ••Œ ‚‘’ ••€‡ˆ•—„ ”••ˆ•

F i + F i
k1 + P i

1 + F̂ i
1 = 0 ; M i

1 = 0 (4.10)

ƒ ‚‘’ ˆƒžˆ•—„ ”••ˆ•

F i
k2 + P2 + Ri + F̂ i

2 = 0 ; M i
2 = 0 : (4.11)

•“•„‚ •€••ˆ•ˆƒš (4.10) ƒ (4.11) • Ž€„•‹›ƒ’‡ ˆ• „Šƒ Ž„‚•ƒžˆ“‡
•! ••€‡ˆ•—„ ƒ ˆƒžˆ•—„ ”••ˆ–•• ‚•ˆ • Š‘•‚••™•Œ § 1.3. "•Œ ž• Ž€ƒ-
•„‚’†Š’ ”ˆ•‰•ˆƒ’ •Š‹„€•ˆƒš ƒ •—‘„•“‡ Š‹„€„Š†•š ‚‘’ „Ž€•‚•‘•ˆƒ’
Šƒ‘“ ƒˆ•€›ƒƒ ƒ Œ„Œ•ˆ†• Šƒ‘“ ƒˆ•€›ƒƒ, ‹„†„€“• •“‰ƒŠ‘’•†Š’ Ž„
ˆ•ŽƒŠ•ˆˆ“Œ •“˜•  „€Œ•‘•Œ ƒ • „…™•Œ Š‘•‰•• ’•‘’•†Š’ ••‹†„€-
 •ˆ‹›ƒ’Œƒ Š‘•‚••™ƒ‡ Ž•€•Œ•ˆˆ“‡:

F̂ i
1(2) = F̂ i

1(2) (mi
1(2) ; q; _q; •q; ' i ; _' i ; •' i );

M̂ i
1(2) = M̂ i

1(2) (mi
1(2) ; J i

1(2) ; q; _q; •q; ' i ; _' i ; •' i );

—‚•mi
1(2) * Œ•ŠŠ• ••€‡ˆ•—„ (ˆƒžˆ•—„) ”••ˆ• i±„š ‹„ˆ•‰ˆ„Š†ƒ, J i

1(2) *
Š„„†••†Š†•••™ƒš †•ˆ”„€ ƒˆ•€›ƒƒ (‚ƒ•—„ˆ•‘–ˆ“š) ••€‡ˆ•—„ (ˆƒž-
ˆ•—„) ”••ˆ•. "„—‚•

F =
nX

i =1

F i ; M =
nX

i =1

M i +
nX

i =1

F i � di ; (4.12)

—‚• di * €•‚ƒ•Š-••‹†„€ …•‚€• i±„š ‹„ˆ•‰ˆ„Š†ƒ:

M i =

0

@
u2 sin ' 1  ~u1 cos' 1

 u2 cos' 1  ~u1 sin ' 1

 u1

1

A

i

; (4.13)
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—‚• M i * ••‹†„€- •ˆ‹›ƒ’ Œ„Œ•ˆ†•, Š„”‚••••Œ„—„ • ˜•€ˆƒ€• …•‚€•
•Ž€••‘’•™ƒŒƒ Œ„Œ•ˆ†•Œƒ u1 ƒ u2 ƒ „€†„—„ˆ•‘–ˆ“Œ ƒŒ Œ„Œ•ˆ†„Œ
Šƒ‘“ €••‹›ƒƒ • ˜•€ˆƒ€• …•‚€• ~u1: /‚•Š– ' i = ( ' 1; ' 2; ' 3) i � * ••‹-
†„€ „…„…™•ˆˆ“‡ ‹„„€‚ƒˆ•† i±„š ‹„ˆ•‰ˆ„Š†ƒ (•—‘“ Ž„‚•ƒžˆ„Š†ƒ).
•“€•ž•ˆƒ’ ‚‘’ F i ; M i ; Ri •  •ˆ‹›ƒƒ •Ž€••‘•ˆƒ’ ƒ „…„…™•ˆˆ“‡
‹„„€‚ƒˆ•† ‚•ˆ“ • § 1.3. • „…™•Œ Š‘•‰•• „ˆƒ ƒŒ••† •ƒ‚

F i = 
 1(' i ; q) ui + 
 2(' i ; q) •' i + 
 3(' i ; _' i ; q; _q; •q);

M i
� = � 1(' i ; q) ui + � 2(' i ; q) •' i + � 3(' i ; _' i ; q; _q; •q);

Ri = Q1(' i ; q) ui + Q2(' i ; q) •' i + Q3(' i ; •' i ; q; _q; •q): (4.14)

—‚• M i
� = M i + F i � di : '•”Œ•€ˆ„Š†– Œ•†€ƒ› 
 1; 
 2; � 1; � 2; Q1; Q2 *

3� 3; • ••‹†„€„• 
 3; � 3; Q3 * 3� 1: • § 1.3 Œ„žˆ„ ˆ•š†ƒ •ƒ‚ Œ•†€ƒ›

 1; � 1; q1: • Š„„†ˆ„˜•ˆƒƒ (4.13) ‹„ŒŽ„ˆ•ˆ†• ~ui

1 ƒŒ••† •ƒ‚

~ui
1 = a1(' i ; q) ui

1 + a2(' i ; q) •' i + a3(' i ; _' i ; q; _q; •q):

/‚•Š–

a1(' i ; q) =
�

 
t(q) l1 sin ' 2

l1 cos' 2  l2 cos(' 2 + ' 3)

� i

;

—‚• l1; l2 * ‚‘ƒˆ“ ”••ˆ–•• ‹„ˆ•‰ˆ„Š†ƒ, t(q) * Š„„†••†Š†•••™ƒš µ‘•-
Œ•ˆ† Œ•†€ƒ›“ Ž€•„…€•”„••ˆƒ’ T �

� C
„† Ž„‚•ƒžˆ„š •! ‹„€Ž•Š• ‹

ˆ•Ž„‚•ƒžˆ„š. À†Œ•†ƒŒ †•‹ž•, ‰†„ Œ•†€ƒ›“ 
 2; � 2; Q2 ˆ••“€„ž‚•-
ˆ“, †•‹ ‹•‹ „ˆƒ „Ž€•‚•‘’•† ‹ƒˆ•†ƒ‰•Š‹•• µˆ•€—ƒ• ŠƒŠ†•Œ“. #—‘“
(' 1; ' 2; ' 3) i � 2 � ; —‚• � * Œˆ„ž•Š†•„ ‹ƒˆ•Œ•†ƒ‰•Š‹ƒ‡ ”ˆ•‰•ˆƒš
•—‘„•, Ž€ƒ ‹„†„€“‡ Œ•†€ƒ›“ 
 1; � 1; Q1 ˆ••“€„ž‚•ˆ“.

°‘’ •“’Šˆ•ˆƒ’ ‹•€†ƒˆ“ Ž„••‚•ˆƒ’ ‚•ƒž•ˆƒ’ ‹„ˆ•‰ˆ„Š†ƒ ••žˆ„
•Š†•ˆ„•ƒ†– ŠŽ€•••‚‘ƒ•„Š†– Š‘•‚••™•—„ •†••€ž‚•ˆƒ’.

%‰…’‰†• 1.2.< !"=  #'%…†…„4 2%„7†…„4 •€…†.…€!"„3 !€!"€9
48†$ „6 2% 1 6%†…=†% ! €/8„‚ .„!*€‚ !"†0†…†$ !%€/€2+3 #'%…+‚
"#†‚3 €0„!+%'>"!4 !€€"…€&†…„4‚„ (4.10); (4.11); (4.14): ?€)2'
*>/'4 "#€$•' *„…†$…€ …†6'%„!„‚+1  #'%…†…„$ 6'2'†" 2%„7†…„†
%!†$ !„!"†‚+3 ' *>/'4 2# )'4 "#€$•' *„…†$…€ …†6'%„!„‚+1  #'%9
…†…„$ 6'2'†" %†•"€#  0#'%*†…„$:

&…‹•'•„‰€$Š„‚…. °„‹•”•†•‘–Š†•„ †•„€•Œ“ „‰••ƒ‚ˆ„ ƒ” ‰ƒŠ†„
Œ•‡•ˆƒ‰•Š‹ƒ‡ €•ŠŠ•ž‚•ˆƒš.  •Š†– ' i = ( ' 1; ' 2; ' 3) i � * ••‹†„€
„…„…™•ˆˆ“‡ ‹„„€‚ƒˆ•† ‹„ˆ•‰ˆ„Š†ƒ, Ž„ ‹„†„€“Œ „Š•™•Š†•‘’•†Š’
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•Ž€••‘•ˆƒ• ui = ( u1; u2; u3) i � : /•Žƒ˜•Œ •€••ˆ•ˆƒ’ ‹ƒˆ•†„Š†•†ƒ‰•-
Š‹„—„ €••ˆ„••Šƒ’, ƒŠŽ„‘–”•’ Ž€ƒˆ›ƒŽ °•‘•Œ…•€• ‚‘’ ‹•ž‚„—„ ”••-
ˆ• ‹„ˆ•‰ˆ„Š†ƒ • „†‚•‘–ˆ„Š†ƒ • „Ž„€ˆ“‡ ‹„„€‚ƒˆ•†•‡ (Ž„‘„ž•ˆƒ•
›•ˆ†€• Œ•ŠŠ ƒ •—‘“, „Ž€•‚•‘’•™ƒ• Ž„‘„ž•ˆƒ• Ž„‚•ƒžˆ„š •!).  „-
‘•‰ƒŒ • ƒ†„—• ‚••ˆ•‚›•†– •€••ˆ•ˆƒš ‚•ƒž•ˆƒ’. #‰ƒ†“••’ Š•’”ƒ,
µ†ƒ •€••ˆ•ˆƒ’ ”•Žƒ˜•Œ •  •ˆ‹›ƒƒ ' ƒ u: À†Œ•†ƒŒ, ‰†„ ‰ƒŠ‘„ ˆ•ƒ”-
••Š†ˆ“‡ Š •‰•†„Œ ‰ƒŠ‘• Š†•Ž•ˆ•š Š•„…„‚“ (4.3) †•‹ž• …•‚•† €••ˆ„
12, ••‚– €•”Œ•€ˆ„Š†– ••‹†„€„• F i ; F i

k ; Ri ; ~ui * 3 � 1:
 „‚Š†••‘’’ •“€•ž•ˆƒ• „Ž„€ˆ“‡ ‹„„€‚ƒˆ•† ‰•€•” „…„…™•ˆˆ“•

‹„„€‚ƒˆ•†“, Ž„‘•‰ƒŒ ŠƒŠ†•Œ•, •ˆ•‘„—ƒ‰ˆ•• ŠƒŠ†•Œ• (4.14):

F i = 
 1(' i ; q) ui + 
 2(' i ; q) •' i + 
 3(' i ; _' i ; q; _q; •q);

F i
k = S1(' i ; q) ui + S2(' i ; q) •' i + S3(' i ; _' i ; q; _q; •q);

~ui = K 1(' i ; q) ui + K 2(' i ; q) •' i + K 3(' i ; _' i ; q; _q; •q);

Ri = Q1(' i ; q) ui + Q2(' i ; q) •' i + Q3(' i ; _' i ; q; _q; •q); (4.15)

—‚• ‹•ž‚“š ƒ” ‰•†“€•‡ •“ŽƒŠ•ˆˆ“‡ ••‹†„€„• Ž€•‚Š†••‘’•† Š„…„š
Š„•„‹•Žˆ„Š†– ‘ƒˆ•šˆ„ ˆ•”••ƒŠƒŒ“‡ •€••ˆ•ˆƒš, ~ui = (~u1; ~u2; ~u3) i � :
 „Š‹„‘–‹• s = m  k (3 = 12  9); —‚• s * ‰ƒŠ‘„ Š†•Ž•ˆ•š Š•„…„‚“,
m * ‰ƒŠ‘„ •€••ˆ•ˆƒš • ŠƒŠ†•Œ• (4.15), k * ‹„‘ƒ‰•Š†•„ Š•’”•š, †„
• ŠƒŠ†•Œ• (4.15) ‘ƒ˜– †€ƒ ‘ƒˆ•šˆ„ ˆ•”••ƒŠƒŒ“‡ •€••ˆ•ˆƒ’. ÀŠ†•-
•†Š’ ”•‚•†– ‹•‹„š-‘ƒ…„ ƒ” ••‹†„€„• F i ; F i

k ; ~ui ; Ri ‚‘’ „Ž€•‚•‘•ˆƒ’
‚•ƒž•ˆƒ’ ‹„ˆ•‰ˆ„Š†ƒ ' i •  •ˆ‹›ƒƒ ‚•ˆˆ„—„ ••‹†„€• ƒ •Ž€••‘•-
ˆƒ’ ui : °•‘••, †•‹ ‹•‹ ••‹†„€“ ui ƒ ' i ˆ•”••ƒŠƒŒ“, ‚‘’ ˆ•‡„ž‚•-
ˆƒ’ ui Š‘•‚••† •”’†– ‚€•—•• †€„š‹• ‘ƒˆ•šˆ„ ˆ•”••ƒŠƒŒ“‡ •€••-
ˆ•ˆƒš. %†ƒ ˜•Š†– •€••ˆ•ˆƒš • Š„•„‹•Žˆ„Š†ƒ ‚•‚•† (Ž€ƒ ”•‚•ˆˆ“‡
F i ; F i

k ; ~ui ; Ri ) Ž„‘ˆ„• „ŽƒŠ•ˆƒ• ‚•ƒž•ˆƒ’ ŠƒŠ†•Œ“. "•„€•Œ• ‚„‹•-
”•ˆ•.

(•†‰ˆ•!‡". 1. &” †•„€•Œ“ Š‘•‚••†, ‰†„ •Ž€••‘’†– œ• Œ„žˆ„
Š•Œ“Œƒ €•”‘ƒ‰ˆ“Œƒ ŠŽ„Š„…•Œƒ, „Š•™•Š†•‘’’ Ž„‘ˆ•• ƒ‘ƒ ‰•Š†ƒ‰-
ˆ•• Š†•…ƒ‘ƒ”•›ƒ• •ŽŽ•€•†•, ‹„—‚• ”•‚••†Š’ „Ž€•‚•‘•ˆˆ“š ”•‹„ˆ
ƒ”Œ•ˆ•ˆƒ’ €••‹›ƒƒ „Ž„€“ Š ƒŠŽ„‘–”„••ˆƒ•Œ Œ•‡•ˆƒ‰•Š‹„š ƒ”…“-
†„‰ˆ„Š†ƒ ŠƒŠ†•Œ“.

2. Ÿ•Š‹„‘–‹„ Š‘„• Š‹•ž•Œ „ ”•‚•‰• „Ž€•‚•‘•ˆƒ’ Šƒ‘ F i ƒ Œ„Œ•ˆ-
†„• M i

� Ž„ ”•‚•ˆˆ“Œ F ƒ M (”•‚•‰• €•”‘„ž•ˆƒ’), ‚•šŠ†•••™ƒ‡ ˆ•
‹„€Ž•Š œ• ƒ Ž€ƒ‘„ž•ˆˆ“‡ • †„‰‹• C: °•šŠ†•ƒ• i±„š ‹„ˆ•‰ˆ„Š†ƒ
ˆ• ‹„€Ž•Š œ• „Ž€•‚•‘’•†Š’ ••‹†„€„Œ U i = ( F; M � ) i � : <•‚•Œ, ˆ•
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•Œ•‘’’ „…™ˆ„Š†ƒ, Š‰ƒ†•†–, ‰†„i = 1; 6 (˜ƒ€„‹„ €•ŠŽ€„Š†€•ˆ•ˆˆ“š
••€ƒ•ˆ† œ• Š ˜•Š†–• ‹„ˆ•‰ˆ„Š†’Œƒ). • „…™•Œ Š‘•‰•• ˆ•„…‡„‚ƒŒ„
Ž„ ˜•Š†ƒ ƒ”••Š†ˆ“Œ ”ˆ•‰•ˆƒ’Œ ‹„ŒŽ„ˆ•ˆ† F ƒ M ˆ•š†ƒ †€ƒ‚›•†–
˜•Š†– ‹„ŒŽ„ˆ•ˆ† ••‹†„€„• F i ƒ M i

� : %†• ”•‚•‰•, ƒŒ••™•• Œˆ„ž•-
Š†•„ €•˜•ˆƒš, Œ„žˆ„ €•˜•†– • ŠŒ“Š‘•  ƒ”ƒ‰•Š‹„š „Ž†ƒŒ•‘–ˆ„Š†ƒ,
‰†„ €••ˆ„Šƒ‘–ˆ„ „†Š•†Š†•ƒ•: 1) •Šƒ‘ƒš ˆ• Šž•†ƒ• (€•Š†’ž•ˆƒ•)
‹„€Ž•Š• • …•‚€•‡ •ŽŽ•€•†•; 2) Š—ƒ…••™ƒ‡ (€•”—ƒ…••™ƒ‡) Œ„Œ•ˆ-
†„• • …•‚€•‡ œ•. Ÿ•†€•‚ˆ„ •ƒ‚•†–, ‰†„ €•˜•ˆƒ• ƒŠ‡„‚ˆ„š ”•‚•‰ƒ
Š •‰•†„Œ µ†ƒ‡ •Š‘„•ƒš ƒ™•†Š’ • ‹‘•ŠŠ• ”ˆ•‰•ˆƒš ‚‘’ F i ƒ M i

� Š
„‚ƒˆ•‹„•“Œ ”ˆ•‹„Œ • ‹„ŒŽ„ˆ•ˆ†•‡ Ž€ƒ €•”‘„ž•ˆƒƒ ˆ• „Šƒ •! •
†•€Œƒˆ•‡ ŽŠ••‚„„…€•†ˆ“‡ Œ•†€ƒ›.

4.3 !„‹„†€ ’„‡"’‚‹‚Œ‚•€‰ ’‚„ˆ#€– €
€‹‚•…€$€ˆ„#€€

Ÿƒž• Ž€•‚‘•—••†Š’ •ˆƒŒ•ˆƒ• €•”•‘–†•†“ ƒŠŠ‘•‚„••ˆƒš, Ž„Š•’-
™•ˆˆ“‡ ”•‚•‰• Œ„‚•‘ƒ€„••ˆƒ’ ƒ •Ž€••‘•ˆƒ’ ‚•ƒž•ˆƒ•Œ Œˆ„—„ˆ„-
—ƒ‡ ˜•—••™ƒ‡ €„…„†„• [64]. <‘ƒ”‹„ ‹ †•‹Š†• Ž•€•„ƒŠ†„‰ˆƒ‹• ƒ •
€• •€•†ƒ•ˆ„š  „€Œ• •ˆ•‘ƒ”ƒ€••†Š’: 1) ”•‚•‰• €•ŠŽ€•‚•‘•ˆƒ’ €•-
•‹›ƒš „Ž„€“ Ž€ƒ ‚•ƒž•ˆƒƒ ˜•—••™•—„ •ŽŽ•€•†•; 2) ”•‚•‰• ƒ‚•ˆ-
†ƒ ƒ‹•›ƒƒ •—„ ‚ƒˆ•Œƒ‰•Š‹ƒ‡ ‡•€•‹†•€ƒŠ†ƒ‹. %†ƒ ”•‚•‰ƒ •“…€•ˆ“
‹•‹ „‚ˆƒ ƒ” „Šˆ„•ˆ“‡ • „…™•š Ž€„…‘•Œ• Œ„‚•‘ƒ€„••ˆƒ’ ‚•ƒž•ˆƒ’
••†„Œ•†ƒ‰•Š‹„—„ Œˆ„—„ˆ„—„—„ ‘„‹„Œ„›ƒ„ˆˆ„—„ •Š†€„šŠ†••.

4.3.1 •€•€‚€ ƒ€„…ƒ†•†‡†ˆ‰Š ƒ†€‹Œ‰•

 €•‚Ž„‘•—••†Š’, ‰†„ ‹•ž‚•’ ˆ„—• •ŽŽ•€•†• „Žƒ€••†Š’ „ Ž„••€‡-
ˆ„Š†– • „‚ˆ„š †„‰‹•. /•‚•‰• „ €•›ƒ„ˆ•‘–ˆ„Œ €•ŠŽ€•‚•‘•ˆƒƒ ƒ‘ƒ •“-
…„€• €••‹›ƒš „Ž„€“ •„”ˆƒ‹••† ••ƒ‚• ˆ•‘ƒ‰ƒ’ Š†•†ƒ‰•Š‹„š ˆ•„Ž€•-
‚•‘•ˆˆ„Š†ƒ: Ž€ƒ ”•‚•ˆˆ„š ‹ƒˆ•Œ•†ƒ‹• ‚•ƒž•ˆƒ’ €••‹›ƒƒ • †„‰‹•‡
„Ž„€“ „Ž€•‚•‘•ˆ“ ”•‰•Š†•• ˆ•„‚ˆ„”ˆ•‰ˆ„. Àˆƒ „…€•”••† ˆ•‹„†„-
€„• Œˆ„ž•Š†•„; „†Š•‚• •„”ˆƒ‹••† •„”Œ„žˆ„Š†– •‰•†• †€•…„••ˆƒš,
•“Ž„‘ˆ•ˆƒ• ‹„†„€“‡ ž•‘•†•‘–ˆ„ • Ž€„›•ŠŠ• Ž•€•‚•ƒž•ˆƒ’.

°‘’ „…•ŠŽ•‰•ˆƒ’ ‚•ƒž•ˆƒ’ ˜•—••™•—„ Œ•‡•ˆƒ”Œ• ˆ•‚„ Ž„†€•-
…„••†–, ‰†„…“ €••‹›ƒƒ N i • „Ž„€ˆ“‡ †„‰‹•‡ •‚„•‘•†•„€’‘ƒ ŠƒŠ†•Œ•
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•€••ˆ•ˆƒš ‹ƒˆ•†„Š†•†ƒ‹ƒ
X

i

N i = N;
X

i

r i � N i = M; (4.16)

—‚• r i * €•‚ƒ•Š-••‹†„€, Ž€„••‚•ˆˆ“š ƒ” ›•ˆ†€• Œ•ŠŠ •ŽŽ•€•†• • i±
• †„‰‹• „Ž„€“, N * Š•ŒŒ• •ˆ•˜ˆƒ‡ ƒ”••Š†ˆ“‡ Šƒ‘, ‚•šŠ†•••™ƒ‡
ˆ• •ŽŽ•€•† ƒ •”’†“‡ Š „…€•†ˆ“Œ ”ˆ•‹„Œ (Ž€„ƒ”•„‚ˆ•’ Ž„ •€•Œ•ˆƒ
„† ‹„‘ƒ‰•Š†•• ‚•ƒž•ˆƒ’ •ŽŽ•€•†•), M * Š•ŒŒ• Œ„Œ•ˆ†„• •ˆ•˜ˆƒ‡
Šƒ‘, •”’†“‡ Š „…€•†ˆ“Œ ”ˆ•‹„Œ (Ž€„ƒ”•„‚ˆ•’ Ž„ •€•Œ•ˆƒ „† ‹ƒˆ•-
†ƒ‰•Š‹„—„ Œ„Œ•ˆ†• •ŽŽ•€•†• „†ˆ„Šƒ†•‘–ˆ„ •—„ ›•ˆ†€• Œ•ŠŠ). =Š‘ƒ
‚•ƒž•ˆƒ• ‹„€Ž•Š• ƒ ‹„ˆ•‰ˆ„Š†•š ”•‚•ˆ„, †„ ••‘ƒ‰ƒˆ“ N ƒ M Ž„‘-
ˆ„Š†–• „Ž€•‚•‘•ˆ“.

#Š‘„•ƒ’ Ž„Ž•‚•ˆƒš €••‹›ƒš • •€… ! "#†…„4 ”•‚••†Š’ ˆ•€•••ˆ-
Š†••Œƒ

(� i ; N i ) � 0;
�
� N i  � i (� i ; N i )

�
� � ki (� i ; N i ); (4.17)

—‚• ‰•€•” (a; b) „…„”ˆ•‰•ˆ„ Š‹•‘’€ˆ„• Ž€„ƒ”••‚•ˆƒ• ••‹†„€„• a ƒ
b; � i * •‚ƒˆƒ‰ˆ“š ••‹†„€ •ˆ•˜ˆ•š ˆ„€Œ•‘ƒ ‹ Ž„••€‡ˆ„Š†ƒ • i±
„š †„‰‹• „Ž„€“, ki * ‹„µ  ƒ›ƒ•ˆ†“ †€•ˆƒ’. Ÿ•€•••ˆŠ†•• (4.17)
„ŽƒŠ“•••† „Š„…•ˆˆ„Š†ƒ ‹„ˆ†•‹†• ˆ„—ƒ Š Ž„••€‡ˆ„Š†–•. ••‘ƒ‰ƒˆ“
N; M; r i ; � i ; ki Š‰ƒ†••†Š’ ƒ”••Š†ˆ“Œƒ, • Š„„†ˆ„˜•ˆƒ’ (4.16), (4.17)
€•ŠŠŒ•†€ƒ•••†Š’ • ‹•‰•Š†•• ŠƒŠ†•Œ“ •€••ˆ•ˆƒš ƒ ˆ•€•••ˆŠ†• „†-
ˆ„Šƒ†•‘–ˆ„ N i : /•‚•‰• ˆ•‡„ž‚•ˆƒ’ ••‹†„€„• N i ; •‚„•‘•†•„€’•™ƒ‡
Š„„†ˆ„˜•ˆƒ’Œ (4.16), (4.17), ˆ•”“•••†Š’ 6'2'.†$ #'!0#†2†*†…„4 #†9
'•ƒ„$ (/'').

 €ƒ ˆ•š‚•ˆˆ„Œ €•˜•ˆƒƒ µ†„š ”•‚•‰ƒ ƒ ”•‚•ˆˆ„Œ ‚•ƒž•ˆƒƒ ‹„-
ˆ•‰ˆ„Š†•š „‚ˆ„”ˆ•‰ˆ„ „Ž€•‚•‘•ˆ„ ‚•ƒž•ˆƒ• ‹„€Ž•Š•. °„Ž•Š‹•’, ‰†„
‰ƒŠ‘„ „Ž„€ˆ“‡ †„‰•‹ …„‘–˜• ‚••‡ ƒ Š•™•Š†•••† €•˜•ˆƒ• /'', ‹„—‚•
N i ˆ•‡„‚’†Š’ Š†€„—„ •ˆ•†€ƒ Š•„ƒ‡ ‹„ˆ•Š„• †€•ˆƒ’, Ž„‘•‰ƒŒ Š‹„‘–
•—„‚ˆ„ …„‘–˜„• Œˆ„ž•Š†•„ €•˜•ˆƒš /'' (µ†„ Š‘•‚••† • Šƒ‘• ƒ”…“-
†„‰ˆ„Š†ƒ ‰ƒŠ‘• ˆ•ƒ”••Š†ˆ“‡).

'•˜•ˆƒ• /'' Œ„žˆ„ •ŽŽ€„‹ŠƒŒƒ€„••†– €•˜•ˆƒ•Œ 6'2'.„ *„9
…†$…€)€ 0#€)#'‚‚„#€%'…„4 (/œ ). • Š•Œ„Œ ‚•‘•, Ž€•‚Š†••‘’’ ‹„-
ˆ•Š“ †€•ˆƒ’ Œˆ„—„—€•ˆˆ“Œƒ •—‘•Œƒ Š €•…€•Œƒ • •ƒ‚• •‚ƒˆƒ‰ˆ“‡
••‹†„€„•:

� ij =
� i + ki � jp

1 + k2
i

; (4.18)
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—‚• � j * •‚ƒˆƒ‰ˆ“• ••‹†„€“, j = 1; l i ; � j ? � i ; —„‚„—€• ••‹†„€„•
� j „…€•”••† Ž€••ƒ‘–ˆ“š l i ±•—„‘–ˆƒ‹, Œ„žˆ„ €••‹›ƒ• „Ž„€“ • i±„š
†„‰‹• ”•ŽƒŠ•†– Š Ž„Œ„™–•  „€Œ•‘“

N i =
l iX

j =1

� ij N ij (4.19)

Š ‰ƒŠ‘„•“Œƒ ‹„µ  ƒ›ƒ•ˆ†•Œƒ N ij � 0; †•‹ ‹•‹ N i ˆ•‡„‚ƒ†Š’ •ˆ•†-
€ƒ ƒ‘ƒ ˆ• —€•ˆƒ›• ‹„ˆ•Š• †€•ˆƒ’; • Ž€„†ƒ•ˆ„Œ Š‘•‰•• N ij < 0:

 „Š‘• Ž„‚Š†•ˆ„•‹ƒ N i (4.19) • •€••ˆ•ˆƒ’ (4.16) ‹ƒˆ•†„Š†•†ƒ‹ƒ
Ž„‘•‰ƒŒ

X

i

l iX

j =1

� ij N ij = N;
X

i

l iX

j =1

(r i � � ij ) N ij = M: (4.20)

 €ƒ Š•™•Š†•„••ˆƒƒ ••‘ƒ‰ƒˆ N ij � 0; •‚„•‘•†•„€’•™ƒ‡ ŠƒŠ†•Œ• ‘ƒ-
ˆ•šˆ“‡ (Ž„ N ij ) •€••ˆ•ˆƒš (4.20), …•‚•Œ ƒŒ•†– •„”Œ„žˆ„Š†– €•˜•-
ˆƒ’ /''. Ÿ„ ƒŒ•ˆˆ„ • ˆ•‡„ž‚•ˆƒƒ †•‹ƒ‡ ˆ•ƒ”••Š†ˆ“‡ (Ž€ƒ ˆ•‘ƒ‰ƒƒ
ˆ•‹„†„€„—„ ‘ƒˆ•šˆ„—„ „Ž†ƒŒƒ”•›ƒ„ˆˆ„—„ ‹€ƒ†•€ƒ’) ƒ ”•‹‘•‰••†Š’
/œ .

 „ ŠƒŒŽ‘•‹Šˆ„Œ• Œ•†„‚• €•˜•ˆƒ’ /œ  ˆ•‚„ ˆ• ˆ•‰•‘–ˆ„Œ µ†•-
Ž• ƒ†•€•›ƒ„ˆˆ„š Ž€„›•‚•€“ •“‚•‘ƒ†– …•”ƒŠˆ“• Ž•€•Œ•ˆˆ“•, †.•.
€•”€•˜ƒ†– ŠƒŠ†•Œ• •€••ˆ•ˆƒš „†ˆ„Šƒ†•‘–ˆ„ ˆ•‹„†„€“‡ (…•”ƒŠˆ“‡)
••‘ƒ‰ƒˆ N ij ; „†Ž€••ƒ• „Š†•‘–ˆ“• ˆ•ƒ”••Š†ˆ“• (Š•„…„‚ˆ“•) • Ž€•-
••• ‰•Š†– •€••ˆ•ˆƒš.

 €ƒ  ƒ‹Šƒ€„••ˆˆ„Œ i Š•™•Š†•••† †€ƒ ‘ƒˆ•šˆ„ ˆ•”••ƒŠƒŒ“‡
••‹†„€• � i 1; � i 2; � i 3; • „Š†•‘–ˆ“• ‘ƒˆ•šˆ„ ”••ƒŠ’† „† ˆƒ‡.  „µ†„Œ•
…•‚•Œ Š‰ƒ†•†–, ‰†„ ‹„µ  ƒ›ƒ•ˆ†“ N i 1; N i 2; N i 3 6= 0 ; • „Š†•‘–ˆ“•
Ž„‘„žƒŒ €••ˆ“Œƒ ˆ•‘•.

&†•‹, ‚‘’ ‚••‡ †„‰•‹ „Ž„€“ ƒŒ••Œ ˜•Š†– …•”ƒŠˆ“‡ Ž•€•Œ•ˆ-
ˆ“‡ N i 1; N i 2; N i 3: œ•—‹„ Ž„‹•”•†– [64], ‰†„ • µ†„Œ Š‘•‰•• „Ž€•‚•‘ƒ-
†•‘–, Š„Š†••‘•ˆˆ“š ƒ” ‹„µ  ƒ›ƒ•ˆ†„• ‚‘’ ‹„ŒŽ„ˆ•ˆ† N i 1; N i 2; N i 3;
€•••ˆ ˆ•‘• (•ŽŽ•€•† ˆ• Œ„ž•† Š„”‚•†– Œ„Œ•ˆ† M; Ž•€•‘‘•‘–ˆ“š
Ž€’Œ„š, Š„•‚ƒˆ’•™•š µ†ƒ †„‰‹ƒ). • Š‘•‰•• ž• †€•‡ †„‰•‹ „Ž„€“,
ˆ• ‘•ž•™ƒ‡ ˆ• „‚ˆ„š Ž€’Œ„š, •„”Œ„žˆ„ Ž„Š†€„•ˆƒ• ˆ• €••ˆ„—„ ˆ•-
‘• „Ž€•‚•‘ƒ†•‘’ ˜•Š†„—„ Ž„€’‚‹• ƒ” ‹„µ  ƒ›ƒ•ˆ†„• ‘••“‡ ‰•Š†•š
ŠƒŠ†•Œ“ (4.20).
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/'' Ž„‚‡„‚’™ƒŒ Ž€•„…€•”„••ˆƒ•Œ ‹„„€‚ƒˆ•† Œ„žˆ„ Š••Š†ƒ ‹
”•‚•‰•, ‹„—‚• ”•‚•ˆˆ“• Š•ŒŒ•€ˆ“• €••‹›ƒ’ N ƒ Œ„Œ•ˆ†M Ž•€•‘-
‘•‘–ˆ“ ‚€•— ‚€•—•. ! Ž€ƒŒ•€•, µ†„—„ Œ„žˆ„ ‚„Š†ƒ‰– Š Ž„Œ„™–•
”•Œ•ˆ“

r 0
i = r i  R; R =

N � M
N 2 ; (4.21)

†•‹ ‹•‹ ƒ”-”• ˆ•‘ƒ‰ƒ’ Šƒ‘ †’ž•Š†ƒ N 6= 0 :
 •Š†– •Š• †„‰‹ƒ „Ž„€“ ˆ•‡„‚’†Š’ • Ž‘„Š‹„Š†ƒ, Ž•€Ž•ˆ‚ƒ‹•‘’€-

ˆ„š ••‹†„€• N: '••‹›ƒƒ N i Ž€•‚Š†••ƒŒ • •ƒ‚• Š•ŒŒ“

N i = Pi + Fi ; (4.22)

—‚• Pi k N; F i ? N: "•‹ ž• Œ„žˆ„ Ž€•‚Š†••ƒ†– ƒ ••‹†„€“ r 0
i : r 0

i =
= r + � 0

i ; —‚• r k N; � 0
i ? N: • Š‘•‰•• „Ž„€ˆ„š Ž‘„Š‹„Š†ƒ Ž€ƒ N k M

•€••ˆ•ˆƒ’ ‹ƒˆ•†„Š†•†ƒ‹ƒ (4.16) €•ŠŽ•‚••†Š’ ˆ• ‚•• ˆ•”••ƒŠƒŒ“•
—€•ŽŽ“ (Ž„ Pi ƒ Fi ) :

X

i

Pi = N;
X

i

(Pi ; � 0
i ) = 0 ;

X

i

Fi = 0 ;
X

i

� 0
i � Fi = M: (4.23)

"„—‚• Š •‰•†„Œ Ž€•‚Š†••‘•ˆƒ’ ‹„ˆ•Š• †€•ˆƒ’, ‹„—‚• •“Ž„‘ˆ’•†-
Š’ Š„„†ˆ„˜•ˆƒ’ (4.18) ƒ (4.19), …•‚•Œ ƒŒ•†–  „€Œ•‘“

Pi =
1

p
1 + k2

i

l iX

j =1

N ij ; Fi =
kip

1 + k2
i

l iX

j =1

� j N ij :

 „’ŠˆƒŒ Š•†– •€••ˆ•ˆƒš (4.23). •„Š†••‘’•™ƒ• €••‹›ƒš Fi ; Ž•€-
Ž•ˆ‚ƒ‹•‘’€ˆ“• „Ž„€ˆ„š Ž‘„Š‹„Š†ƒ • Š•ŒŒ• ‚••† ”•‚•ˆˆ•• €••‹-
›ƒ• N ƒ ˆ•‘••„š Œ„Œ•ˆ† „†ˆ„Šƒ†•‘–ˆ„ †„‰‹ƒ Š €•‚ƒ•Š„Œ-••‹†„€„Œ
R; —‚• R •‚„•‘•†•„€’•† €•••ˆŠ†••Œ (4.21). •„Š†••‘’•™ƒ• €••‹-
›ƒš Fi ; ‘•ž•™ƒ• • „Ž„€ˆ„š Ž‘„Š‹„Š†ƒ, „…€•”••† ”•Œ‹ˆ•†“š Œˆ„—„-
•—„‘–ˆƒ‹ ƒ Š„”‚••† ”•‚•ˆˆ“š Œ„Œ•ˆ† M „†ˆ„Šƒ†•‘–ˆ„ „Šƒ, Ž•€•‘-
‘•‘–ˆ„š N ƒ Ž€„‡„‚’™•š ‰•€•” †„‰‹• Š €•‚ƒ•Š„Œ-••‹†„€„Œ R:

À…„”ˆ•‰ƒŒ:� i * €•‚ƒ•Š“-••‹†„€“ ƒ” Ž€„•‹›ƒƒ ›•ˆ†€• Œ•ŠŠ •Ž-
Ž•€•†• ˆ• „Ž„€ˆ•• Ž‘„Š‹„Š†– • †„‰‹ƒ „Ž„€“. "„—‚• � 0

i (4.21) ƒŒ••†
•ƒ‚: � 0

i = � i  R; †•‹ ‹•‹ R ? N:
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• Š‘•‰•• M = 0 ”•‚•‰• „ ˆ•‡„ž‚•ˆƒƒ Pi ; •‚„•‘•†•„€’•™ƒ‡
€•••ˆŠ†•• (4.22), ƒŒ••† €•ŠŽ€•‚•‘•ˆƒ• Pi � 0; Fi = 0 ; „Ž†ƒŒ•‘–ˆ„•
• ŠŒ“Š‘• ‹€ƒ†•€ƒ’

min max
i

�
� N i  � (�; N i )

�
�

(�; N i )
;

„ŽƒŠ“•••™•—„ —‘•…ƒˆ• •‡„ž‚•ˆƒ’ €••‹›ƒš • ‹„ˆ•Š †€•ˆƒ’, � *
•‚ƒˆƒ‰ˆ•’ ˆ„€Œ•‘– ‹ „Ž„€ˆ„š Ž‘„Š‹„Š†ƒ.

/•‚•‰• ˆ•‡„ž‚•ˆƒ’ ••‘ƒ‰ƒˆ Pi � 0; •‚„•‘•†•„€’•™ƒ‡ ŠƒŠ†•Œ•
•€••ˆ•ˆƒš (ŠŒ. •€••ˆ•ˆƒ’ (4.23)):

X

i

Pi = N;
X

i

(Pi ; � i ) = 0 ;

ˆ•”“•••† 6'2'.†$ #'!0#†2†*†…„4 …€#‚'*=…+1 #†'•ƒ„$ , • ”•‚•‰• Ž„-
ƒŠ‹• Fi ; •‚„•‘•†•„€’•™ƒ‡ ŠƒŠ†•Œ• •€••ˆ•ˆƒš

X

i

Fi = 0 ;
X

i

� i � Fi = M;

—‚• Fi ; � i * ••‹†„€“ Ž•€•‘‘•‘–ˆ“• „Ž„€ˆ„š Ž‘„Š‹„Š†ƒ, ˆ•”“•••†
6'2'.†$ #'!0#†2†*†…„4 •'!'"†*=…+1 #†'•ƒ„$ .

4.3.2 •€•€‚€ ‰•†ˆ ‰!‰‹€Œ‰‰

• Ž€„›•ŠŠ• Ž•€•‚•ƒž•ˆƒ’ ‘„‹„Œ„›ƒ„ˆˆ„—„ •ŽŽ•€•†• ••žˆ„ Ž„ €•-
”•‘–†•†•Œ ƒ”Œ•€•ˆƒš •—„ Ž„‘„ž•ˆƒ’ • Ž€„Š†€•ˆŠ†•• ƒ Šƒ‘ €••‹›ƒš
„Ž„€“ •Œ•†– ƒ‚•ˆ†ƒ ƒ›ƒ€„••†– Œ•ŠŠ•, Ž„‘„ž•ˆƒ• ›•ˆ†€• Œ•ŠŠ, †•ˆ-
”„€ ƒˆ•€›ƒƒ ‹„€Ž•Š•, • †•‹ž• Š•ŒŒ•€ˆ“• ••‹†„€“ Šƒ‘ ƒ Œ„Œ•ˆ†„•
Šƒ‘, ‚•šŠ†•••™ƒ‡ ˆ• •ŽŽ•€•†. '•˜•ˆƒ• ”•‚•‰ƒ ƒ‚•ˆ†ƒ ƒ‹•›ƒƒ Ž„”-
•„‘’•† „Š•™•Š†•‘’†– µˆ•€—•†ƒ‰•Š‹ƒ „Ž†ƒŒ•‘–ˆ“š ƒ ›•‘•ˆ•Ž€••‘•ˆ-
ˆ“š Šƒˆ†•” ŠƒŠ†•Œ“ •Ž€••‘•ˆƒ’ ˜•—••™ƒŒ •ŽŽ•€•†„Œ.

 „‘•—•’, ‰†„ •ŽŽ•€•† Š„Š†„ƒ† ƒ” ‹„€Ž•Š• ƒ n ˆ„—, Š•’ž•Œ ž•Š†‹„
Š ‹„€Ž•Š„Œ ŠƒŠ†•Œ• ‹„„€‚ƒˆ•† Oxyz:  •Š†– O1��� * ˆ•Ž„‚•ƒžˆ•’
•…Š„‘•†ˆ•’ ŠƒŠ†•Œ• ‹„„€‚ƒˆ•†, • O��� * Ž„‚•ƒžˆ•’ ŠƒŠ†•Œ• Š „Š’-
Œƒ, Ž•€•‘‘•‘–ˆ“Œƒ „Š’Œ ŠƒŠ†•Œ“ O1���:

•‰ƒ†••†Š’, ‰†„ i±’ „Ž„€ˆ•’ ˆ„—• ‹„ˆ†•‹†ƒ€••† Š Ž„••€‡ˆ„Š†–•
• †„‰‹•, Š„”‚•••’ Šƒ‘• €••‹›ƒƒ N i :  €•‚Ž„‘•—••†Š’, ‰†„ ‚•ƒž•ˆƒ•
ˆ„— • †•‹•™ƒš Œ„Œ•ˆ† •€•Œ•ˆƒ ”• Š‰•† ƒ”Œ•€•ˆƒš ƒ”••Š†ˆ„, †.•.
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•Š‘ƒ i±’ ˆ„—• ˆ•‡„‚ƒ†Š’ • „Ž„€ˆ„Œ Š„Š†„’ˆƒƒ, †„ •• €•‚ƒ•Š-••‹†„€
†„‰‹ƒ „Ž„€“ r f

i • ŠƒŠ†•Œ•Oxyz ƒ Š‹„€„Š†– µ†„š †„‰‹ƒ „†ˆ„Šƒ†•‘–ˆ„
‹„€Ž•Š• vf

i Œ„žˆ„ Š‰ƒ†•†– ”•‚•ˆˆ“Œƒ ••‘ƒ‰ƒˆ•Œƒ.
 „ †•„€•Œ• „ Š‘„ž•ˆƒƒ Š‹„€„Š†•š ƒ •Š‘„•ƒ’ €•••ˆŠ†•• ˆ•‘• •…-

Š„‘•†ˆ„š Š‹„€„Š†ƒ †„‰‹ƒ „Ž„€“ ƒŒ••Œ

v0 + ! � r f
i + vf

i = 0 ; (4.24)

—‚• v0 * •…Š„‘•†ˆ•’ Š‹„€„Š†– †„‰‹ƒ O; ! * •—‘„••’ Š‹„€„Š†– ‚•ƒ-
ž•ˆƒ’ ‹„€Ž•Š• „†ˆ„Šƒ†•‘–ˆ„ ŠƒŠ†•Œ“ O���:

 •Š†– ƒŒ••†Š’ k „Ž„€ˆ“‡ ˆ„— ƒ Š„„†••†Š†••ˆˆ„ k •€••ˆ•ˆƒš
(4.24). $„žˆ„ Ž„‹•”•†– [64], ‰†„ µ†ƒ k •€••ˆ•ˆƒš „‚ˆ„”ˆ•‰ˆ„ €•”-
€•˜••†Š’ „†ˆ„Šƒ†•‘–ˆ„ ••‹†„€„• v0 ƒ ! †„‘–‹„ • †„Œ Š‘•‰••, •Š‘ƒ
k � 3 ƒ †„‰‹ƒ „Ž„€“ ˆ• ‘•ž•† ˆ• „‚ˆ„š Ž€’Œ„š.

•ƒŠ†•Œ• (4.24) ƒ” 3k Š‹•‘’€ˆ“‡ •€••ˆ•ˆƒš Š„‚•€žƒ† ˜•Š†–
ˆ•ƒ”••Š†ˆ“‡: v0 ƒ !: %†„ ”ˆ•‰ƒ†, ‰†„ ‚•ž• Ž€ƒ ŒƒˆƒŒ•‘–ˆ„Œ k = 3 ;
‹„—‚• „‚ˆ„”ˆ•‰ˆ„ „Ž€•‚•‘’•†Š’ v0; !; ŠƒŠ†•Œ• (4.24) …•‚•† Ž•€•-
„Ž€•‚•‘•ˆˆ„š.

°‘’ €•—•‘’€ƒ”•›ƒƒ •“‰ƒŠ‘•ˆƒ’ v0; ! •„ŠŽ„‘–”••ŒŠ’ Œ•†„‚„Œ
ˆ•ƒŒ•ˆ–˜ƒ‡ ‹••‚€•†„•. • µ†„š ›•‘–• Š„Š†••ƒŒ  •ˆ‹›ƒ•

� =
kX

l =1

�
v0 + ! � r f

i l
+ vf

i l

� 2
;

—‚• l * ˆ„Œ•€ „Ž„€ˆ„š ˆ„—ƒ. ••‹†„€“ v0; ! ‚„Š†••‘’•† •…Š„‘•†ˆ“š
ŒƒˆƒŒ•Œ� ; • ƒŒ•ˆˆ„ ‚„‘žˆ“ •“Ž„‘ˆ’†–Š’ •Š‘„•ƒ’

@�
@v0

= 0 ;
@�
@!

= 0 ; ƒ‘ƒ kv0 + ! �
kX

l =1

r f
i l

+
kX

l =1

vf
i l

= 0 ; (4.25)

v0 �
kX

l =1

r f
i l

+
kX

l =1

�
! � r f

i l

�
� r f

i l
+

kX

l =1

vf
i l

� r f
i l

= 0 :

 •€•„• •€••ˆ•ˆƒ• (4.25) •“€•ž••† €•••ˆŠ†•„ ˆ•‘• •…Š„‘•†ˆ„š
Š‹„€„Š†ƒ ›•ˆ†€• Œ•ŠŠ ŠƒŠ†•Œ“ †„‰•‹ Š €•‚ƒ•Š•Œƒ-••‹†„€•Œƒ r f

i l
ƒ

•‚ƒˆƒ‰ˆ“Œƒ Œ•ŠŠ•Œƒ:

v0 + ! � R =  V; (4.26)
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—‚• R ƒ V * „†ˆ„Šƒ†•‘–ˆ“• Ž„‘„ž•ˆƒ• ƒ Š‹„€„Š†– ›•ˆ†€• Œ•ŠŠ µ†„š
ŠƒŠ†•Œ“ †„‰•‹:

R =
1
k

kX

l =1

r f
i l

; V =
1
k

kX

l =1

vf
i l

:

•†„€„• •€••ˆ•ˆƒ• (4.25):

kX

l =1

�
v0 + ! � r f

i l
+ vf

i l

�
� r f

i l
= 0

•“€•ž••† €•••ˆŠ†•„ ˆ•‘• •…Š„‘•†ˆ„—„ ‹ƒˆ•†ƒ‰•Š‹„—„ Œ„Œ•ˆ†•.
À†Œ•†ƒŒ, ‰†„ •„ •†„€„Œ •€••ˆ•ˆƒƒ (4.25) •†„€„• Š‘•—••Œ„• Ž€•‚-

Š†••‘’•† Š †„‰ˆ„Š†–• ‚„ ”ˆ•‹• ‹ƒˆ•†ƒ‰•Š‹ƒš Œ„Œ•ˆ† „† •€•™•ˆƒ’
„Ž„€ˆ„—„ Œˆ„—„•—„‘–ˆƒ‹• •„‹€•— †„‰‹ƒ O Š •—‘„•„š Š‹„€„Š†–• !:
À…„”ˆ•‰ƒŒ ‰•€•”J f †•ˆ”„€ ƒˆ•€›ƒƒ „Ž„€ˆ“‡ †„‰•‹ • „Š’‡ Oxyz
(„Ž„€ˆ„—„ Œˆ„—„•—„‘–ˆƒ‹•). "„—‚• •†„€„• •€••ˆ•ˆƒ• (4.25) ”•Žƒ-
˜•†Š’ †•‹:

k (R � v0) + J f ! =
kX

l =1

vf
i l

� r f
i l

; (4.27)

—‚• ŠŽ€••• Š†„ƒ† „†ˆ„Šƒ†•‘–ˆ“š ‹ƒˆ•†ƒ‰•Š‹ƒš Œ„Œ•ˆ† ŠƒŠ†•Œ“,
•”’†“š Š „…€•†ˆ“Œ ”ˆ•‹„Œ.

"•‹ƒŒ „…€•”„Œ, ŠƒŠ†•Œ• •€••ˆ•ˆƒš (4.26), (4.27) Ž„”•„‘’•† „Ž€•-
‚•‘ƒ†– Š‹„€„Š†– v0 ƒ •—‘„••• Š‹„€„Š†– ! ‚•ƒž•ˆƒ’ ‹„€Ž•Š• Ž„ ƒ”-
Œ•€•ˆƒ’Œ „†ˆ„Šƒ†•‘–ˆ“‡ Ž„‘„ž•ˆƒš r f

i l
ƒ Š‹„€„Š†•š vf

i l
„Ž„€ˆ“‡

†„‰•‹ ˆ„—.
°•‘•• ”•‚•‚ƒŒ „€ƒ•ˆ†•›ƒ• ‹„€Ž•Š• • •…Š„‘•†ˆ„š ŠƒŠ†•Œ• ‹„„€-

‚ƒˆ•† Š Ž„Œ„™–• „€†„—„ˆ•‘–ˆ„š Œ•†€ƒ›“ Ž•€•‡„‚• A „† ŠƒŠ†•Œ“
Oxyz ‹ ŠƒŠ†•Œ•O���: °‘’ „‚ˆ„”ˆ•‰ˆ„—„ „Ž€•‚•‘•ˆƒ’ A ˆ•‚„ ƒŒ•†–
ˆ• Œ•ˆ–˜• †€•‡ ˆ•‹„‘‘ƒˆ••€ˆ“‡ †„‰•‹ „Ž„€“.

•••‚•Œ „…„”ˆ•‰•ˆƒ’: i 1; i 2; i 3 * ˆ„Œ•€• „Ž„€ˆ“‡ ‹„ˆ•‰ˆ„-
Š†•š Š „†ˆ„Šƒ†•‘–ˆ“Œƒ ˆ•‹„‘‘ƒˆ••€ˆ“Œƒ €•‚ƒ•Š•Œƒ-••‹†„€•Œƒ
r f

i 1
; r f

i 2
; r f

i 3
: •“‰ƒŠ‘ƒŒ ‘ƒˆ•šˆ„ ˆ•”••ƒŠƒŒ“• ••‹†„€“ � 12 ƒ � 13 :

� 12 = r f
i 2

 r f
i 1

; � 13 = r f
i 3

 r f
i 1

; • ”•†•Œ Ž„Š†€„ƒŒ „€†„ˆ„€Œƒ€„••ˆˆ••
ŠƒŠ†•Œ• ••‹†„€„• e1; e2; e3 :

e1 =
� 12

j � 12 j
; e2 =

� 12 � � 13

j � 12 � � 13 j
; e3 = e1 � e2;
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• ŠƒŠ†•Œ• ‹„„€‚ƒˆ•†, Š•’”•ˆˆ„š Š ‹„€Ž•Š„Œ. &Œ••Œ: A1 * „€†„—„-
ˆ•‘–ˆ•’ Œ•†€ƒ›• Ž•€•‡„‚• „† ŠƒŠ†•Œ“ Oxyz ‹ ŠƒŠ†•Œ• Š „€†•Œƒ
e1; e2; e3; A2 * Œ•†€ƒ›• Ž•€•‡„‚• „† ŠƒŠ†•Œ“ O��� ‹ ŠƒŠ†•Œ• Š „€†•-
Œƒe1; e2; e3; Œ•†€ƒ›• A Ž•€•‡„‚• „† Oxyz ‹ O��� €••ˆ•: A = A1A �

2;
—‚• � Š••€‡• „”ˆ•‰••† †€•ˆŠŽ„ˆƒ€„••ˆƒ•.

À†Š•‚• Œ„žˆ„ ˆ•š†ƒ Ž„‘„ž•ˆƒ• †„‰‹ƒ O : • „Š’‡ O��� €•‚ƒ•Š-
••‹†„€ ›•ˆ†€• Œ•ŠŠ ŠƒŠ†•Œ“ „Ž„€ˆ“‡ †„‰•‹ €•••ˆ � 0

R = AR; • • „Š’‡
O1��� €•‚ƒ•Š-••‹†„€ ›•ˆ†€• Œ•ŠŠ €•••ˆ � R : /ˆ•‰ƒ†, Ž„‘„ž•ˆƒ• †„‰-
‹ƒ O • •…Š„‘•†ˆ„Œ Ž€„Š†€•ˆŠ†•• ƒŒ••† €•‚ƒ•Š-••‹†„€ � 0 = � R  AR:
&†•‹, ”ˆ•’ ‚‘’ ‘•…„—„ Œ„Œ•ˆ†• •€•Œ•ˆƒ „†ˆ„Šƒ†•‘–ˆ“• ƒ •…Š„‘•†-
ˆ“• ‹„„€‚ƒˆ•†“ †„‰•‹ „Ž„€“ ƒ ƒ‡ „†ˆ„Šƒ†•‘–ˆ“• Š‹„€„Š†ƒ, Œ„žˆ„
„‚ˆ„”ˆ•‰ˆ„ „Ž€•‚•‘ƒ†– • µ†„† Œ„Œ•ˆ† •€•Œ•ˆƒ Ž„‘„ž•ˆƒ• ƒ „€ƒ•ˆ-
†•›ƒ• ‹„€Ž•Š•, • †•‹ž• Ž„Š†•Ž•†•‘–ˆ•• ƒ •—‘„••• Š‹„€„Š†ƒ.

'•ŠŠŒ„†€ƒŒ †•Ž•€– ”•‚•‰• „… ƒ‚•ˆ†ƒ ƒ‹•›ƒƒ ‚ƒˆ•Œƒ‰•Š‹ƒ‡ Ž•-
€•Œ•†€„• ‹„€Ž•Š• •ŽŽ•€•†•. °‘’ µ†„—„ …•‚•Œ ƒŠ‡„‚ƒ†– ƒ” †•„€•Œ „…
ƒ”Œ•ˆ•ˆƒƒ ‹„‘ƒ‰•Š†•• ‚•ƒž•ˆƒ’ •ŽŽ•€•†• ƒ •—„ ‹ƒˆ•†ƒ‰•Š‹„—„ Œ„-
Œ•ˆ†• „†ˆ„Šƒ†•‘–ˆ„ †„‰‹ƒ O:

&” †•„€•Œ“ „… ƒ”Œ•ˆ•ˆƒƒ ‹„‘ƒ‰•Š†•• ‚•ƒž•ˆƒ’ ƒŒ••Œ

m
dvc

dt
+

nX

i =1

mi
dvi

dt
= F +

kX

l =1

N i l ; (4.28)

—‚•vc * •…Š„‘•†ˆ•’ Š‹„€„Š†– ›•ˆ†€• Œ•ŠŠ ‹„€Ž•Š•, vi * •…Š„‘•†ˆ•’
Š‹„€„Š†– ›•ˆ†€• Œ•ŠŠ i±„š ˆ„—ƒ, F * ••‹†„€ Š•ŒŒ“ •ˆ•˜ˆƒ‡ Šƒ‘,
N i l * €••‹›ƒ’ • †„‰‹• „Ž„€“ ˆ„—ƒ Š ˆ„Œ•€„Œ i l ; m * Œ•ŠŠ• ‹„€Ž•Š•,
mi * Œ•ŠŠ• i±„š ˆ„—ƒ.

À…„”ˆ•‰ƒŒ:� * €•‚ƒ•Š-••‹†„€ ›•ˆ†€• Œ•ŠŠ ‹„€Ž•Š•, Ž„Š†„’ˆˆ“š
• ŠƒŠ†•Œ•Oxyz; � i * €•‚ƒ•Š-••‹†„€ ƒ v0

i * „†ˆ„Šƒ†•‘–ˆ•’ Š‹„€„Š†–
›•ˆ†€• Œ•ŠŠ i±„š ˆ„—ƒ, „Ž€•‚•‘’•Œ“• Ž„ ƒ”Œ•€•ˆˆ„Œ• „†ˆ„Šƒ†•‘–-
ˆ„Œ• ‚•ƒž•ˆƒ• i±„š ˆ„—ƒ. &Œ••Œ

vc = v0 + ! � �; v i = v0 + ! � � i + v0
i : (4.29)

 •Š†– d� =dt * „Ž•€•†„€ ‚ƒ  •€•ˆ›ƒ€„••ˆƒ’ Ž„ •€•Œ•ˆƒ ‹„„€-
‚ƒˆ•† ••‹†„€„•, ”•‚•ˆˆ“‡ • ŠƒŠ†•Œ• Oxyz: "„—‚• •€••ˆ•ˆƒ• (4.28)
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• Šƒ‘• Ž•€•„—„ €•••ˆŠ†•• (4.29) Ž€ƒŒ•† •ƒ‚

m
� �

d� v0

dt
+ ! � v0

�
+

d� !
dt

� � + ! � (! � � )
�

+

+
nX

i =1

mi

�
d� vi

dt
+ ! � vi

�
= F +

kX

l =1

N i l : (4.30)

•‰ƒ†••†Š’, ‰†„ €••‹›ƒƒ N i l * µ†„ ƒ”Œ•€’•Œ“• ••‹†„€ˆ“• ••‘ƒ‰ƒˆ“.
&” †•„€•Œ“ „… ƒ”Œ•ˆ•ˆƒƒ ‹ƒˆ•†ƒ‰•Š‹„—„ Œ„Œ•ˆ†• „†ˆ„Šƒ†•‘–ˆ„

›•ˆ†€• Œ•ŠŠ •ŽŽ•€•†• ƒŒ••Œ

d
dt

 

K +
nX

i =1

K i

!

= M F + M N ; (4.31)

—‚• K * ‹ƒˆ•†ƒ‰•Š‹ƒš Œ„Œ•ˆ† ‹„€Ž•Š•, K i * ‹ƒˆ•†ƒ‰•Š‹ƒš Œ„Œ•ˆ†
i±„š ˆ„—ƒ, M F * Š•ŒŒ•€ˆ“š Œ„Œ•ˆ† •ˆ•˜ˆƒ‡ Šƒ‘, M N * Š•ŒŒ•€-
ˆ“š Œ„Œ•ˆ† €••‹›ƒš • †„‰‹•‡ „Ž„€“.

/•Žƒ˜•Œ •“€•ž•ˆƒ’ ‚‘’ ‹ƒˆ•†ƒ‰•Š‹ƒ‡ Œ„Œ•ˆ†„•

K = J! + ( �  � a) � mvc; K i = J i ! + ( � i  � a) � mi vi + K 0
i ;

—‚• � a * €•‚ƒ•Š-••‹†„€ ›•ˆ†€• Œ•ŠŠ •Š•—„ •ŽŽ•€•†• Š ˆ•‰•‘„Œ • †„‰-
‹• O; J * †•ˆ”„€ ƒˆ•€›ƒƒ ‹„€Ž•Š• • •—„ ›•ˆ†€• Œ•ŠŠ, J i * †•ˆ”„€
ƒˆ•€›ƒƒ ˆ„—ƒ • •• ›•ˆ†€• Œ•ŠŠ, K 0

i * ‹ƒˆ•†ƒ‰•Š‹ƒš Œ„Œ•ˆ† ‚•ƒ-
ž•ˆƒ’ ˆ„—ƒ • ŠƒŠ†•Œ• Oxyz „†ˆ„Šƒ†•‘–ˆ„ ›•ˆ†€• Œ•ŠŠ ˆ„—ƒ. °‘’
••‹†„€• � a Œ„ž•Œ ”•ŽƒŠ•†–

� a =
m� +

P n
i =1 mi � i

m +
P n

i =1 mi
: (4.32)

/‚•Š– Ž€•‚Ž„‘•—••†Š’, ‰†„ ‚•ƒž•ˆƒ• ˆ„— „†ˆ„Šƒ†•‘–ˆ„ ‹„€Ž•Š• ƒ”-
••Š†ˆ„, Ž„µ†„Œ• †•ˆ”„€“ J i ƒ ••‹†„€“ � i ; K 0

i • „Š’‡ Oxyz Œ„—•†
…“†– ˆ•š‚•ˆ“ ‹•‹  •ˆ‹›ƒƒ •€•Œ•ˆƒ.

/•Žƒ˜•Œ  „€Œ•‘• ‚‘’ ‹ƒˆ•†ƒ‰•Š‹„—„ Œ„Œ•ˆ†• •ŽŽ•€•†• Š •‰•-
†„Œ Š„„†ˆ„˜•ˆƒš (4.29) ƒ (4.32):

K +
nX

i =1

K i = J! + m� wm� � (! � � )  wm� � (! � � )  
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 w (m� + � � ) � (! � � � + v� ) + K � ;

—‚• •••‚•ˆ“ „…„”ˆ•‰•ˆƒ’

K � =
nX

i =1

�
mi � i � (! � � i + v0

i ) + K 0
i

�
; m� =

nX

i =1

mi ;

w = ( m + m� ) 1; � � =
nX

i =1

mi � i ; v� =
nX

i =1

mi v0
i :

 „Š‹„‘–‹• • ŠƒŠ†•Œ• Oxyz ‚ƒˆ•Œƒ‰•Š‹ƒ• Ž•€•Œ•†€“ ‹„€Ž•Š•,
‹„†„€“• ˆ•‚„ ƒ‚•ˆ†ƒ ƒ›ƒ€„••†–, Ž„Š†„’ˆˆ“, †„

d
dt

 

K +
nX

i =1

K i

!

=
d�

dt

 

K +
nX

i =1

K i

!

+ ! �

 

K +
nX

i =1

K i

!

: (4.33)

/‚•Š– •†„€„• Š‘•—••Œ„• • Ž€••„š ‰•Š†ƒ Ž€•„…€•”••†Š’ ‹ •ƒ‚•

! �

 

K +
nX

i =1

K i

!

= ! � J!  m� mw! � � (!; � ) +

+ wm! � � (!; � � ) + ! � K �  

 w! � [ (m� + � � ) � (! � � � + v� ) ] : (4.34)

••ŒŒ•€ˆ“š Œ„Œ•ˆ† Šƒ‘ €••‹›ƒš „Ž„€“ €•••ˆ

M N =
kX

l =1

�
r f

i l
 � a

�
� N i l =

kX

l =1

r f
i l

� N i l  

 w (m�  � � ) �
kX

l =1

N i l : (4.35)

••ŒŒ•€ˆ“š Œ„Œ•ˆ† •ˆ•˜ˆƒ‡ Šƒ‘ M F Š‰ƒ†••Œ Ž„Š†„’ˆˆ“Œ • Šƒ-
Š†•Œ•Oxyz; • Š•ŒŒ•€ˆ•• •ˆ•˜ˆ•• Šƒ‘• Œ„žˆ„ Ž€•‚Š†••ƒ†– • •ƒ-
‚•: F = A � P; —‚• ••‹†„€ F Ž€•‚Ž„‘•—••†Š’ Ž„Š†„’ˆˆ“Œ • ŠƒŠ†•Œ•
O1���: !€„Œ• †„—„, ••‹†„€“ M F ; P Š‰ƒ†••†Š’ Ž„Š†„’ˆˆ“Œƒ • ŠƒŠ†•-
Œ• Oxyz * „ˆƒ Ž„‚‘•ž•† „Ž€•‚•‘•ˆƒ• •Œ•Š†• Š Œ•ŠŠ„š, †•ˆ”„€„Œ
ƒˆ•€›ƒƒ ƒ Ž„‘„ž•ˆƒ•Œ ›•ˆ†€• Œ•ŠŠ ‹„€Ž•Š•.

&ˆ†•—€ƒ€„••ˆƒ• •€••ˆ•ˆƒš (4.30), (4.31) Š •‰•†„Œ Š„„†ˆ„˜•ˆƒš
(4.33) ± (4.35) Ž€ƒ•„‚ƒ† ‹ •“€•ž•ˆƒ’Œ, ‹•‚• ƒŠ‹„Œ“• Ž•€•Œ•†€“
•‡„‚’† •Œ•Š†• Š  •ˆ‹›ƒ„ˆ•‘–ˆ“Œƒ ••‘ƒ‰ƒˆ•Œƒ, ”••ƒŠ’™ƒŒƒ †„‘–-
‹„ „† „†ˆ„Šƒ†•‘–ˆ“‡ ‹„„€‚ƒˆ•† ƒ ƒ‡ Š‹„€„Š†•š ƒ”Œ•ˆ•ˆƒ’.



•€•‚ƒ„…†•…

‡…ˆƒ‰ ‰•†Š‹•Œ…•Ž••
•ƒ‘‹’“…†•”

 €ƒ ƒŠŠ‘•‚„••ˆƒƒ Œ•‡•ˆƒ‰•Š‹„š Œ„‚•‘ƒ Ž„‚•ƒžˆ“‡ ‘„‹„Œ„›ƒ-
„ˆˆ“‡ ŠƒŠ†•Œ (œ•) „Šˆ„•ˆ„• •ˆƒŒ•ˆƒ• •‚•‘’•†Š’ •Ž€••‘•ˆƒ• „Ž„€-
ˆ“Œƒ ƒ Ž•€•ˆ„Šˆ“Œƒ ‹„ˆ•‰ˆ„Š†’Œƒ. °•ž• Ž€ƒ €•ŠŠŒ„†€•ˆƒƒ ‚••-
ˆ„—ƒ‡ ŠƒŠ†•Œ • ‚ƒˆ•Œƒ‰•Š‹ƒš •ˆ•‘ƒ” •‹‘•‰••† †„‘–‹„ µ†ƒ ‹„ˆ•‰-
ˆ„Š†ƒ; Ž€ƒ µ†„Œ ‚•šŠ†•ƒ•Œ Š•„…„‚ˆ“‡ ‹„ˆ•‰ˆ„Š†•š (€•‹) Ž„‘ˆ„Š†–•
Ž€•ˆ•…€•—••†. •••‚•ˆƒ• ‚„Ž„‘ˆƒ†•‘–ˆ“‡ ‹„ˆ•‰ˆ„Š†•š (ŠƒŠ†•Œ, •—-
€•—•†„• †••€‚“‡ †•‘), ‹„†„€“• •“Ž„‘ˆ’‘ƒ …“ Ž„‘•”ˆ“• Ž•€•Œ•™•-
ˆƒ’ ƒ •‘ƒ’‘ƒ „Ž€•‚•‘•ˆˆ“Œ „…€•”„Œ ˆ• ‚•ƒž•ˆƒ• •Š•—„ •ŽŽ•€•-
†• • ›•‘„Œ, „†‹€“•••† ˜ƒ€„‹ƒ• •„”Œ„žˆ„Š†ƒ Ž€ƒ Š„”‚•ˆƒƒ Š•Œ“‡
€•”‘ƒ‰ˆ“‡ •Š†€„šŠ†• Š„ Š‘„žˆ“Œ ‡•€•‹†•€„Œ Ž•€•‚•ƒž•ˆƒ’ ƒ Œ•-
ˆ••€•, • ‰•Š†ˆ„Š†ƒ, Ž€ƒ Š„”‚•ˆƒƒ œ•, ƒŠŽ„‘–”••™•š Š†•†ƒ‰•Š‹ƒ
ˆ••Š†„š‰ƒ•“• Ž„‡„‚‹ƒ.

"•‹ƒ• ‹„ˆ•‰ˆ„Š†ƒ •Ž€•‚– …•‚•Œ ˆ•”“••†– !%€/€2…+‚„ , • Œ•†„‚
•‰•†• ‚ƒˆ•Œƒ‰•Š‹ƒ‡ „Š„…•ˆˆ„Š†•š Š„ Š†„€„ˆ“ µ†ƒ‡ ‹„ˆ•‰ˆ„Š†•š ˆ•
‚•ƒž•ˆƒ• œ• ƒ  „€Œƒ€„••ˆƒ• •• ŠƒŠ†•Œ“ •Ž€••‘•ˆƒ’ * ‚†"€2€‚
2„…'‚„.†!•„1 %€6‚ 8†…„$ ($°•). >Šˆ„, ‰†„ Š•„…„‚ˆ“• ‹„ˆ•‰ˆ„-
Š†ƒ ‚‘’ ˜•—••™ƒ‡ •Š†€„šŠ†• ƒ—€••† …„‘–˜•• €„‘– • ‹•‰•Š†•• Š•„•-
„…€•”ˆ“‡ ‚ƒˆ•Œƒ‰•Š‹ƒ‡ €•‘•š: ‚„Š†•†„‰ˆ„ • µ†„š Š•’”ƒ Ž€•‚Š†•-
•ƒ†– ‘„‹„Œ„›ƒ„ˆˆ“š •ŽŽ•€•† ˆ• Ž„••€‡ˆ„Š†ƒ Š Œ•‘“Œ ‹„µ  ƒ›ƒ-
•ˆ†„Œ †€•ˆƒ’ ƒ‘ƒ, ˆ•Ž€ƒŒ•€, Š Œ•‘„š Ž‘„™•‚–• „Ž„€“ (‚•ƒž•ˆƒ•
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Ž„ ‹•ˆ•†• ƒ †.‚.).
À‰••ƒ‚ˆ„ †•‹ž•, ‰†„ Š•„…„‚ˆ“• ‹„ˆ•‰ˆ„Š†ƒ ˆ•Ž„Š€•‚Š†••ˆˆ„

•‘ƒ’•† ˆ• µˆ•€—•†ƒ‰•Š‹ƒ• •„”Œ„žˆ„Š†ƒ Ž•€•‚•ƒž•ˆƒ’: ƒ‚†ƒ ƒ‘ƒ
…•ž•†–, Š‹•ž•Œ, ª€•‹•Œƒº ”ˆ•‰ƒ†•‘–ˆ„ ‘•—‰•, ‰•Œ ª…•” €•‹º. %†ƒ ƒ
€’‚ ‚€•—ƒ‡ •„Ž€„Š„•, ƒŠŠ‘•‚••Œ“‡ • —‘•••, Ž€ƒ•„‚’† ‹ ˆ•„…‡„‚ƒŒ„-
Š†ƒ ˆ•€’‚• Š ”•‚•‰•š Š†•…ƒ‘ƒ”•›ƒƒ ‚•ƒž•ˆƒ’ ‹„€Ž•Š• œ• €•˜•†–
†•‹ž• ”•‚•‰• •“…„€• Ž€„—€•ŒŒˆ„—„ ‚•ƒž•ˆƒ’ ƒ •“…„€• €••‹›ƒš
„Ž„€“, ‹„†„€“• „Ž€•‚•‘’•† ž•‘••Œ“š †ƒŽ ƒ‘ƒ €•žƒŒ ‡„‚–…“. À‚-
ˆ•‹„ µ†ƒ •„Ž€„Š“ „Š†••†Š’ •ˆ• €•Œ„‹ ˆ•˜•—„ €•ŠŠŒ„†€•ˆƒ’: ƒŒ•-
•†Š’ Œˆ„—„ €•…„†, —‚• ƒŒ •‚•‘’•†Š’ ‚„‘žˆ„• •ˆƒŒ•ˆƒ•.

• —‘••• €•˜••†Š’ ”•‚•‰ƒ, Š•’”•ˆˆ“• Š ƒŠŽ„‘–”„••ˆƒ•Œ „Š„…„—„
•ƒ‚• ‹„ˆ•‰ˆ„Š†•š * Š•„…„‚ˆ“‡.  „‚€„…ˆ„ ƒ”•‰••†Š’ ‚•• €•”ˆ„•ƒ‚-
ˆ„Š†ƒ Œ•†„‚• ‚ƒˆ•Œƒ‰•Š‹ƒ‡ •„”Œ•™•ˆƒš, ‹„—‚• ŠƒŠ†•Œ• •Ž€••‘•ˆƒ’
˜•—••™•—„ •ŽŽ•€•†• „…•ŠŽ•‰ƒ•••† 0€*… > !"'/„*„6'ƒ„> €/@†•"'
• Ž€„›•ŠŠ• Ž•€•‚•ƒž•ˆƒ’.  „‚‰•€‹ƒ•••†Š’ µ  •‹†ƒ•ˆ„Š†– ƒ Ž€•-
ƒŒ•™•Š†•„ $°• ˆ• †•‡ †ƒŽ•‡ ”•‚•‰, ‹„†„€“• Ž€ƒˆ›ƒŽƒ•‘–ˆ„ ˆ•
Œ„—•† …“†– €•˜•ˆ“ …•” ƒŠŽ„‘–”„••ˆƒ’ µ†„—„ Œ•†„‚•. $°• €•”•ƒ†
• €•…„†•‡ [77±80] ƒ €•”•Œ••†Š’, ‰†„ ‚•ˆˆ•’ Œ•†„‚ƒ‹• Œ„ž•† …“†–
„…„…™•ˆ• ƒ ƒŠŽ„‘–”„••ˆ• • Š•Œ“‡ €•”‘ƒ‰ˆ“‡ •Ž€••‘’•Œ“‡ Œ•‡•-
ˆƒ‰•Š‹ƒ‡ •Š†€„šŠ†••‡, ‚‘’ ‚•šŠ†•ƒ’ ‹„†„€“‡ ˆ•„…‡„‚ƒŒ“ „Ž€•‚•-
‘•ˆˆ“š ”•Ž•Š •Š†„š‰ƒ•„Š†ƒ ƒ ˆ„Œƒˆ•‘–ˆ“š (Ž€„—€•ŒŒˆ“š) €•žƒŒ
 •ˆ‹›ƒ„ˆƒ€„••ˆƒ’.

• §  .1 „…„Šˆ„•“•••†Š’ Ž€’Œ„š Œ•†„‚ ‚ƒˆ•Œƒ‰•Š‹ƒ‡ •„”Œ•™•-
ˆƒš ( $°•), ‹„—‚• Ž„ ”•‚•ˆˆ„Œ• ‚•ƒž•ˆƒ• ‹„€Ž•Š• „Ž€•‚•‘’•†Š’
Š„„†••†Š†•••™•• ‚•ƒž•ˆƒ• ‹„ˆ•‰ˆ„Š†•š. • §  .2, ˆ•„…„€„†, €•”€•-
…•†“•••†Š’ „…€•†ˆ“š Œ•†„‚ ‚ƒˆ•Œƒ‰•Š‹ƒ‡ •„”Œ•™•ˆƒš (À$°•),
‹„—‚• ”•‚••†Š’ †•‹„• ‚•ƒž•ˆƒ• ‹„ˆ•‰ˆ„Š†•š, Ž€ƒ ‹„†„€„Œ ‚„Š†ƒ—•-
•†Š’ †€•…••Œ„• ‚•ƒž•ˆƒ• ‹„€Ž•Š• œ•.

%.1 %’‰ƒŠ– ƒ‚…Š‹ ‹€•„ƒ€†‚‡ˆ€” —Š&ƒ•-
‘‚•€–

 •€•—€• Ž„Š•’™•ˆ Ž€’Œ„Œ• Œ•†„‚• ‚ƒˆ•Œƒ‰•Š‹ƒ‡ •„”Œ•™•ˆƒš
Ž€ƒ €••‘ƒ”•›ƒƒ ‘„‹„Œ„›ƒ„ˆˆ„—„ ‚•ƒž•ˆƒ’. °‘’ €„…„†„†•‡ˆƒ‰•-
Š‹ƒ‡ ‘„‹„Œ„›ƒ„ˆˆ“‡ •Š†€„šŠ†• ••žˆ“Œƒ ’•‘’•†Š’ ”•‚•‰ƒ, Š•’-
”•ˆˆ“• Š „Ž€•‚•‘•ˆƒ•Œ ‚ƒˆ•Œƒ‰•Š‹ƒ‡ •Šƒ‘ƒš Š„ Š†„€„ˆ“ Š•„…„‚-
ˆ“‡ ‹„ˆ•‰ˆ„Š†•š ˆ• ‹„€Ž•Š, •‘ƒ’ˆƒ•Œ µ†ƒ‡ ‹„ˆ•‰ˆ„Š†•š ˆ• €•ŠŽ€•-
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‚•‘•ˆƒ• Šƒ‘ €••‹›ƒš „Ž„€“,  „€Œƒ€„••ˆƒ•Œ ŠƒŠ†•Œ“ •Ž€••‘•ˆƒ’
Š•„…„‚ˆ“Œƒ ‹„ˆ•‰ˆ„Š†’Œƒ, Ž€ƒ ‹„†„€„š ‚•ƒž•ˆƒ• œ• …•‚•† •€••-
ˆ„••˜•ˆˆ“Œ ƒ Š†•…ƒ‘ƒ”ƒ€••Œ“Œ. #†„‰ˆƒŒ • Š•’”ƒ Š µ†ƒŒ Ž„ˆ’†ƒ•
•€••ˆ„••˜•ˆˆ„—„ ‚•ƒž•ˆƒ’ œ•.

;‘’‰#‰€‰!‡‰ +.1. < !"= !„!"†‚'  0#'%*†…„4 *€•€‚€ƒ„€…9
…€)€  !"#€$!"%' "'•€%'3 ."€ %+/€#€‚  0#'%*4>8„1 %€62†$!"%„$
‚€7†" /+"= #†'*„6€%'…' €2…' „6 …'0†#†2 6'2'……+1 5 …•ƒ„$ %#†9
‚†…„A 1) •'72'4 „6 …€#‚'*=…+1 •€‚0€…†…" %†•"€#' #†'•ƒ„„ €0€9
#+ Ri ; 2) …€#‚'*=…'4 „ •'•'49*„/€ „6 •'!'"†*=…+1 !€!"'%*4>8„1
%†•"€#' #†'•ƒ„„ €0€#+B 3) %!† "#„ !€!"'%*4>8„† %†•"€#' #†'•9
ƒ„„ €0€#+ i±€$ •€…†.…€!"„: ?€)2' 2%„7†…„† •- / 2†‚ …'6+%'"=3
!€€"%†!"%†……€3 …€#‚'*=…€  #'%…€%†&†……+‚3 .'!"„.…€  #'%…€%†9
&†……+‚ „ 0€*…€!"=>  #'%…€%†&†……+‚:

À†Œ•†ƒŒ, ‰†„ ‚•• Ž„Š‘•‚ˆƒ‡ Š‘•‰•’ †€•…••† •••‚•ˆƒ’ Š•„…„‚-
ˆ“‡ ‹„ˆ•‰ˆ„Š†•š, „ ‰•Œ …•‚•† …„‘•• Ž„‚€„…ˆ„ Š‹•”•ˆ„ • ‚•‘–ˆ•š-
˜•Œ. /•‚•ˆƒ• Ri (t) • •ƒ‚• ˆ•‹„†„€„š ••‹†„€- •ˆ‹›ƒƒ •€•Œ•ˆƒ r (t)
—•€•ˆ†ƒ€••† ˆ•„Ž€„‹ƒ‚“•••Œ„Š†– ƒ ‚•ƒž•ˆƒ• œ• …•” Ž€„Š‹•‘–”“-
••ˆƒ’.

'•ŠŠŒ„†€ƒŒ ‘„‹„Œ„›ƒ„ˆˆ“š •ŽŽ•€•† ‹•‹ •—€•—•† Š‘•‚••™ƒ‡
†••€‚“‡ †•‘: ‹„€Ž•Š, n „Ž„€ˆ“‡, m Ž•€•ˆ„Šˆ“‡ ƒ s Š•„…„‚ˆ“‡ ‹„-
ˆ•‰ˆ„Š†•š. °‘’ ‹„€Ž•Š• ƒ ‹„ˆ•‰ˆ„Š†•š •••‚•Œ Š„„†••†Š†••ˆˆ„ ••‹-
†„€“ Ž„‘„ž•ˆƒ’

q =

0

B
B
B
B
B
B
@

Cx

Cy

Cz

'
 
�

1

C
C
C
C
C
C
A

; ' i
o =

0

@
' 1o

' 2o

' 3o

1

A

i

; ' j
h =

0

@
' 1h

' 2h

' 3h

1

A

j

; ' k
c =

0

@
' 1c

' 2c

' 3c

1

A

k

;

—‚•, ‹•‹ ƒ Ž€•ž‚•, (Cx ; Cy ; Cz ) � * ‹„„€‚ƒˆ•†“ ›•ˆ†€• ŠƒŠ†•Œ“ ‹„-
„€‚ƒˆ•†, Š•’”•ˆˆ„š Š ‹„€Ž•Š„Œ œ•, • •…Š„‘•†ˆ„š ŠƒŠ†•Œ• ‹„„€‚ƒ-
ˆ•†; (';  ; � ) � *  )*+ ,$*†#' , � Š••€‡• „”ˆ•‰••† ”ˆ•‹ †€•ˆŠŽ„ˆƒ€„-
••ˆƒ’; ' i

0; ' j
h ; ' k

c * •—‘“ •€•™•ˆƒ’ €0€#…+13 0†#†…€!…+1 „ !%€/€29
…+1 •€…†.…€!"†$Š„„†••†Š†••ˆˆ„, i = 1; n; j = 1; m; k = 1; s:

 „ ‹•ž‚„š Š†•Ž•ˆƒ Ž„‚•ƒžˆ„Š†ƒ ‹„ˆ•‰ˆ„Š†ƒ ‚•šŠ†•••† •Ž€••-
‘’•™ƒ• Œ„Œ•ˆ†“ •€•™•ˆƒ’, ‹„†„€“• „…„”ˆ•‰ƒŒ Š„„†••†Š†••ˆˆ„
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ui
o; uj

h ; uk
c : °ƒˆ•Œƒ‹• ‹„€Ž•Š• œ• „ŽƒŠ“•••†Š’ •€••ˆ•ˆƒ•Œ

A(q) •q + B (q; _q) =
�

F
M

�
=

�
Fo + Fh + Fc

M o + M h + M c

�
: ( .1)

°ƒˆ•Œƒ‹• i±„š ‹„ˆ•‰ˆ„Š†ƒ „ŽƒŠ“•••†Š’ ‚••ˆ•‚›•†–• Š„„†ˆ„˜•-
ˆƒ’Œƒ, Ž„‘•‰•ˆˆ“Œƒ ƒ” ‹ƒˆ•†„Š†•†ƒ‰•Š‹„—„ Ž€ƒˆ›ƒŽ• °•‘•Œ…•€•
Ž€ƒŒ•ˆƒ†•‘–ˆ„ ‹ ••€‡ˆ•Œ• ƒ ˆƒžˆ•Œ• ”••ˆ–’Œ

F i = 
 1(' i ; q) ui + 
 2(' i ; q) •' i + 
 3(' i ; _' i ; q; _q) + 
 4(' i ; q) •q;

F i
k = S1(' i ; q) ui + S2(' i ; q) •' i + S3(' i ; _' i ; q; _q) + S4(' i ; q) •q;

~ui = K 1(' i ; q) ui + K 2(' i ; q) •' i + K 3(' i ; _' i ; q; _q) + K 4(' i ; q) •q;

Ri = Q1(' i ; q) ui + Q2(' i ; q) •' i + Q3(' i ; _' i ; q; _q) + Q4(' i ; q) •q; ( .2)

—‚• F i * Šƒ‘•, ‚•šŠ†•••™•’ Š„ Š†„€„ˆ“ i±„š ‹„ˆ•‰ˆ„Š†ƒ ˆ• ‹„€-
Ž•Š, ~ui = (~u1; ~u2; ~u3) i � * Œ„Œ•ˆ† €••‹›ƒƒ • ˜•€ˆƒ€• …•‚€• ~ui

1 ƒ
‹„‘•ˆ• (~u2; ~u3) i � i ±„š ‹„ˆ•‰ˆ„Š†ƒ, F i

k * Šƒ‘• €••‹›ƒƒ • ˜•€ˆƒ€• ‹„-
‘•ˆ•, Ri * Šƒ‘• €••‹›ƒƒ „Ž„€“. • ŠƒŠ†•Œ• ( .2) ‘•…•’ Ž•€• •€••-
ˆ•ˆƒš ’•‘’•†Š’ ‘ƒˆ•šˆ„ ˆ•”••ƒŠƒŒ„š, „ ‰•Œ …“‘„ Š‹•”•ˆ„ •“˜•.
!•‹ Š‘•‚Š†•ƒ•, •‘—•…€•ƒ‰•Š‹ƒš •ˆ•‘ƒ” µ†ƒ‡ •€••ˆ•ˆƒš Ž€ƒ•„‚ƒ† ‹
•“•„‚• „ †„Œ, ‰†„ Œ•†€ƒ›“ • •“€•ž•ˆƒ’‡ ‚‘’ •'; u ˆ••“€„ž‚•ˆ“.
 „Š‘•‚ˆ•• „…Š†„’†•‘–Š†•„ …•‚•† ‰•Š†„ ƒŠŽ„‘–”„••†–Š’ • •ˆ•‘ƒ†ƒ-
‰•Š‹ƒ‡ •“‹‘•‚‹•‡. À‰••ƒ‚ˆ„, ‰†„ • •€••ˆ•ˆƒƒ ( .1):

F = Fo + Fh + Fc =
n + m + sX

i =1

F i ; ( .3)

M = M o + M h + M c =
n + m + sX

i =1

M i
� ; M i

� = M i + F i � di ;

—‚• di * €•‚ƒ•Š-••‹†„€ …•‚€• i±„š ‹„ˆ•‰ˆ„Š†ƒ, M i * Œ„Œ•ˆ†, Š„-
”‚••••Œ“š • ˜•€ˆƒ€• …•‚€• •Ž€••‘’•™ƒŒƒ Œ„Œ•ˆ†•Œƒ u1 ƒ u2 ƒ
„€†„—„ˆ•‘–ˆ“Œ ƒŒ Œ„Œ•ˆ†„Œ €••‹›ƒƒ ~u1:

Ÿ•€’‚• Š ŠƒŠ†•Œ„š •€••ˆ•ˆƒš ( .2), ‹„†„€•• ˆ•”„••Œ Ž„‘ˆ„š,
…•‚•Œ €•ŠŠŒ•†€ƒ••†– ŠƒŠ†•Œ• •€••ˆ•ˆƒš, ˆ• •‹‘•‰••™•• •ˆ•†€•ˆ-
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ˆƒ• Šƒ‘„•“• ƒ Œ„Œ•ˆ†ˆ“• ‡•€•‹†•€ƒŠ†ƒ‹ƒ • ˜•€ˆƒ€• ‹„‘•ˆ•

F i = 
 1(' i ; q) ui + 
 2(' i ; q) •' i + 
 3(' i ; _' i ; q; _q) + 
 4(' i ; q) •q;

M i
� = � 1(' i ; q) ui + � 2(' i ; q) •' i + � 3(' i ; _' i ; q; _q) + � 4(' i ; q) •q;

Ri = Q1(' i ; q) ui + Q2(' i ; q) •' i + Q3(' i ; _' i ; q; _q)+

+ Q4(' i ; q) •q: ( .4)

•ƒŠ†•Œ• •€••ˆ•ˆƒš ( .4) …•‚•Œ ˆ•”“••†– •Ž€••‘’•Œ„š. !•‹
Ž„‘ˆ•’ ŠƒŠ†•Œ• ( .2), †•‹ ƒ •Ž€••‘’•Œ•’ ŠƒŠ†•Œ• ( .4) ˆ• Ž€„†ƒ-
•„€•‰•† •€••ˆ•ˆƒ• ‚•ƒž•ˆƒ’ ‹„€Ž•Š• œ• ( .1), †.•. Š„Š†••‘’•†
”•Œ‹ˆ•†•• ŠƒŠ†•Œ• •€••ˆ•ˆƒš. %†„ „”ˆ•‰••†, ‰†„ Ž•€•Œ•ˆˆ“• q ƒ
' i •‚„•‘•†•„€’•† ŠƒŠ†•Œ•Œ •€••ˆ•ˆƒš ( .1), ( .2), ( .3), • †•‹ž•
•€••ˆ•ˆƒ’Œ Š•’”•š. °•šŠ†•ƒ†•‘–ˆ„, Ž„‚Š†••‘’’ •“€•ž•ˆƒ’ (•€••-
ˆ•ˆƒ’ Š•’”•š †„—‚• …•‚•† •‰†•ˆ“) ‚‘’ „Ž„€ˆ“‡ ‹„„€‚ƒˆ•† ••€‡ˆ•—„
qi

1 ƒ ˆƒžˆ•—„ qi
2 ”••ˆ–•• i±„š ‹„ˆ•‰ˆ„Š†ƒ

qi
1 = qi

1(q; ' i ); qi
2 = qi

2(q; ' i )

ƒ ƒ‡ Ž€„ƒ”•„‚ˆ“• • ‚••ˆ•‚›•†– •€••ˆ•ˆƒš ‚‘’ ••€‡ˆ•—„ ƒ ˆƒžˆ•—„
”••ˆ–••, •”’†“‡ ‹•‹ Š•„…„‚ˆ“• †••€‚“• †•‘•, Ž„‘•‰ƒŒ • €•”•‘–†•†•
”•Œ‹ˆ•†•• ŠƒŠ†•Œ• •€••ˆ•ˆƒš ‚‘’ ‹„ˆ•‰ˆ„Š†•š ƒ ‹„€Ž•Š•.

 €ƒ Ž„Š†€„•ˆƒƒ Š†•…ƒ‘ƒ”ƒ€••™•š ŠƒŠ†•Œ“ •Ž€••‘•ˆƒ’ (•#)
œ• •„”Œ„žˆ“ ‚•• Ž„‚‡„‚• (Œ•†„‚•):

1. ?‘••ˆ“š ••‹†„€ Šƒ‘ ƒ Œ„Œ•ˆ†„• (F; M ) � ”•‚••†Š’ • •ƒ‚•
�

F
M

�
= B (q; _q)  A(q) [ ::: ]; ( .5)

—‚• [ ::: ] = [  •qp + � ( _q _qp)+ � (q qp) ]; �; � > 0; qp(t) * Ž€„—€•ŒŒ-
ˆ„• ”•‚•ˆˆ„• ‚•ƒž•ˆƒ• ‹„€Ž•Š• („ Ž„Š†€„•ˆƒƒ Ž€„—€•ŒŒˆ“‡ †€••‹-
†„€ƒš ŠŒ., ˆ•Ž€ƒŒ•€, • €•…„†•‡ [65,69]),q(t); _q(t) * ƒ”Œ•€’•Œ“• 8 t
”ˆ•‰•ˆƒ’ ••‹†„€• Š„Š†„’ˆƒ’ ‹„€Ž•Š•. "•‹ƒŒ „…€•”„Œ, €•ŠŠŒ„†€•ˆƒ•
‚•ƒž•ˆƒ’ ˜•—••™•—„ •Š†€„šŠ†•• ˆ•‰ƒˆ••†Š’ Š •ˆ•‘ƒ”• ‚•ƒž•ˆƒ’
‹„€Ž•Š•. • µ†„Œ Š‘•‰•• • Šƒ‘• •€••ˆ•ˆƒ’ ‚ƒˆ•Œƒ‹ƒ ‹„€Ž•Š• ƒŒ••Œ

A(q) •q + B (q; _q) = B (q; _q)  A(q) [ ::: ];

‘ƒ…„

•q = G(q; _q; qp; _qp; •qp); ( .6)
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—‚• ‰•€•”G(�) „…„”ˆ•‰•ˆ• ƒ”••Š†ˆ•’ ••‹†„€- •ˆ‹›ƒ’ •€•Œ•ˆƒ. /•-
‚•ˆƒ• •€••ˆ•ˆƒ’ ( .6) Ž„‘ˆ„Š†–• „Ž€•‚•‘’•† ‚•ƒž•ˆƒ• ‹„€Ž•Š•.
 „‚Š†••‘’’ ‚•‘•• •€••ˆ•ˆƒ• ( .6) • •€••ˆ•ˆƒ’ ‚ƒˆ•Œƒ‹ƒ ‹„ˆ•‰ˆ„-
Š†•š ( .4), …•‚•Œ •Ž€••‘•ˆƒ’ ‚‘’ ‹„ˆ•‰ˆ„Š†•š •“…ƒ€•†– †•‹ƒŒ „…-
€•”„Œ, ‰†„…“ ‚•ƒž•ˆƒ• ‹„ˆ•‰ˆ„Š†•š „…•ŠŽ•‰ƒ••‘„ ž•‘••Œ“š ”•‹„ˆ
‚•ƒž•ˆƒ’ ‹„€Ž•Š• ( .6). %†„† Œ•†„‚ Ž„Š†€„•ˆƒ’ •# …•‚•Œ ˆ•”“-
••†– Ž€’Œ“Œ Œ•†„‚„Œ ‚ƒˆ•Œƒ‰•Š‹ƒ‡ •„”Œ•™•ˆƒš ( $°•).

2. • ˆ•‰•‘• ƒŠŠ‘•‚••†Š’ ŠƒŠ†•Œ• •€••ˆ•ˆƒš ( .4), †.•. €•ŠŠŒ•†€ƒ-
•••†Š’ ‚•ƒž•ˆƒ• ‹„ˆ•‰ˆ„Š†•š. #Ž€••‘•ˆƒ’ • ‹„ˆ•‰ˆ„Š†’‡ •“…ƒ€•-
•†Š’ †•‹, ‰†„…“ F i ƒ M i

� …“‘ƒ ”•‚•ˆˆ“Œƒ ••‹†„€- •ˆ‹›ƒ’Œƒ •€•-
Œ•ˆƒ, • ƒŒ•ˆˆ„, ‰†„…“ Ž€ƒ ƒ‡ Š•ŒŒƒ€„••ˆƒƒ —‘••ˆ“š ••‹†„€ Šƒ‘ ƒ
Œ„Œ•ˆ†„• (F; M ) � …“‘ €•••ˆ Ž€••„š ‰•Š†ƒ Š„„†ˆ„˜•ˆƒ’ ( .5).  €ƒ
Ž„‚Š†•ˆ„•‹• ( .5) • •€••ˆ•ˆƒ• ‚•ƒž•ˆƒ’ ‹„€Ž•Š• ( .1) Ž„‘•‰ƒŒ
q(t) ! qp(t) Ž€ƒ t ! 1 : %†„† Œ•†„‚ Ž„Š†€„•ˆƒ’ •# …•‚•Œ ˆ•”“••†–
„…€•†ˆ“Œ Œ•†„‚„Œ ‚ƒˆ•Œƒ‰•Š‹ƒ‡ •„”Œ•™•ˆƒš (À$°•) ƒ •Œ• …•‚•†
Ž„Š•’™•ˆ Š‘•‚••™ƒš Ž•€•—€• .  „‚‰•€‹ˆ•Œ, ‰†„ Œ•ž‚•  $°• ƒ
À$°• Š•™•Š†•••† Ž€ƒˆ›ƒŽƒ•‘–ˆ“• €•”‘ƒ‰ƒ’, • „Šˆ„•• ‹„†„€“‡
‘•žƒ† Š‘•‚••™•• •Š†•Š†••ˆˆ„• Ž„‘„ž•ˆƒ•: „‚ˆ„Œ• ƒ †„Œ• ž• ‚•ƒ-
ž•ˆƒ• ‹„€Ž•Š• Š„„†••†Š†•••† €•”‘ƒ‰ˆ“• ‚•ƒž•ˆƒ’ ‹„ˆ•‰ˆ„Š†•š.
%†„†  •‹† …•‚•† • ‚•‘–ˆ•š˜•Œ „…„Šˆ„••ˆ †•„€•†ƒ‰•Š‹ƒ, †.•. ‚‘’
‚••‡ Œ•†„‚„• …•‚•† ˆ•š‚•ˆ“ Š„„†••†Š†•••™ƒ• ”•‹„ˆ“ ‚•ƒž•ˆƒ’ ƒ
•Ž€••‘•ˆƒ’ ‹„ˆ•‰ˆ„Š†’Œƒ, Ž€ƒ•„‚’™ƒ• ‹ „‚ƒˆ•‹„•„Œ• ‚•ƒž•ˆƒ•
‹„€Ž•Š• œ•.

/•šŒ•ŒŠ’ ƒŠŠ‘•‚„••ˆƒ•Œ Ž€’Œ„—„ Œ•†„‚• ‚ƒˆ•Œƒ‰•Š‹ƒ‡ •„”Œ•-
™•ˆƒš.  „‚Š†••‘’’ ”•‹„ˆ ( .6) • Ž„‘ˆ•• ( .2) ƒ •Ž€••‘’•Œ•• ( .4)
ŠƒŠ†•Œ“ •€••ˆ•ˆƒš, Ž„‘•‰ƒŒ Š„„†••†Š†••ˆˆ„

F i = 
 i
1ui + 
 i

2 •' i + 
 i
3� (' i ; _' i ; q; _q; t);

F i
k = Si

1ui + Si
2 •' i + Si

3� (' i ; _' i ; q; _q; t);

~ui = K i
1ui + K i

2 •' i + K i
3� (' i ; _' i ; q; _q; t);

Ri = Qi
1ui + Qi

2 •' i + Qi
3� (' i ; _' i ; q; _q; t); ( .7)

• †•‹ž•

F i = 
 i
1ui + 
 i

2 •' i + 
 i
3� ;

M i
� = � i

1ui + � i
2 •' i + � i

3� ;

Ri = Qi
1ui + Qi

2 •' i + Qi
3� : ( .8)
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#‹•ž•Œ ˆ• Š‘•‚••™ƒ• €•”‘ƒ‰ƒ’  •ˆ‹›ƒš, •“Ž„‘ˆ’•Œ“‡ •Š•Œƒ
•ƒ‚•Œƒ ‹„ˆ•‰ˆ„Š†•š:

1. C0€#…'4 •€…†.…€!"=:!ƒˆ•Œ•†ƒ‹• „Ž„€ˆ“‡ ‹„ˆ•‰ˆ„Š†•š †•-
‹„••, ‰†„

' i
o = � i (q; H i ); i = 1; n; ( .9)

—‚• H i * ‹„„€‚ƒˆ•†“ i±„š Š†„Ž“; ƒ†•‹, Ž•€•Œ•ˆˆ“• „Ž„€ˆ“‡ ‹„-
ˆ•‰ˆ„Š†•š „‚ˆ„”ˆ•‰ˆ„ „Ž€•‚•‘’•†Š’ Ž„‘„ž•ˆƒ•Œ ‹„€Ž•Š• ƒ †„‰•‹
„Ž„€“.

2. <†#†…€!…'4 •€…†.…€!"=:• ‚•ˆˆ„Œ Š‘•‰•• †€•…••†Š’ „†-
Š‘•‚ƒ†– ”•‚•ˆˆ„• Ž€„—€•ŒŒˆ„• ‚•ƒž•ˆƒ• Ž•€•ˆ„Šˆ„š ‹„ˆ•‰ˆ„Š†ƒ
' i

hp (t):
3. -%€/€2…'4 •€…†.…€!"=:Ÿ• µ†„† €•” ' i

cp(t) ˆ• ”•‚••†Š’. •†•-
•ƒ†Š’ ‚‘’ ‹„ˆ•‰ˆ„Š†ƒ • Š•„…„‚ˆ„š  •”• ”•‚•‰• „…•ŠŽ•‰•ˆƒ’ (‹•ž-
‚•’ ‹„ˆ•‰ˆ„Š†– ƒŒ••† †€ƒ •Ž€••‘’•™ƒ‡ Œ„Œ•ˆ†• •€•™•ˆƒ’):

F i
c = f i

1(t); Ri
c = 0 ; ( .10)

‘ƒ…„

M i
� C = f i

2(t); Ri
c = 0 ; ( .11)

—‚• f i
1(t); f i

2(t) * ˆ•‹„†„€“• ”•‚•ˆˆ“• ••‹†„€- •ˆ‹›ƒƒ •€•Œ•ˆƒ.
"•‹ ‹•‹ •“Ž„‘ˆ•ˆƒ• •Š‘„•ƒ’

�
F i

c = f i
1(t); M i

� c = f i
2(t)

	
Ž€„†ƒ•„€•-

‰ƒ•„ Š •“Ž„‘ˆ•ˆƒ•Œ •Š‘„•ƒ’ Ri
c = 0 ; †„ • Š•„…„‚ˆ„š  •”• •„”Œ„žˆ„

•“Ž„‘ˆ•ˆƒ• Š„„†ˆ„˜•ˆƒ’ ( .10) ‘ƒ…„ Š„„†ˆ„˜•ˆƒ’ ( .11) (ƒ‘ƒ ƒ‡
‹„Œ…ƒˆ•›ƒƒ).

'•ŠŠŒ„†€ƒŒ ŠƒŠ†•Œ• •€••ˆ•ˆƒš ( .10) …„‘•• Ž„‚€„…ˆ„.  „‚Š†••-
‘’’ • ˆ•• •“€•ž•ˆƒ’ ( .8), Ž„‘•‰ƒŒ

F i
c = f i

1(t) = 
 i
1ui

c + 
 i
2 •' i

c + 
 i
3� ;

Ri
c = 0 = Qi

1ui
c + Qi

2 •' i
c + Qi

3� : ( .12)

 „‹•ž•Œ, ‰†„ Ž€ƒ •“…„€• •Ž€••‘•ˆƒ’

ui
c = (
 i

1  
 i
2Q 1i

2 Qi
1) 1 (f i

1(t) + 
 i
2Q 1i

2 Qi
3�  
 i

3� ); ( .13)

—‚• •' i
c •‚„•‘•†•„€’•† Š„„†ˆ„˜•ˆƒ•

•' i
c =  Q 1i

2 (Qi
1ui

c + Qi
3� ); ( .14)
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ŠƒŠ†•Œ• ( .12) •“Ž„‘ˆ’•†Š’ †„ž‚•Š†••ˆˆ„, †.•.

F i
c = f i

1(t); Ri
c = 0 ; M i

� c = M i
� c (f i

1(t)) :

• Š•Œ„Œ ‚•‘•, ƒ” •†„€„—„ •€••ˆ•ˆƒ’ ŠƒŠ†•Œ“ ( .12) ƒŒ••Œ
( .14).  „‚Š†••‘’’ Š„„†ˆ„˜•ˆƒ’ ( .13), ( .14) • •“€•ž•ˆƒ• ‚‘’
F i

c ( .12), Ž„‘•‰ƒŒ

F i
c = 
 i

1ui
c  
 i

2Q 1i
2 (Qi

1ui
c + Qi

3� ) + 
 i
3� = (
 i

1  
 i
2Q 1i

2 Qi
1) ui

c  

 
 i
2Q 1i

2 Qi
3� + 
 i

3� = (
 i
1  
 i

2Q 1i
2 Qi

1)(
 i
1  
 i

2Q 1i
2 Qi

1) 1 �

� (f i
1(t) + 
 i

2Q 1i
2 Qi

3�  
 i
3� )  
 i

2Q 1i
2 Qi

3� + 
 i
3� = f i

1(t):

•ƒŠ†•Œ• •€••ˆ•ˆƒš ( .12) €•˜••†Š’ ‹•‹ ŠƒŠ†•Œ• ˜•Š†ƒ ˆ•”••ƒ-
ŠƒŒ“‡ •€••ˆ•ˆƒš „†ˆ„Šƒ†•‘–ˆ„ ˜•Š†ƒ ˆ•ƒ”••Š†ˆ“‡ •' i

c; ui
c Ž€ƒ ”•-

‚•ˆˆ“‡ F i
c ƒ Ri

c: °•šŠ†••’ •ˆ•‘„—ƒ‰ˆ„, Œ„žˆ„ •“…€•†– •Ž€••‘•ˆƒ•
ƒ ‚•ƒž•ˆƒ• Š ›•‘–• •“Ž„‘ˆ•ˆƒ’ •Š‘„•ƒš ( .11):

M i
� c = f i

2(t) = � i
1ui

c + � i
2 •' i

c + � i
3� ;

Ri
c = 0 = Qi

1ui
c + Qi

2 •' i
c + Qi

3� :

"„—‚• Ž€ƒ

ui
c = (� i

1  � i
2Q 1i

2 Qi
1) 1 (f i

2(t) + � i
2Q 1i

2 Qi
3�  � i

3� ); ( .15)

—‚• •' i
c •‚„•‘•†•„€’•† Š„„†ˆ„˜•ˆƒ•

•' i
c =  Q 1i

2 (Qi
1ui

c + Qi
3� ); ( .16)

…•‚•† •“Ž„‘ˆ’†–Š’ Š„„†ˆ„˜•ˆƒ’

M i
� c = f i

2(t); Ri
c = 0 ; F i

c = F i
c (f i

2(t)) : ( .17)

Ÿ•š‚•Œ ”••ƒŠƒŒ„Š†– M i
� c ƒ F i

c „† f i
1(t) ƒ f i

2(t) Š„„†••†Š†••ˆˆ„.
 •Š†– ui

c ƒ •' i
c •‚„•‘•†•„€’•† Š„„†ˆ„˜•ˆƒ’Œ ( .13) ƒ ( .14). "„—‚•,

Ž„‚Š†••‘’’ ƒ‡ • •€••ˆ•ˆƒ• ‚‘’ Œ„Œ•ˆ†• M i
� c ( .8), Ž„‘•‰ƒŒ

M i
� c = � i

1 (
 i
1  
 i

2Q 1i
2 Qi

1) 1(f i
1(t) + 
 i

2Q 1i
2 Qi

3�  
 i
3� )  

 � i
2Q 1i

2

�
Qi

1 (
 i
1  
 i

2Q 1i
2 Qi

1) 1 �

� (f i
1(t) + 
 i

2Q 1i
2 Qi

3�  
 i
3� ) + Qi

3�

	
+ � i

3� ; ( .18)
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„†‹•‚• •“†•‹••†

M i
� c = � i

1f i
1(t) + � i

2; ( .19)

—‚• „…„”ˆ•‰•ˆ„

� i
1(' i

c; q) = (� i
1  � i

2Q 1i
2 Qi

1)(
 i
1  
 i

2Q 1i
2 Qi

1) 1;

� i
2(' i

c; _' i
c; q; _q; t) = (� i

1  � i
2Q 1i

2 Qi
1)(
 i

1  
 i
2Q 1i

2 Qi
1) 1 �

� (
 i
2Q 1i

2 Qi
3�  
 i

3� )  � i
2Q 1i

2 Qi
3� + � i

3� :

+ˆ•‘„—ƒ‰ˆ„, Ž„‚Š†••‘’’ •“€•ž•ˆƒ’ ( .15) ƒ ( .16) • •€••ˆ•ˆƒ•
‚‘’ Šƒ‘“ F i

c ( .8), …•‚•Œ ƒŒ•†–

F i
c = 
 i

1 (� i
1  � i

2Q 1i
2 Qi

1) 1 (f i
2(t) + � i

2Q 1i
2 Qi

3�  � i
3� )  

 
 i
2Q 1i

2

�
Qi

1 (� i
1  � i

2Q 1i
2 Qi

1) 1 �

� (f i
2(t) + � i

2Q 1i
2 Qi

3�  � i
3� ) + Qi

3�

	
+ 
 i

3� ;

„†‹•‚• Š‘•‚••†

F i
c = 	 i

1f i
2(t) + 	 i

2; ( .20)

—‚• „…„”ˆ•‰•ˆ„

	 i
1(' i

c; q) = (
 i
1  
 i

2Q 1i
2 Qi

1)(� i
1  � i

2Q 1i
2 Qi

1) 1;

	 i
2(' i

c; _' i
c; q; _q; t) = (
 i

1  
 i
2Q 1i

2 Qi
1)(� i

1  � i
2Q 1i

2 Qi
1) 1 �

� (� i
2Q 1i

2 Qi
3�  � i

3� )  
 i
2Q 1i

2 Qi
3� + 
 i

3� :

 €•ž‚• ‰•Œ Ž•€•š†ƒ ‹  „€Œƒ€„••ˆƒ• ŠƒŠ†•Œ“ •Ž€••‘•ˆƒ’ Š•„-
…„‚ˆ“Œƒ ‹„ˆ•‰ˆ„Š†’Œƒ, €•ŠŠŒ„†€ƒŒ •—€•—•†: ‹„€Ž•Š,n „Ž„€ˆ“‡ ƒ
m Ž•€•ˆ„Šˆ“‡ ‹„ˆ•‰ˆ„Š†•š. • „Ž„€ˆ„š  •”• • ‹•‰•Š†•• ƒŠ‡„‚ˆ“‡
•€••ˆ•ˆƒš, ƒŠŽ„‘–”„••• ƒ”…“†„‰ˆ„Š†– • •Ž€••‘•ˆƒƒ, •„”–Œ•Œ •“-
€•ž•ˆƒ’ ‚‘’ €••‹›ƒš „Ž„€“.  „‚Š†••‘’’ • •€••ˆ•ˆƒ’ ( .8) ‚‘’
€••‹›ƒš „Ž„€“ ‹ƒˆ•Œ•†ƒ‰•Š‹ƒ• Š„„†ˆ„˜•ˆƒ’ ( .9),Š•’”“•••™ƒ•
„Ž„€ˆ“• ‹„ˆ•‰ˆ„Š†ƒ ƒ ‹„€Ž•Š, Ž„‘•‰ƒŒ

R = Q1(q) uo + Q2(q) •q + Q3(q; _q; t); ( .21)
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—‚• ••‹†„€“ R ƒ uo ƒŒ••† „‚ƒˆ•‹„••• €•”Œ•€ˆ„Š†– 3n � 1; • ‹••‚-
€•†ˆ•’ Œ•†€ƒ›• Q1(q) ƒŒ••† •ƒ‚

Q1(q) = diag
"
Qi =1

1 ; :::; Qi = n
1

�
; R =

0

B
@

R1

...
Rn

1

C
A ; uo =

0

B
@

u1
o
...

un
o

1

C
A :

°•‘•• ”•‚•‚ƒŒ Ž€„—€•ŒŒˆ„• ‚•ƒž•ˆƒ• ‹„€Ž•Š• qp(t) ƒ ••‹†„€-
 •ˆ‹›ƒ• r (t); €•••ˆŠ†•„ ‹„†„€„š ••‹†„€• R ž•‘•†•‘–ˆ„, ƒŠ‡„‚’
ƒ” ›•‘•š Ž„‘ˆ„š •€••ˆ„••˜•ˆˆ„Š†ƒ ‚•ƒž•ˆƒ’ œ•. •“…•€•Œ ”•‹„ˆ
•Ž€••‘•ˆƒ’ • Š„„†ˆ„˜•ˆƒƒ ( .21) • •ƒ‚•

uo = Q 1
1 (q) f r (t) + Q2(q) [  •qp + � ( _q  _qp) + � (q  qp) ] 

 Q3(q; _q; t) g : ( .22)

 „‚Š†••‘’’ •“€•ž•ˆƒ• ( .22) • Š„„†ˆ„˜•ˆƒ• ( .21), Ž„‘•‰ƒŒ

R = r (t) + Q2(q) (•q + [ ::: ]) : ( .23)

À†Š•‚•, •Š‘ƒ „…•ŠŽ•‰ƒ•••†Š’ Š†•…ƒ‘ƒ”•›ƒ’ ‚•ƒž•ˆƒ’ ‹„€Ž•Š• ‘„-
‹„Œ„›ƒ„ˆˆ„—„ •ŽŽ•€•†•, • ƒŒ•ˆˆ„

•q + [ ::: ] = 0 ) q(t) ! qp(t) ( t ! 1 ); ( .24)

†„ …•‚•† •“Ž„‘ˆ’†–Š’ Š„„†ˆ„˜•ˆƒ•

R(t) = r (t): ( .25)

'•••ˆŠ†•„ ( .25) •“Ž„‘ˆ’•†Š’ †„—‚• ƒ †„‘–‹„ †„—‚•, ‹„—‚• ƒŒ••†
Œ•Š†„ Š„„†ˆ„˜•ˆƒ• ( .24). •“•„‚: ŠƒŠ†•Œ• •Ž€••‘•ˆƒ’ Š•„…„‚ˆ“-
Œƒ ‹„ˆ•‰ˆ„Š†’Œƒ ‚„‘žˆ• •“…ƒ€•†–Š’ Š ›•‘–• „…•ŠŽ•‰•ˆƒ’ •Š‘„•ƒš
( .24). • ‚•‘–ˆ•š˜•Œ …•‚•† Ž„‹•”•ˆ„, ‰†„ Ž€ƒ ˆ•‚‘•ž•™•Œ •“…„€•
”•‹„ˆ• •Ž€••‘•ˆƒ’ Š•„…„‚ˆ“Œƒ ‹„ˆ•‰ˆ„Š†’Œƒ µ†„—„ Œ„žˆ„ •Ž„‘ˆ•
‚„…ƒ†–Š’.

 „‚Š†••ƒŒ •Ž€••‘•ˆƒ• ( .22) • •“€•ž•ˆƒ• ‚‘’ Šƒ‘“ ƒ Œ„Œ•ˆ†•
Š„ Š†„€„ˆ“ „Ž„€ˆ“‡ ‹„ˆ•‰ˆ„Š†•š. °‘’ µ†„—„ Ž€„Š•ŒŒƒ€••Œ „† 1 ‚„
n Ž•€•“• ˜•Š†– •€••ˆ•ˆƒš ( .8).  „‚Š†••ƒ• ”•†•Œ • ˆƒ‡ •“€•ž•ˆƒ•
‚‘’ „Ž„€ˆ“‡ ‹„ˆ•‰ˆ„Š†•š ƒ ƒŠŽ„‘–”•’ •€••ˆ•ˆƒ’ ( .3), Ž„‘•‰ƒŒ
Š‘•‚••™ƒ• ˜•Š†– •€••ˆ•ˆƒš:

Fo = 
 1(q) uo + 
 2(q) •q + 
 3(q; _q; t);

M o = � 1(q) uo + � 2(q) •q + � 3(q; _q; t): ( .26)
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 €ƒ Ž„‚Š†•ˆ„•‹• •“€•ž•ˆƒš ( .6) ƒ ( .22) • ŠƒŠ†•Œ• •€••ˆ•ˆƒš
( .26) Ž„‘•‰ƒŒ

Fo = D1(q; _q; t) + D2(q) [ ::: ]; M o = E1(q; _q; t) + E2(q) [ ::: ]; ( .27)

—‚• „…„”ˆ•‰•ˆ„

D1(q; _q; t) = 
 1(q) Q 1
1 (q) r (t) + 
 3(q; _q; t);

D2(q) = 
 1(q) Q 1
1 (q) Q2(q) + 
 2(q);

E1(q; _q; t) = � 1(q) Q 1
1 (q) r (t) + � 3(q; _q; t);

E2(q) = � 1(q) Q 1
1 (q) Q2(q) + � 2(q):

°‘’ ‹„ˆ•‰ˆ„Š†•š • Ž•€•ˆ„Šˆ„š  •”• …•‚•Œ Ž„‘•—•†–, ‰†„ ”•‹„ˆ
‚•ƒž•ˆƒ’ ƒ”••Š†•ˆ, • Šƒ‘• Fh ƒ Œ„Œ•ˆ† M h Ž€•‚Š†••‘’•† Š„…„š
ƒ”••Š†ˆ“• ••‹†„€- •ˆ‹›ƒƒ •€•Œ•ˆƒ

Fh = Fh (t); M h = M h (t): ( .28)

• Š•Œ„Œ ‚•‘•, •€••ˆ•ˆƒ• Ž•€•ˆ„Šˆ„š ‹„ˆ•‰ˆ„Š†ƒ

Ri
h = Qi

1ui
h + Qi

2 •' i
h + Qi

3� = 0 :

&†•‹, Ž•Š†– ”•‚•ˆ„ Ž€„—€•ŒŒˆ„• ‚•ƒž•ˆƒ• Ž•€•ˆ„Šˆ„š ‹„ˆ•‰ˆ„-
Š†ƒ' i

hp (t); ‹„†„€„• ˆ•„…‡„‚ƒŒ„ „†Š‘•‚ƒ†–. Ÿ•†€•‚ˆ„ Ž„‹•”•†–, ‰†„
Ž€ƒ

ui
h = Q 1i

1

�
 Qi

3� + Qi
2 [  •' i

hp +  1 ( _' i
h  _' i

hp ) +  2 (' i
h  ' i

hp ) ]
	

;

—‚•  1;  2 > 0; •“Ž„‘ˆ’•†Š’ •Š‘„•ƒ•: ' i
h (t) ! ' i

hp (t) Ž€ƒ t ! 1 :
 „‚Š†••‘’’ ui

h • •“€•ž•ˆƒ’ ‚‘’ Šƒ‘ ƒ Œ„Œ•ˆ†„• Ž•€•ˆ„Šˆ“‡ ‹„ˆ•‰-
ˆ„Š†•š ƒ Ž€„ƒ”•„‚’ Š•ŒŒƒ€„••ˆƒ•, Ž„‘•‰ƒŒ Š„„†ˆ„˜•ˆƒ’ ( .28).

Ÿ•‹„ˆ•›, Ž•€•š‚•Œ ‹ €•ŠŠŒ„†€•ˆƒ• Š•„…„‚ˆ“‡ ‹„ˆ•‰ˆ„Š†•š.
 •Š†– ƒŒ••†Š’ • €•ŠŽ„€’ž•ˆƒƒ ‚•• Š•„…„‚ˆ“• ‹„ˆ•‰ˆ„Š†ƒ, ‚‘’ ‹„-
†„€“‡ —‘••ˆ“š ••‹†„€ Šƒ‘ ƒ Œ„Œ•ˆ†„• „…„”ˆ•‰ƒŒ Š„„†••†Š†••ˆˆ„
‰•€•” U1

c ƒ U2
c : °‘’ Ž•€•„š ‹„ˆ•‰ˆ„Š†ƒ …•‚•Œ ”•‚•••†– Šƒ‘•, ‚‘’

•†„€„š * Œ„Œ•ˆ† • ˜•€ˆƒ€• ‹€•Ž‘•ˆƒ’ Š ‹„€Ž•Š„Œ œ•:

U1
c =

�
F 1

c
M 1

c + F 1
c � d1

c

�
=

�
f 1

c (t)
M 1

c (f 1
c (t)) + f 1

c (t) � d1
c

�
; ( .29)
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U2
c =

�
F 2

c
M 2

c + F 2
c � d2

c

�
=

�
F 2

c (f 2
c (t))

f 2
c (t) + F 2

c (f 2
c (t)) � d2

c

�
; (•.30)

€•‚ ƒ„…†‡†ˆ‰‡Š†M 1
c (f 1

c (t)) † F 2
c (f 2

c (t)) †ˆ‚ Š …†• (•.19) † (•.20);
d1

c ; d2
c ! "„•†#‡$-…‚%Š‰"$ &‚•‚" ‡…‰&‰•'$* %‰'‚+'‰‡Š‚,. / •„45-

'‚,6‚ˆ7 •48 :"‰‡Š‰Š$7 &#•‚ˆ ‡+†Š„Š57 +Š‰d1
c = d2

c = dc:
<…†=‚'†‚ ‡…‰&‰•'$* %‰'‚+'‰‡Š‚, …$&‚"‚ˆ †ƒ #‡4‰…†8 …$:‰4'‚-

'†8 ‰:"‚•‚4‚''$ˆ ‰&"„ƒ‰ˆ ‡‰‡Š„…4‚''$* ‡‰‰Š'‰6‚'†,. > †ˆ‚''‰7
:‰Š"‚&#‚ˆ …$:‰4'‚'†8 "„…‚'‡Š…?

Fc = f 1
c + F 2

c (f 2
c (t)) =  Fh (t)  f D1(q; _q; t) + D2(q) [ ::: ] g +

+ BF (q; _q)  AF (q) [ ::: ]; (•.31)

„ Š„%=‚

M c = M 1
c (f 1

c (t)) + f 1
c (t) � dc + f 2

c (t) + F 2
c (f 2

c (t)) � dc =

=  M h (t)  f E1(q; _q; t) + E2(q) [ ::: ] g+

+ BM (q; _q)  AM (q) [ ::: ]; (•.32)

€•‚ Fh (t); M h (t) …$+†‡48 Š‡8 ‡‰€4„‡'‰ #"„…'‚'†8ˆ (•.2@). A•‚‡5
‰&‰ƒ'„+‚'$?BF (q; _q); AF (q) ! %‰ˆ:‰'‚'Š$ :‚"…$* Š"‚* #"„…'‚'†,
•48 ‡†47BM (q; _q); AM (q) ! %‰ˆ:‰'‚'Š$ ‰‡Š„45'$* Š"‚* #"„…'‚'†,
•48 ˆ‰ˆ‚'Š‰… … #"„…'‚'†† •…†=‚'†8 %‰":#‡„ BC (•.1).

D„%†ˆ ‰&"„ƒ‰ˆ7 •48 …$&‰"„ …‚%Š‰"-E#'%F†,f 1
c (t) † f 2

c (t) †ˆ‚‚ˆ
•…‚ ‡†‡Š‚ˆ$ #"„…'‚'†, (•.31) † (•.32). G„ƒ"‚6„8 †*7 :‰4#+†ˆ

f 1
c (t) =  Fh (t)  f D1(q; _q; t) + D2(q) [ ::: ] g +

+ BF (q; _q)  AF (q) [ ::: ]  F 2
c (f 2

c (t)) : (•.33)

•"† :‰•‡Š„'‰…%‚ …$"„=‚'†8 (•.33) … ‡‰‰Š'‰6‚'†‚ (•.32) &#•‚ˆ
†ˆ‚Š5

M 1
c ( Fh (t)  f D1(q; _q; t) + D2(q) [ ::: ] g + BF (q; _q)  

 AF (q) [ ::: ]  F 2
c (f 2

c (t))
�

+ f 2
c (t) + [  Fh (t)  

 f D1(q; _q; t) + D2(q) [ ::: ] g + BF (q; _q)  AF (q) [ ::: ] ] � dc =

=  M h (t)  f E1(q; _q; t) + E2(q) [ ::: ] g + BM (q; _q)

 AM (q) [ ::: ]: (•.3H)



•.1. •€•‚ƒ„ ‚…†ƒ‡ ‡ˆ‰Š‚ˆ‹…Œ•ˆŽ •ƒ•‚‘’…‰ˆ„ 107

I&‰ƒ'„+†ˆ … ‡‰‰Š'‰6‚'†† (•.3H)?

[  Fh (t)  f D1(q; _q; t) + D2(q) [ ::: ]g + BF (q; _q)  AF (q) [ ::: ] ] �

� dc � �( q; _q; t):

D‰€•„7 †‡:‰45ƒ#8 ƒ„…†‡†ˆ‰‡Š† (•.19) † (•.20)7 #"„…'‚'†8 (•.33)
† (•.3H) ˆ‰='‰ :"‚•‡Š„…†Š5 … …†•‚

f 1
c (t) = S1(t)  	 1(t) f 2

c (t)  	 2(t); (•.3J)

€•‚

F 2
c (f 2

c (t)) = 	 1(t) f 2
c (t) + 	 2(t);

S1(t) =  Fh (t)  f D1(q; _q; t) + D2(q) [ ::: ] g+

+ BF (q; _q)  AF (q) [ ::: ];

	 1(t); 	 2(t) ! †ƒ…‚‡Š'$‚ …‚%Š‰"-E#'%F†† …"‚ˆ‚'† … ‡‰‰Š'‰6‚'††
(•.20). •‰•‡Š„…488 ‡‰‰Š'‰6‚'†‚ (•.3J) … …$"„=‚'†‚ •48 ˆ‰ˆ‚'Š„
(•.3H)? M 1

c (t) = � 1(t) f 1
c (t) + � 2(t); '„,•‚ˆ ƒ„…†‡†ˆ‰‡Š5

� 1(t)
�

S1(t)  	 1(t) f 2
c (t)  	 2(t)

�
+ � 2(t)+ f 2

c (t)+ �( q; _q; t) = S2(t);

€•‚

S2(t) =  M h (t)  f E1(q; _q; t) + E2(q) [ ::: ] g + BM (q; _q)  AM (q) [ ::: ];

� 1(t); � 2(t) ! †ƒ…‚‡Š'$‚ …‚%Š‰"-E#'%F†† …"‚ˆ‚'†7 ……‚•‚''$‚ "„'‚‚
† …$+†‡48‚ˆ$‚ … ‡‰‰Š'‰6‚'†† (•.19).

I%‰'+„Š‚45'‰ :‰4#+†ˆ

f 2
c (t) = ( I � 1(t) 	 1(t))  1 (S2(t) + � 1(t) 	 2(t)  

 � 1(t) S1(t)  � 2(t)  �( q; _q; t)) ; (•.3K)

f 1
c (t) = S1(t)  	 1(t) ( I  � 1(t) 	 1(t))  1 (S2(t) + � 1(t) 	 2(t)  

 � 1(t) S1(t)  � 2(t)  �( q; _q; t))  	 2(t); (•.3L)

€•‚ I ! ‚•†'†+'„8 ˆ„Š"†F„ ‡‰‰Š…‚Š‡Š…# M‚, "„ƒˆ‚"'‰‡Š†.
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C%4„•$…„8 #"„…'‚'†8 (•.2L)7 (•.2@)7 (•.31)7 (•.32)7 :‰4#+†ˆ

F = Fc + Fh + Fo = BF (q; _q)  AF (q) [ ::: ];

M = M c + M h + M o = BM (q; _q)  AM (q) [ ::: ]: (•.3@)

•‰•‡Š„…†… …$"„=‚'†8 (•.3@) … #"„…'‚'†‚ •…†=‚'†8 %‰":#‡„ (•.1)7
:‰4#+†ˆ

AF (q) •q + BF (q; _q) = BF (q; _q)  AF (q) [ ::: ];

AM (q) •q + BM (q; _q) = BM (q; _q)  AM (q) [ ::: ]:

C‰%"„M„87 &#•‚ˆ †ˆ‚Š5

A(q) [ •q  •qp + � ( _q  _qp) + � (q  qp) ] = 0 :

•‰‡%‰45%#det A 6= 0 ; Š‰q(t) ! qp(t) :"† t ! 1 †7 %"‰ˆ‚ Š‰€‰
(‡ˆ. "„…‚'‡Š…‰ (•.23))7R(t) = r (t): D‚ˆ ‡„ˆ$ˆ •‰%„ƒ„'‰ ‡4‚•# M‚‚
#Š…‚"=•‚'†‚.

#…ƒ€…‚Š •.1. •€•‚ƒ „…†…‡ˆ •‰Š†€‹Œ•Š ŽŠ•‚•‘-’€‡•“••
Ž‘Š”Š‡• qp(t); _qp(t); •qp(t); q(t); _q(t); r (t); Uh (t):  •!†… "‘• Žˆ#•‘Š
€"‘…Ž‰Š‡•$

uo = Q 1
1 (q) f r (t) + Q2(q) [ ::: ]  Q3(q; _q; t) g ;

ui
c = (
 i

1  
 i
2Q 1i

2 Qi
1) 1 (f i

c(t) + 
 i
2Q 1i

2 Qi
3�  
 i

3� ); i = 1 ;

ui
c = (� i

1  � i
2Q 1i

2 Qi
1) 1 (f i

c(t) + � i
2Q 1i

2 Qi
3�  � i

3� ); i = 2 ;

!†Š f 1
c (t); f 2

c (t) Žˆ%••‰&‹‚•& "• ’•‘”€‰…” (•.3K) ; (2; 37); •”Š‹‚
”Š•‚• •••‚‡•'Š‡•&: R(t) = r (t); q(t) ! qp(t) ( t ! 1 ):

NŠ„%7 †ƒ "‚ƒ#45Š„Š‰… :„"„€"„E„ …$Š‚%„‚Š7 +Š‰ €4„…'$, …‚%Š‰"
‡†4 † ˆ‰ˆ‚'Š‰…7 •‚,‡Š…# M†* '„ %‰":#‡ BC ‡‰ ‡Š‰"‰'$ %‰'‚+'‰-
‡Š‚,7 ‡4‚•#‚Š ƒ„•„…„Š5 … …†•‚

U =
�

F
M

�
=

�
BF (q; _q)  AF (q) [ ::: ]
BM (q; _q)  AM (q) [ ::: ]

�
(•.39)

/ OŠ‰ˆ ‡4#+„‚ ‡‰‰Š'‰6‚'†‚ (•.K) †ˆ‚‚Š …:‰4'‚ ‰:"‚•‚4‚''‰‚ …$-
"„=‚'†‚7 :"†+‚ˆ …$&‰" #:"„…4‚'†, ‰:‰"'$* † ‡…‰&‰•'$* %‰'‚+'‰-
‡Š‚, :‰ Š‚‰"‚ˆ‚ 2.1 :"†…‰•†Š7 …‰-:‚"…$*7 % E‰"ˆ†"‰…„'† …‚%Š‰"„
U …†•„ (•.39); …‰-…Š‰"$*7 % ‡Š„&†4†ƒ„F†† %‰":#‡„ BC †7 …-Š"‚Š5†*7
% :‰4'‰‡Š5 #"„…'‰…‚6‚''‰ˆ# •…†=‚'† „::„"„Š„.
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•.2 €•‚ƒ„…†‡ ˆ‰„Š‹ ‹Œ…ƒˆŒ•‰Ž•Œ• ‘Š’-
ˆ“”‰…Œ‡

•‚"‚,•‚ˆ % ‰&‡#=•‚'† ‰&"„Š'‰€‰ ˆ‚Š‰•„ •†'„ˆ†+‚‡%†* …‰ƒˆ#-
M‚'†,. G‚6„Š5‡8 &#•#Š Š‚ =‚ ‡„ˆ$‚ ƒ„•„+†7 +Š‰ † … :"‚•$•#M‚ˆ
:„"„€"„E‚7 Š.‚. ƒ„•„+†7 ‡…8ƒ„''$‚ ‡ …$&‰"‰ˆ ‡†‡Š‚ˆ$ #:"„…4‚'†8
BC7 ‰&‚‡:‚+†…„ M‚, ‡Š„&†4†ƒ†"#‚ˆ‰‚ † :‰4'‰‡Š5 #"„…'‰…‚6‚'-
'‰‚ •…†=‚'†‚. G„‡‡ˆ„Š"†…„‚Š‡8 „::„"„Š7 ‡‰‡Š‰8M†, †ƒ %‰":#‡„7
‰:‰"'$*7 :‚"‚'‰‡'$* † ‡…‰&‰•'$* %‰'‚+'‰‡Š‚, ‡ †ƒ…‚‡Š'$ˆ† %†-
'‚ˆ„Š†+‚‡%†ˆ† † •†'„ˆ†+‚‡%†ˆ† ‡‰‰Š'‰6‚'†8ˆ†. I‡'‰…'$‚ #"„…-
'‚'†8? (•.1) ! •48 %‰":#‡„ † (•.H) ! •48 #:"„…48‚ˆ‰, ‡†‡Š‚ˆ$.
P"„…'‚'†8 (•.H)7 '„:‰ˆ'†ˆ7 †ˆ‚ Š …†•

F i = 
 i
1ui + 
 i

2 •' i + 
 i
3 + 
 i

4 •q;

M i
� = � i

1ui + � i
2 •' i + � i

3 + � i
4 •q;

Ri = Qi
1ui + Qi

2 •' i + Qi
3 + Qi

4 •q

•48 %‰'‚+'‰‡Š‚,. I‡'‰…'„8 ‰‡‰&‚''‰‡Š5 #"„…'‚'†, (•.H) ‡‰‡Š‰†Š
… Š‰ˆ7 +Š‰ … '†* …*‰•†Š 4†'‚,'‰•q: QŠ‰ ‰&‡Š‰8Š‚45‡Š…‰ …$ƒ$…„-
‚Š ‰:"‚•‚4‚''$‚ Š"#•'‰‡Š† :"† E‰"ˆ†"‰…„'†† CP BC7 Š„% %„%
#:"„…4‚'†‚ … F‚:† ‰&"„Š'‰, ‡…8ƒ† •‰4='‰ &$Š5 4†65 E#'%F†‚,
q; _q † …"‚ˆ‚'† t: QŠ„ ‡4‰='‰‡Š5 &#•‚Š :"‚‰•‰4‚…„Š5‡8 ‡ :‰ˆ‰M5 
……‰•†ˆ‰€‰ '†=‚ :"„…†4„ :‰•‰&†8 † #+‚Š„ •†'„ˆ†+‚‡%†* •‰&„…‰%7
…‰ƒ'†%„ M†* †ƒ-ƒ„ :"†ˆ‚'‚'†8 OŠ‰€‰ :"„…†4„.

<48 ‡…‰&‰•'$* %‰'‚+'‰‡Š‚, Š"‚&#‚Š‡8 …$&"„Š5 #:"„…4‚'†‚ui
c

Š„%†ˆ ‰&"„ƒ‰ˆ7 +Š‰&$ …$:‰4'84„‡5 ‡†‡Š‚ˆ„ #‡4‰…†, (•.10) 4†&‰
(•.11). / '‰…‰, ƒ„•„+‚ #"„…'‚'†8 (•.10) &#•#Š †ˆ‚Š5 …†•

F i
c = f i

1(t) = 
 i
1ui

c + 
 i
2 •' i

c + 
 i
3 + 
 i

4 •q;

Ri
c = 0 = Qi

1ui
c + Qi

2 •' i
c + Qi

3 + Qi
4 •q: (•.H0)

QŠ# ‡†‡Š‚ˆ# 6‚‡Š† #"„…'‚'†, &#•‚ˆ "„‡‡ˆ„Š"†…„Š5 %„% ‡†‡Š‚ˆ#
‰Š'‰‡†Š‚45'‰ 6‚‡Š† '‚†ƒ…‚‡Š'$* •' i

c † ui
c: Nƒ …Š‰"‰€‰ ‡‰‰Š'‰6‚'†8

(•.H0) :‰4#+†ˆ

•' i
c =  Q 1i

2 (Qi
1ui

c + Qi
3 + Qi

4 •q): (•.H1)
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•‰•‡Š„…488 …$"„=‚'†‚ (•.H1) … :‚"…‰‚ #"„…'‚'†‚ ‡†‡Š‚ˆ$ (•.H0)7
:‰4#+†ˆ

(
 i
1  
 i

2Q 1i
2 Qi

1) ui
c = f i

1(t) + 
 i
2Q 1i

2 Qi
3  
 i

3+

+ (
 i
2Q 1i

2 Qi
4  
 i

4) •q; (•.H2)

‰Š%#•„ &#•‚Š ‡4‚•‰…„Š5

ui
c = (
 i

1  
 i
2Q 1i

2 Qi
1) 1 �

f i
1(t) + 
 i

2Q 1i
2 Qi

3  
 i
3+

+(
 i
2Q 1i

2 Qi
4  
 i

4) •q
�

: (•.H3)

/ :"„…‰, +„‡Š† ‡‰‰Š'‰6‚'†8 (•.H3) ‡Š‰†Š …$"„=‚'†‚7 ‡‰•‚"=„M‚‚
•q; „ ˆ‚=•# Š‚ˆ #:"„…4‚'†‚7 %„% ‰& OŠ‰ˆ #=‚ &$4‰ ‡%„ƒ„'‰7 …%4 +„‚Š
4†65 O4‚ˆ‚'Š$7 ƒ„…†‡8M†‚ ‰Šq; _q:

$'€…‡… …‰ˆ… •.2. •‘…Ž•‰•” "•†•#•& #€†Š” ‡…„ˆŽ…‚ƒ "‘…Ž•‰•
"••‚‘•Š‡•& •••‚Š”ˆ €"‘…Ž‰Š‡•& ••‡Š%‡••‚&”• †‰& ()*+, ••!†…
./ ’•‘”•‘€Š‚•&: 1) ••0•†& •„ Ž•†… •#‘…‚‡•$ •Ž&„•, „…Ž••&ŒŠ$ •‚
•q(t); … ‚…•1Š 2) "€‚Š” „…”Š‡ˆ •q ‡… Žˆ‘…1Š‡•Š [ ::: ] :

•q �  [ ::: ]; (•.HH)

!†Š [ ::: ] =  •qp + � ( _q  _qp) + � (q  qp); �; � > 0; qp(t) 2 „…†…‡‡•Š
"‘•!‘…””‡•Š †Ž•1Š‡•Š ••‘"€•… 3.4

C‰€4„‡'‰ :"„…†4# :‰•‰&†8 (•.HH) #:"„…4‚'†‚ui
c … ‡‰‰Š'‰6‚'††

(•.H3) &#•‚ˆ ‡Š"‰†Š5 ‡4‚•# M†ˆ ‰&"„ƒ‰ˆ?

ui
c = (
 i

1  
 i
2Q 1i

2 Qi
1) 1 �

f i
1(t) + 
 i

2Q 1i
2 Qi

3  
 i
3  

 (
 i
2Q 1i

2 Qi
4  
 i

4) [ ::: ]
	

: (•.HJ)

>'„4‰€†+'‰ Š‰ˆ#7 %„% OŠ‰ •‚4„4‰‡5 … § •.17 ˆ‰='‰ :‰%„ƒ„Š57 +Š‰
:"† …$&‰"‚ ui

c … …†•‚ (•.HJ) :‰4#+†ˆ

F i
c = f i

1(t) + (
 i
4  
 i

2Q 1i
2 Qi

4)(•q + [ ::: ]);

M i
c = M i

c (f i
1(t)) ; Ri

c = 0 : (•.HK)

IŠˆ‚Š†ˆ7 +Š‰ ‚‡4† %…„•"„Š'„8 ‡%‰&%„[ •q •qp + � ( _q _qp) + � (q 
 qp) ] = 0 ; Š.‚. q(t) ! qp(t) :"† t ! 1 † ‰&‚‡:‚+†…„‚Š‡8 ‡Š„&†4†ƒ„-
F†8 %‰":#‡„7 Š‰ … #"„…'‚'†† (•.HK) †ˆ‚‚ˆ F i

c = f i
1(t): QŠ‰ •‚4„‚Š
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‰:"„…•„''$ˆ :"†ˆ‚'‚'†‚ :"„…†4„ :‰•‰&†8. D„%†ˆ ‰&"„ƒ‰ˆ7 ‰‡'‰…-
'„8 ƒ„•„+„ •…†=‚'†8 ‡…‰&‰•'$* %‰'‚+'‰‡Š‚, ƒ„%4 +„‚Š‡8 … Š‰ˆ7
+Š‰&$ …$&‰"‰ˆ #:"„…4‚'†, … '†* ‰&‚‡:‚+†Š5 …$:‰4'‚'†‚ "„…‚'-
‡Š…„[ •q  •qp + � ( _q  _qp) + � (q  qp) ] = 0 :

>'„4‰€†+'‰ •48 ˆ‰ˆ‚'Š„ M i
c ; €•‚ #:"„…4‚'†‚ ƒ„•„‚Š‡8 ‡ F‚45 

‰&‚‡:‚+‚'†8 #‡4‰…†, (•.11)7 :‰4#+†ˆ

M i
c = f i

2(t) = � i
1ui

c + � i
2 •' i

c + � i
3 + � i

4 •q;

Ri
c = 0 = Qi

1ui
c + Qi

2 •' i
c + Qi

3 + Qi
4 •q: (•.HL)

D‰€•„ :"† …$&‰"‚ ƒ„%‰'„ #:"„…4‚'†8

ui
c = (� i

1  � i
2Q 1i

2 Qi
1) 1 �

f i
2(t) + � i

2Q 1i
2 Qi

3  � i
3  

 (� i
2Q 1i

2 Qi
4  � i

4) [ ::: ]
	

; (•.H@)

€•‚ •' i
c #•‰…4‚Š…‰"8‚Š ‡‰‰Š'‰6‚'† (•.H1) •48 ‡‰‰Š…‚Š‡Š…# M‚€‰

#:"„…4‚'†87 &#•‚Š …$:‰4'8Š5‡8 ‡†‡Š‚ˆ„ #"„…'‚'†,

M i
c = f i

2(t) + (� i
4  � i

2Q 1i
2 Qi

4)(•q + [ ::: ]);

F i
c = F i

c (f i
2(t)) ; Ri

c = 0 : (•.H9)

A•‚‡5 Š„% =‚7 %„% † … :"‚•$•#M‚ˆ ‡4#+„‚ (•.HK)7 ‚‡4†

[ •q  •qp + � ( _q  _qp) + � (q  qp) ] = 0 ; Š‰ M i
c = f i

2(t):

<48 ‰:‰"'‰, E„ƒ$ †ˆ‚‚ˆ ‡‰‰Š'‰6‚'†‚ (•.21)?

R = Q1(q) uo + Q2(q) •q + Q3(q; _q; t)

† "‚€#48Š‰" …†•„ (•.22)?

uo = Q 1
1 (q) f r (t) + Q2(q) [ ::: ]  Q3(q; _q; t) g ;

€•‚ r (t) ! ƒ„•„''„8 …‚%Š‰"-E#'%F†8 …"‚ˆ‚'†.
C:"„…‚•4†…$ Š„%=‚ ‡‰‰Š'‰6‚'†8 (•.23) ± (•.2J). R4„…'$, …‚%-

Š‰" ‡†4 † ˆ‰ˆ‚'Š‰…7 •‚,‡Š…# M†* '„ %‰":#‡ ‡‰ ‡Š‰"‰'$ ‰:‰"'$*
%‰'‚+'‰‡Š‚,7 ƒ„•„‚Š‡8 ‡‰€4„‡'‰ ‡†‡Š‚ˆ‚ #"„…'‚'†, (•.2K)?

Fo = 
 1(q)u0 + 
 2(q)•q + 
 3(q; _q; t);

M o = � 1(q)uo + � 2(q)•q + � 3(q; _q; t):

112 •€ˆ ƒ!…‰ˆ…. "…†ƒ‡ ‡ˆ‰Š‚ˆ‹…Œ•ˆŽ •ƒ•‚‘’…‰ˆ„

•‰•‡Š„…488uo (•.22) … ‡†‡Š‚ˆ# (•.2K)7 :‰4#+†ˆ … '‰…$* ‰&‰ƒ'„+‚-
'†8*

Fo = D1(q; _q; t) + D2(q) [ ::: ] + 
 2(q)•q;

M o = E1(q; _q; t) + E2(q) [ ::: ] + � 2(q)•q: (•.J0)

<48 :‚"‚'‰‡'‰, E„ƒ$ ‡Š„…†Š‡8 ƒ„•„+„ ‰Š‡4‚=†…„'†8 :"‰€"„ˆˆ-
'‰€‰ •…†=‚'†8 ' i

hp (t): •‰45ƒ#8‡5 #"„…'‚'†‚ˆ •…†=‚'†8 •48 :‚"‚-
'‰‡'‰, %‰'‚+'‰‡Š†

Ri
h = 0 = Qi

1ui
h + Qi

2 •' i
h + Qi

3 + Qi
4 •q;

:‰4#+†ˆ
ui

h =  Q 1i
1 (Qi

2 •' i
h + Qi

3 + Qi
4 •q):

•"†ˆ‚'88 •„4‚‚ :"„…†4‰ :‰•‰&†87 #:"„…4‚'†‚ ui
h ƒ„•„•†ˆ … …†•‚

ui
h =  Q 1i

1

�
 Qi

2

�
 •' i

hp +  1 ( _' i
h  _' i

hp ) +  2 (' i
h  ' i

hp )
�

+

+ Qi
3  Qi

4 [  •qp + � ( _q  _qp) + � (q  qp) ]
	

; (•.J1)

€•‚  1;  2; �; � > 0.
•"† :‰•‡Š„'‰…%‚ …$"„=‚'†8 (•.J1) … #"„…'‚'†‚ •48 Ri

h = 0
:‰4#+†ˆ

0 = Qi
2

�
•' i

h  •' i
hp +  1 ( _' i

h  _' i
hp ) +  2 (' i

h  ' i
hp )

�
+

+ Qi
4 [ •q  •qp + � ( _q  _qp) + � (q  qp) ] ; (•.J2)

‰Š%#•„7 ‚‡4† …$:‰4'‚'‰ ‡‰‰Š'‰6‚'†‚

•q  •qp + � ( _q  _qp) + � (q  qp) = 0 ;

Š‰7 :‰‡%‰45%#det Qi
2 6= 0 ; det Qi

4 6= 0 ; &#•‚ˆ †ˆ‚Š5

•' i
h  •' i

hp +  1 ( _' i
h  _' i

hp )+  2 (' i
h  ' i

hp ) = 0 = ) ' i
h (t)     !

t ! 1
' i

hp (t):

Nƒ #"„…'‚'†8 (•.J2) ‡4‚•#‚Š7 +Š‰

' i
h =  Q 1i

2

�
Qi

2

�
 •' i

hp +  1 ( _' i
h  _' i

hp ) +  2 (' i
h  ' i

hp )
�

+

+ Qi
4 [ •q  •qp + � ( _q  _qp) + � (q  qp) ]

	
; (•.J3)
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Š.‚. •' i
h ‚‡Š5 E#'%F†8 :‚"‚ˆ‚''$* q; _q; •q; ' i

h ; _' i
h † †* :"‰€"„ˆˆ'$*

•…†=‚'†,. S„%‰'‚F7 :‰•‡Š„…488 #:"„…4‚'†‚ (•.J1) … …$"„=‚'†‚
•48 ‡†4$ † ˆ‰ˆ‚'Š„ ‡‰ ‡Š‰"‰'$ :‚"‚'‰‡'$* %‰'‚+'‰‡Š‚, † :"‰-
†ƒ…‰•8 ‡#ˆˆ†"‰…„'†‚ :‰i ‰Š 1 •‰m; :‰4#+†ˆ

Fh = G1(' h ; _' h ; q; _q) + G2(' h ; q) •q + G3(' h ; q) [ ::: ];

M h = J1(' h ; _' h ; q; _q) + J2(' h ; q) •q + J3(' h ; q) [ ::: ]: (•.JH)

G„‡‡ˆ‰Š"†ˆ Š‚:‚"5 ‡…‰&‰•'$‚ %‰'‚+'‰‡Š†. T#•‚ˆ :"‚•:‰4„€„Š57
+Š‰ # BC †ˆ‚ Š‡8 •…‚ ‡…‰&‰•'$‚ %‰'‚+'‰‡Š† ‡ €4„…'$ˆ …‚%Š‰"‰ˆ
‡†4 † ˆ‰ˆ‚'Š‰…U1

c † U2
c ‡‰‰Š…‚Š‡Š…‚''‰. <48 :‚"…‰, †ƒ '†* &#-

•‚ˆ ƒ„•„…„Š5 ‡†4#7 „ •48 …Š‰"‰, ! ˆ‰ˆ‚'Š … 6„"'†"‚ %"‚:4‚'†8 ‡
%‰":#‡‰ˆ „::„"„Š„ (‡ˆ. ‡‰‰Š'‰6‚'†8 (•.29) † (•.30)). Nˆ‚‚ˆ

Fc = F 1
c + F 2

c ; M 1
c + M 2

c + ( F 1
c + F 2

c ) � dc:

•"‰†ƒ…‰•8 '‚‰&*‰•†ˆ$‚ …$+†‡4‚'†87 ˆ‰='‰ :‰4#+†Š5 ƒ„…†‡†-
ˆ‰‡Š5M i

c ‰Šf i
1(t) † F i

c ‰Šf i
2(t) … ‡†‡Š‚ˆ„* (•.HK) † (•.H9) :"†

:‰•‡Š„'‰…%‚ …$"„=‚'†, ui
c † •' i

c :

M i
c = � i

1 f i
1(t) + � i

2 •q + � i
3 [ ::: ] + � i

4; (•.JJ)

F i
c = 	 i

1 f i
2(t) + 	 i

2 •q + 	 i
3 [ ::: ] + 	 i

4; (•.JK)

€•‚ ……‚•‚'$ ‡4‚•# M†‚ ‰&‰ƒ'„+‚'†8?

� i
1 = (� i

1  � i
2Q 1i

2 Qi
1)(
 i

1  
 i
2Q 1i

2 Qi
1) 1;

� i
2 = � i

4  � i
2Q 1i

2 Qi
4;

� i
3 = (� i

1 + � i
2Q 1i

2 Qi
1)(
 i

1  
 i
2Q 1i

2 Qi
1) 1(
 i

2Q 1i
2 Qi

4  
 i
4);

� i
4 = (� i

1  � i
2Q 1i

2 Qi
1)(
 i

1  
 i
2Q 1i

2 Qi
1) 1(
 i

2Q 1i
2 Qi

3  
 i
3)  

 � i
2Q 1i

2 Qi
3 + � i

3:

/ …$"„=‚'†† (•.JK) …‚4†+†'$ 	 i
j ; j = 1 ; 2; 3; 4 …$+†‡48 Š‡8 :‰ Š‚ˆ

=‚ ‡„ˆ$ˆ E‰"ˆ#4„ˆ7 +Š‰ † � i
j ‡ Š‰, 4†65 "„ƒ'†F‚,7 +Š‰ …‚4†+†'$


 i
j † � i

j ˆ‚'8 Š‡8 ˆ‚‡Š„ˆ†.
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I%‰'+„Š‚45'‰7 •48 ‡…‰&‰•'$* %‰'‚+'‰‡Š‚, ‡ #+‚Š‰ˆ ‡†‡Š‚ˆ$
(•.JJ) † (•.JK) :‰4#+†ˆ

F 1
c = f 1

c (t) + P1 •q + P1 [ ::: ];

F 2
c = 	 1 f 2

c (t) + 	 2 •q + 	 3 [ ::: ] + 	 4;

M 1
c = � 1 f 1

c (t) + � 2 •q + � 3 [ ::: ] + � 4;

M 2
c = f 2

c (t) + P2 •q + P2 [ ::: ]; (•.JL)

€•‚ ‰&‰ƒ'„+‚'‰

P1 = 
 i
4  
 i

2Q 1i
2 Qi

4 (i = 1) ; P2 = � i
4  � i

2Q 1i
2 Qi

4 (i = 2) :

C%4„•$…„8 …$"„=‚'†8 •48 ‡†4 † ˆ‰ˆ‚'Š‰… …‡‚* %‰'‚+'‰‡Š‚,
(•.J0)7 (•.JH)7 (•.JL) † :‰•‡Š„…488 †* … #"„…'‚'†‚ •…†=‚'†8 %‰"-
:#‡„ BC7 :‰4#+†ˆ

AF (q) •q + BF (q; _q) = Fc + Fo + Fh =

= f 1
c (t) + P1 •q + P1 [ ::: ] + 	 1 f 2

c (t) + 	 2 •q+

+ 	 3 [ ::: ] + 	 4 + D1 + D2 [ ::: ]+

+ 
 2 •q + G1 + G2 •q + G3 [ ::: ]; (•.J@)

„ Š„%=‚

AM (q) •q + BM (q; _q) = M c + M o + M h =

= f 2
c (t) + P2 •q + P2 [ ::: ] + � 1 f 1

c (t) + � 2 •q + � 3 [ ::: ] + � 4 +

+
 
f 1

c (t) + P1 •q + P1 [ ::: ] + 	 1 f 2
c (t) + 	 2 •q + 	 3 [ ::: ] + 	 4

�
� dc +

+ E1 + E2 [ ::: ] + � 2 •q + J1 + J2 •q + J3 [ ::: ]: (•.J9)

/ #"„…'‚'†† (•.J@) …$&‚"‚ˆ

f 1
c (t) + 	 1 f 2

c (t) = BF (q; _q)  AF (q) [ ::: ] 

 (P1 + 	 3 + D2 + G3)[ ::: ]	 4  D1  G1+

+ ( P1 + 	 2 + 
 2 + G2) [ ::: ]: (•.K0)

/ #"„…'‚'†† (•.J9) :"‚‰&"„ƒ#‚ˆ :"„…# +„‡Š57 ……‚•8 '‰…$‚ ‰&‰-
ƒ'„+‚'†8

 
f 1

c (t) + 	 1 f 2
c (t)

�
� dc + ( P1 •q + P1 [ ::: ] + 	 2 •q + 	 3 [ ::: ] + 	 4) �

� dc = 	 1� + P1� •q + P1� [ ::: ] + 	 2� •q + 	 3� [ ::: ] + 	 4� : (•.K1)
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D‰€•„ … #"„…'‚'†† (•.J9) …$&‚"‚ˆ

f 2
c (t) + � 1 f 1

c (t) = BM (q; _q)  AM (q) [ ::: ] 

 (P2 + � 3 + P1� + 	 3� + E2 + J2) [ ::: ] 

 (� 4 + 	 1� + 	 4� + E1 + J1) +

+ ( P2 + � 2 + P1� + 	 2� + � 2 + J2) [ ::: ]: (•.K2)

A„ˆ‚Š†ˆ7 +Š‰ … #"„…'‚'†8 (•.K0) † (•.K2) •q '‚ …*‰•†Š. QŠ† #"„…-
'‚'†8 ‡#Š5 #"„…'‚'†8 •48 ‰:"‚•‚4‚'†8 •…#* (:‰%„ '‚†ƒ…‚‡Š'$*)
…‚%Š‰"-E#'%F†,f 1

c (t) † f 2
c (t): G„ƒ"‚6„8 OŠ# ‡†‡Š‚ˆ#7 :‰4#+†ˆ

f 2
c (t) = ( I  � 1	 1) 1 (W2  � 1W1);

f 1
c (t) = W1  	 1 (I  � 1	 1) 1 (W2  � 1W1); (•.K3)

€•‚ ‰&‰ƒ'„+‚'‰

W1 = BF (q; _q)  AF (q) [ ::: ]  	 4  D1  G1+

+ (	 2 + 
 2 + G2  	 3  D2  G3) [ ::: ];

W2 = BM (q; _q)  AM (q) [ ::: ]  (� 4 + 	 1� + 	 4� + E1 + J1) +

+ (� 2 + 	 2� + � 2 + J2  � 3  	 3�  E2  J3) [ ::: ]:

S„%‰'‚F7 :‰•‡Š„…†ˆ ‡‰‰Š'‰6‚'†8 (•.K0) † (•.K2) … #"„…'‚'†8
(•.J@) † (•.J9) ‡‰‰Š…‚Š‡Š…‚''‰. •‰‡4‚ ‡#ˆˆ†"‰…„'†8 &#•‚ˆ †ˆ‚Š5

AF (q) •q + BF (q; _q) = BF (q; _q)  AF (q) [ ::: ]+

+ ( P1 + 	 2 + 
 2 + G2) •q +

+ ( P1 + 	 2 + 
 2 + G2) [ ::: ];

AM (q) •q + BM (q; _q) = BM (q; _q)  AM (q) [ ::: ] +

+ ( P2 + � 2 + P1� + 	 2� + � 2 + J2) •q +

+ ( P2 + � 2 + P1� + 	 2� + � 2 + J2) [ ::: ];

‰Š%#•„ :‰4#+†ˆ

A1(q) [ •q  •qp + � ( _q  _qp) + � (q  qp) ] = 0 ;

A2(q) [ •q  •qp + � ( _q  _qp) + � (q  qp) ] = 0 ; (•.KH)

116 •€ˆ ƒ!…‰ˆ…. "…†ƒ‡ ‡ˆ‰Š‚ˆ‹…Œ•ˆŽ •ƒ•‚‘’…‰ˆ„

€•‚ ‰&‰ƒ'„+‚'‰

A1(q) = AF (q)  (P1 + 	 2 + 
 2 + G2);

A2(q) = AM (q)  (P2 + � 2 + P1� + 	 2� + � 2 + J2):

Nƒ #"„…'‚'†, (•.KH) ‡ #+‚Š‰ˆ '‚…$"‰=•‚''‰‡Š† ˆ„Š"†F A1(q);
A2(q) :‰4#+†ˆ

•q  •qp + � ( _q  _qp + � (q  qp) = 0 = ) q(t)     !
t ! 1

qp(t):

D„%†ˆ ‰&"„ƒ‰ˆ7 ‡:"„…‚•4†…‰ #Š…‚"=•‚'†‚.
#…ƒ€…‚Š •.2. •€•‚ƒ „…†…‡ˆ •‰Š†€‹Œ•Š ŽŠ•‚•‘-’€‡•“•• Ž‘Š-

”Š‡•: qp(t); ' i
hp (t); r (t):  •!†…, Žˆ#•‘…& €"‘…Ž‰Š‡•& Ž •#‘…‚‡ˆ0

•Ž&„&0 3. "• "‘…Ž•‰…”

uo = Q 1
1 (q) f r (t) + Q2(q) [ ::: ]  Q3(q; _q; t) g ; �; � > 0;

ui
h =  Q 1i

1

�
 Qi

2

�
 •' i

hp +  1 ( _' i
h  _' i

hp ) +  2 (' i
h  ' i

hp )
�

+

+ Qi
3  Qi

4 [ ::: ]
	

;  1;  2 > 0;

ui
c = (
 i

1  
 i
2Q 1i

2 Qi
1) 1 �

f i
1(t) + 
 i

2Q 1i
2 Qi

3  
 i
3  

 (
 i
2Q 1

2 Qi
4  
 i

4) [ ::: ]
	

(i = 1) ;

ui
c = (� i

1  � i
2Q 1i

2 Qi
1) 1 �

f i
2(t) + � i

2Q 1i
2 Qi

3  � i
3  

 (� i
2Q 1i

2 Qi
4  � i

4) [ ::: ]
	

(i = 2) ;

!†Š f 1
c (t); f 2

c (t) Žˆ%••‰&‹‚•& ••!‰…•‡• •••‚Š”Š (•.K3) ; [ ::: ] =
[  •qp + + � ( _q  _qp) + � (q  qp) ]; �; � > 0; #€†Š” •#Š•"Š%•Ž…‚ƒ
Žˆ"•‰‡Š‡•Š “Š‰ŠŽˆ0 €•‰•Ž•$:

R(t) = r (t); F i
c (t) = f i

1(t) ( i = 1) ; M i
c(t) = f i

2(t) ( i = 2) ;

q(t) ! qp(t); ' i
h (t) ! ' i

hp (t) ( t ! 1 ):

NŠ„%7 …$&‰"‰ˆ ‡‰‰Š…‚Š‡Š…# M†* #:"„…4‚'†, … •…#* ‡…‰&‰•'$*
%‰'‚+'‰‡Š8* ˆ‰='‰ ‰&‚‡:‚+†Š5 ‡Š„&†4†ƒ†"#‚ˆ‰‚ † :‰4'‰‡Š5 #"„…-
'‰…‚6‚''‰‚ •…†=‚'†‚ 4‰%‰ˆ‰F†‰''‰€‰ „::„"„Š„. / %„+‚‡Š…‚ ƒ„ˆ‚-
+„'†8 (‰& OŠ‰ˆ7 :"„…•„7 €‰…‰"†4‰‡5 † "„'‚‚) ‰Šˆ‚Š†ˆ7 +Š‰ :"† ‡"„…-
'‚'†† •U</ † IU</ ‰&'„"#=†…„‚Š‡8 ‡4‚•# M‚‚? ‡†‡Š‚ˆ„ #:"„…-
4‚'†, † %4„‡‡ •…†=‚'†, ‡‰…:„•„ Š •48 %‰":#‡„ † ‰:‰"'$* %‰'‚+-
'‰‡Š‚, (ƒ„ ‡+‚Š '„4†+†8 ‰•†'„%‰…$* Š‰+‚% ‰:‰"$) † ‰Š4†+„ Š‡8
•48 :‚"‚'‰‡'$* † ‡…‰&‰•'$* %‰'‚+'‰‡Š‚,.
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/ 2009 €‰•# P'†…‚"‡†Š‚Š ‡Š„4 :‰&‚•†Š‚-
4‚ˆ ˆ'‰€‰OŠ„:'‰€‰ %‰'%#"‡„7 … "‚ƒ#45Š„Š‚ %‰-
Š‰"‰€‰ ‰:"‚•‚4‚'$ 12 …‚•#M†* #'†…‚"‡†Š‚-
Š‰… G‰‡‡††7 %‰Š‰"$ˆ :"†‡…‰‚'„ %„Š‚€‰"†8 ªS„-
F†‰'„45'$, †‡‡4‚•‰…„Š‚45‡%†, #'†…‚"‡†Š‚Šº.
U†'†‡Š‚"‡Š…‰ˆ ‰&"„ƒ‰…„'†8 † '„#%† G‰‡‡†,-
‡%‰, Z‚•‚"„F†† &$4„ #Š…‚"=•‚'„ :"‰€"„ˆˆ„ ‚€‰ "„ƒ…†Š†8 '„ 2009-
201@ €‰•$. / 2011 €‰•# P'†…‚"‡†Š‚Š :‰4#+†4 '„†ˆ‚'‰…„'†‚ ªC„'%Š-
•‚Š‚"&#"€‡%†, '„F†‰'„45'$, †‡‡4‚•‰…„Š‚45‡%†, #'†…‚"‡†Š‚Š †'-
E‰"ˆ„F†‰''$* Š‚*'‰4‰€†,7 ˆ‚*„'†%† † ‰:Š†%†º.

•€•‚ƒ„€ …†…‡‚ˆ ‰Š„€‹Œ‚•†Ž † †•••„ˆ€‡†•†

•€•‚ƒ„€ …†‡ˆ‚‰ Š‹„€Œ•‚Ž†• † •Ž•‘„‰€ˆ†’† (ƒ‘ 2001 “. ’€•‚ƒ„€
”Œˆ‘‰€ˆ†’† † •‚•‚‰‚–€Ž†’†) •€’—•˜ˆ‚ˆ€ •‘‰‹˜™ˆ‚„Žš– •‚–Ž‘•‘“†› †
Š‹„€Œ•‚Ž†• œš•€ ‘‡Ž‘Œ€Ž€ Œ 1945 “. Ž€ œ€•‚ •€’—•˜ˆ‚ˆ€ ž•‚’ˆ„‘‹„†-
œ‘„‘‡ˆ„‘‚Ž†• Ÿ•• °. µ€ ’€•‚ƒ„— ”Œˆ‘‰€ˆ†’† † ˆ‚•‚‰‚–€Ž†’† Ÿ••-
 ° œš•€ Œ‘••‘¾‚Ž€ •€ƒ€À€ ‹‘ƒ“‘ˆ‘Œ’† ‡‹‚É†€•†‡ˆ‘Œ ‹‘ €Œˆ‘‰€ˆ†•€É††
‹„†œ‘„‘‡ˆ„‘†ˆ‚•˜Ž‘› ‹„‘‰šÌ•‚ŽŽ‘‡ˆ†, €Œˆ‘‰€ˆ†À‚‡’†– ‡†‡ˆ‚‰ —‹„€Œ-
•‚Ž†•, ‡†‡ˆ‚‰ ˆ‚•‚‰‚–€Ž†’† † ˆ‚•‚†•‰‚„‚Ž†›. Ñ‚„Œš› Œš‹—‡’ ‰‘•‘ƒš–
†Ž¾‚Ž‚„‘Œ ‡‘‡ˆ‘••‡• Œ 1948 “. † ‡‘‡ˆ€Œ†• 17 À‚•‘Œ‚’. Ñ‚„Œš‰ •€Œ‚ƒ—™-
Ò†‰ ’€•‚ƒ„š œš• ’„—‹Žš› ‡‹‚É†€•†‡ˆ Œ ‘œ•€‡ˆ† ‡†‡ˆ‚‰ ˆ‚•‚†•‰‚„‚Ž†›,
‹„‘•‚‡‡‘„  €„’ Ÿ˜Œ‘Œ†À Ó—’’‚„‰€Ž.

Ô 1955 “. ‹„† ’€•‚ƒ„‚ ‘œ„€•‘Œ€Ž€ Ž€—ÀŽ‘-†‡‡•‚ƒ‘Œ€ˆ‚•˜‡’€• •€-
œ‘„€ˆ‘„†† (µ•Ÿ). Ô Õˆ‘ˆ ‹‚„†‘ƒ ‘‡Ž‘ŒŽš‚ Ž€‹„€Œ•‚Ž†• Ž€—ÀŽ‘-
†‡‡•‚ƒ‘Œ€ˆ‚•˜‡’†– „€œ‘ˆ ‹„‚ƒ‡ˆ€Œ•••† •€ƒ€À† €Œˆ‘‰€ˆ†•€É†† †•‰‚„‚Ž†•
† „‚“†‡ˆ„€É†† ‹€„€‰‚ˆ„‘Œ ’‘„€œ•‚› Œ‘ Œ„‚‰• †– ‰‘„‚–‘ƒŽš– †‡‹šˆ€Ž†›,
€ ˆ€’¾‚ ‡ˆ€œ†•†•€É†† ‡’‘„‘‡ˆ† † •€•†„‘Œ€Ž†• ƒŒ†“€ˆ‚•‚›. Ñ‘ƒ Ž€—ÀŽš‰
„—’‘Œ‘ƒ‡ˆŒ‘‰ ‹„‘•.  .Ÿ. Ó—’’‚„‰€Ž€ œš•€ Ž€•€¾‚Ž€ ‹‘ƒ“‘ˆ‘Œ’€ Ž€—À-
Žš– ’€ƒ„‘Œ Œš‡Ì‚› ’Œ€•†•†’€É†† À‚„‚• ‡†‡ˆ‚‰— €‡‹†„€Žˆ—„š.

… 1959 “. ‹‘ 1970 ’€•‚ƒ„— Œ‘•“•€Œ••• —À‚Ž†’  .Ÿ. Ó—’’‚„‰€Ž€ ƒ‘-
É‚Žˆ Ö•†‰†› ”‹‘••‘Ž‘Œ†À •€Ž‡’†›. ×€ Œ„‚‰• ‚“‘ „—’‘Œ‘ƒ‡ˆŒ€ Œ Ž€—ÀŽ‘-
†‡‡•‚ƒ‘Œ€ˆ‚•˜‡’‘› „€œ‘ˆ‚ Ž€ ’€•‚ƒ„‚ ‹„‘†•‘Ì‚• •€‰‚ˆŽš› ‹‘Œ‘„‘ˆ ’
‹„‘œ•‚‰€‰ €Œˆ‘‰€ˆ†•€É†† ‘‹ˆ†’‘-‰‚–€Ž†À‚‡’‘“‘ ‹„†œ‘„‘‡ˆ„‘‚Ž†•, Àˆ‘
‹„†Œ‚•‘ ’ ƒ•†ˆ‚•˜Ž‘‰— Ž€—ÀŽ‘-ˆ‚–Ž†À‚‡’‘‰— ‡‘ˆ„—ƒŽ†À‚‡ˆŒ— ’€•‚ƒ„š ‡
Ÿ° ° †‰. Ô.•. Ÿ‚Ž†Ž€, Œ „€‰’€– ’‘ˆ‘„‘“‘ ƒ•• Ž—¾ƒ ‘œ‘„‘ŽŽ‘› ˆ‚–Ž†’†
œš•€ „€•„€œ‘ˆ€Ž€ É‚•€• “€‰‰€ ‹„‚É†•†‘ŽŽš– •‘ˆ‘Õ•‚’ˆ„†À‚‡’†– ‡•‚ƒ•-
Ò†– ‡†‡ˆ‚‰. Ô „€‰’€– Ž€—ÀŽ‘-ˆ‚–Ž†À‚‡’‘“‘ ‡‘ˆ„—ƒŽ†À‚‡ˆŒ€ ‡ µ••ž•Š
’€•‚ƒ„€ ‹„†Ž••€ —À€‡ˆ†‚ Œ „€•„€œ‘ˆ’‚ €Œˆ‘‰€ˆ†À‚‡’‘› •‘ˆ‘ˆ‚•‚“„€•-
Ž‘› €‹‹€„€ˆ—„š, „‚€•†•‘Œ€ŽŽ‘› Œ Œ†ƒ‚ ’‘‰‹•‚’‡€ ªØ€•‚ˆ€-2º.



… 1970 ‹‘ 1990 “., •€ Œ„‚‰• „—’‘Œ‘ƒ‡ˆŒ€ ’€•‚ƒ„‘› †•Œ‚‡ˆŽ‘“‘ Œ ‡ˆ„€Ž‚
‡‹‚É†€•†‡ˆ€ Œ ‘œ•€‡ˆ† €Œˆ‘‰€ˆ†•†„‘Œ€ŽŽ‘“‘ Õ•‚’ˆ„‘‹„†Œ‘ƒ€ † •‘ˆ‘-
Õ•‚’ˆ„†À‚‡’†– ‡•‚ƒ•Ò†– ‡†‡ˆ‚‰ ƒ‘’ˆ‘„€ ˆ‚–Ž†À‚‡’†– Ž€—’, ‹„‘•‚‡‡‘-
„€  „†• ”•‚’‡‚‚Œ†À€ …€œ†Ž†Ž€, •€‰‚ˆŽ‘ †•‰‚Ž†•€‡˜ ‡ˆ„—’ˆ—„€ ƒ†‡É†-
‹•†Ž † ’—„‡‘Œ, À†ˆ€‚‰š– ‡ˆ—ƒ‚Žˆ€‰ ’€•‚ƒ„š. • ˆ„€ƒ†É†‘ŽŽš‰ ’—„‡€‰
ª•‚‘„†• €Œˆ‘‰€ˆ†À‚‡’‘“‘ „‚“—•†„‘Œ€Ž†• † ‡•‚ƒ•Ò†‚ ‡†‡ˆ‚‰šº, ª•‚‘„†•
€Œˆ‘‰€ˆ†À‚‡’‘“‘ —‹„€Œ•‚Ž†•, Õ’‡ˆ„‚‰€•˜Žš‚ † €ƒ€‹ˆ†ŒŽš‚ ‡†‡ˆ‚‰šº,
ªž•‚‰‚Žˆš €Œˆ‘‰€ˆ†’†º † ª•‚•‚‰‚–€Ž†’€º œš•† ƒ‘œ€Œ•‚Žš ƒ†‡É†‹•†Žš:
ª•‚‘„‚ˆ†À‚‡’†‚ ‘‡Ž‘Œš ’†œ‚„Ž‚ˆ†’†º, ªŸ‘’€•˜Žš‚ ‡†‡ˆ‚‰š —‹„€Œ•‚Ž†•º,
ª…”Ñ! ‡†‡ˆ‚‰ —‹„€Œ•‚Ž†•º † ƒ„—“†‚. Ñ„†’•€ƒŽš‚ „€•„€œ‘ˆ’† ’€•‚ƒ-
„š œš•† ‡Œ••€Žš ‡ •€ƒ€À€‰† €ƒ€‹ˆ†ŒŽ‘› ‘‹ˆ†’† ƒ•• ‰Ž‘“‘Õ•‚‰‚ŽˆŽš–
•‚„’€• ‘‹ˆ†À‚‡’†– ˆ‚•‚‡’‘‹‘Œ † ’‘„„‚’É†† Œ‘•Ž‘Œ‘“‘ •„‘Žˆ€ ˆ‚–Ž‘•‘-
“†À‚‡’†– •€•‚„‘Œ; ‡ •€ƒ€À€‰† €ƒ€‹ˆ†ŒŽ‘› „€ƒ†‘‘‹ˆ†’† ‹„†‰‚Ž†ˆ‚•˜Ž‘ ’
‹„‘œ•‚‰‚ —‹„€Œ•‚Ž†• œ‘•˜Ì†‰† ‹‘•Ž‘‹‘Œ‘„‘ˆŽš‰† „€ƒ†‘ˆ‚•‚‡’‘‹€‰†;
“„‚œŽ‘“‘ Õ•‚’ˆ„‘‹„†Œ‘ƒ€ † „‘œ‘ˆ‘ˆ‚–Ž†À‚‡’†– ‡†‡ˆ‚‰, €Œˆ‘‰€ˆ†À‚‡’‘“‘
—‹„€Œ•‚Ž†• ‹„‘É‚‡‡‘‰ ‰•“’‘› ‹‘‡€ƒ’† •‚ˆ€ˆ‚•˜Žš– €‹‹€„€ˆ‘Œ.

… 1990 “. Ž€—ÀŽ‘-†‡‡•‚ƒ‘Œ€ˆ‚•˜‡’€• „€œ‘ˆ€ ’€•‚ƒ„š Œ‚•€‡˜ ‹‘ •‚ƒ‚-
„€•˜Žš‰ É‚•‚Œš‰ ‹„‘“„€‰‰€‰ † ’‘Ž’—„‡Žš‰ ‹„‘‚’ˆ€‰ !""•,  †Ž‘-
œ„€•‘Œ€Ž†• † ”ƒ‰†Ž†‡ˆ„€É†† …€Ž’ˆ-Ñ‚ˆ‚„œ—„“€. … É‚•˜™ „€‡Ì†„‚Ž†•
†‡‡•‚ƒ‘Œ€Ž†›, ‹„‘Œ‘ƒ†‰š– ‹‘ ˆ‚‘„†† Ž‚•†Ž‚›Žš– † €ƒ€‹ˆ†ŒŽš‰ ‡†‡ˆ‚‰,
„‘œ‘ˆ‘Œ † ‰†’„‘‹„‘É‚‡‡‘„Ž‘› ˆ‚–Ž†’†, € ˆ€’¾‚ €’ˆ†Œ†•€É†† ‹‘ƒ“‘ˆ‘Œ’†
’€ƒ„‘Œ Œ 1994 “. ‘œ„€•‘Œ€Ž€ Ž€—ÀŽ€• Ÿ€œ‘„€ˆ‘„†• •†œ‚„Ž‚ˆ†’† † …†-
‡ˆ‚‰ —‹„€Œ•‚Ž†• („—’‘Œ‘ƒ†ˆ‚•˜ ‹„‘•. •.Ô.  †„‘ÌŽ†’). … 1994 “. ‡—-
Ò‚‡ˆŒ‚ŽŽ‘ „€‡Ì†„†•†‡˜ ‰‚¾ƒ—Ž€„‘ƒŽš‚ ’‘Žˆ€’ˆš ’€•‚ƒ„š, —À€‡ˆ†‚ Œ
‡€‰š– ‹„‚‡ˆ†¾Žš– ‰‚¾ƒ—Ž€„‘ƒŽš– Ž€—ÀŽš– ‰‚„‘‹„†•ˆ†•–, ‘„“€Ž†•€-
É†† ’‘Ž•‚„‚ŽÉ†› † ‡†‰‹‘•†—‰‘Œ. … 1998 “. Ž€ œ€•‚ ’€•‚ƒ„š Œ —Ž†Œ‚„‡†-
ˆ‚ˆ‚ ‚¾‚“‘ƒŽ‘ ‹„‘Œ‘ƒ†ˆ‡•  ‚¾ƒ—Ž€„‘ƒŽ€• ‡ˆ—ƒ‚ŽÀ‚‡’€• ‘•†‰‹†€ƒ€ ‹‘
€Œˆ‘‰€ˆ†À‚‡’‘‰— —‹„€Œ•‚Ž†™, € ‡ 2009 “‘ƒ€ ‹„‘Œ‘ƒ†ˆ‡• Ô‡‚„‘‡‡†›‡’†›
"‚‡ˆ†Œ€•˜  ‚–€ˆ„‘Ž†’† † !‘œ‘ˆ‘ˆ‚–Ž†’†.

Ô 2001 “. ’€•‚ƒ„€ œš•€ ‹‚„‚†‰‚Ž‘Œ€Ž€ † ‹‘•—À†•€ Ž€•Œ€Ž†‚ ª•€•‚ƒ-
„€ …†‡ˆ‚‰ —‹„€Œ•‚Ž†• † †Ž•‘„‰€ˆ†’†º. Ô 2010 “. ’€•‚ƒ„— Œ‘•“•€Œ†•
ƒ‘’ˆ‘„ ˆ‚–Ž†À‚‡’†– Ž€—’, ‹„‘•‚‡‡‘„ #‘œÉ‘Œ ”•‚’‡‚› ”•‚’‡‚‚Œ†À, „€œ‘-
ˆ€™Ò†› Œ ˆ‘ Œ„‚‰• —¾‚ Œ ƒ‘•¾Ž‘‡ˆ† ƒ‚’€Ž€ •€’—•˜ˆ‚ˆ€ •‘‰‹˜™ˆ‚„Žš–
ˆ‚–Ž‘•‘“†› † —‹„€Œ•‚Ž†•. Ñ„‘•‚‡‡‘„ #‘œÉ‘Œ ”.”. •Œ••‚ˆ‡• ‹„‚ƒ‡‚ƒ€ˆ‚-
•‚‰ ‡‘Œ‚ˆ‘Œ ‰‘•‘ƒš– —À‚Žš– …€Ž’ˆ-Ñ‚ˆ‚„œ—„“€ † …‚Œ‚„‘-×€‹€ƒŽ‘“‘ "‚-
ƒ‚„€•˜Ž‘“‘ °’„—“€. Ô Ž€‡ˆ‘•Ò‚‚ Œ„‚‰• ’€•‚ƒ„€ •Œ••‚ˆ‡• ‘ƒŽ†‰ †• Œ‚ƒ—-
Ò†– „‘‡‡†›‡’†– Ž€—ÀŽš– † ‘œ„€•‘Œ€ˆ‚•˜Žš– É‚Žˆ„‘Œ, ‘„†‚Žˆ†„‘Œ€ŽŽš‰
Ž€ •—Žƒ€‰‚Žˆ€•˜Žš‚ † ‹„†’•€ƒŽš‚ †‡‡•‚ƒ‘Œ€Ž†• Œ ‘œ•€‡ˆ† ‡†‡ˆ‚‰ €Œ-
ˆ‘‰€ˆ†À‚‡’‘“‘ —‹„€Œ•‚Ž†•, „‘œ‘ˆ‘ˆ‚–Ž†’† † ‹„†’•€ƒŽ‘› †Ž•‘„‰€ˆ†’†,
‹‘ƒ“‘ˆ‘Œ’— Œš‡‘’‘’Œ€•†•†É†„‘Œ€ŽŽš– ‡‹‚É†€•†‡ˆ‘Œ XXI ‡ˆ‘•‚ˆ†•.

D‚"Š$+'$,-<„#"† /4„•†ˆ†" —"5‚…†+

•€•‚ƒ€„‚ …†‡†ˆ†ˆ‰Š•€‹‰Œ„€Š
Œ€Œˆ‰ƒ

*‹…%‰ƒ… 'ƒŒƒ%ˆ…

/ „…Š‰"‡%‰, "‚•„%F††
X‰ˆ:5 Š‚"'„8 …‚"‡Š%„ >.>. •$"%†'7

/.—. D‚"Š$+'$,-<„#"†
<†ƒ„,' ‰&4‰=%† † †44 ‡Š"„F†, S.>. ^#":‰7

/.—. D‚"Š$+'$,-<„#"†

G‚•„%F†‰''‰-†ƒ•„Š‚45‡%†, ‰Š•‚4 SNP NDUI
A„…. GNI S.Z. R#‡„"‰…„
B†F‚'ƒ†8 N< W 00H0@ ‰Š 0J.11.99
•‰•:†‡„'‰ % :‚+„Š† 0J.0H.2012
A„%„ƒ W
D†"„= 100 O%ƒ.
IŠ:‚+„Š„'‰ '„ "†ƒ‰€"„E‚


