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Introduction

The tutorial outlines the general principles used in measurement data processing
aimed at estimation of unknown parameters. Depending on the level of a priori
information of a statistical nature about the parameters being estimated and
measurement errors, different approaches to the design of estimation algorithms are
considered, including the least squares method, maximum likelihood method, and the
Bayesian method. The relationship between the estimation algorithms designed within
the framework of the considered approaches is analyzed. The methods and algorithms
obtained for a constant vector are generalized with regard to the estimation of random
sequences, the most important of which is the recursive discrete Kalman filter. In
addition, the Kalman filter for continuous time is considered, and the transition from
continuous algorithms to their discrete analogs is discussed. While presenting the
material, we discuss not only the problem of algorithm design, but also the problem of
accuracy analysis, which is very important for practical applications. In this regard,
preference is given to algorithms resulting from the Bayesian approach. In addition to
the estimate itself, such algorithms provide the possibility of generating current
accuracy characteristics in the form of an appropriate covariance matrix of the
estimation errors. The theory presented in this tutorial can be applied to solve problems
of navigation data processing. It is in this field that the estimation algorithms
considered in the tutorial are extensively used.

The tutorial is intended for students who take courses related to processing of
redundant measurement data. The tutorial is based on the author’s monographs [24,
25]. The main aim is to introduce the fundamentals of the theory and principles of
designing algorithms for estimation of unknown parameters and random sequences.

The material is presented in eight chapters. Each chapter contains a theoretical part
and illustrating examples, which include problem statements and algorithms used for
their solutions.

At the end of each chapter, exercises are given for the learners to practice the
solution of estimation problems and test questions, to revise the material.

The material is presented with the use of the mathematical apparatus which is
actively used in the courses delivered at technical universities to first- and second-year
students. The tutorial requires that the students have a good knowledge of the
fundamentals of probability theory, matrix calculus, and the theory of ordinary
differential equations. In this regard, for the readers’ convenience, the appendices to the
tutorial provide basic information on each of the above-mentioned subjects.

The author is grateful to his colleagues from ITMO University, the staff and
postgraduate students of the Scientific and Educational Center of the Concern CSRI
Elektropribor for reading the manuscript and their helpful remarks. Special thanks to
T.P. Utkina and N.T. Zhigunova for the final editing of the text.



List of abbreviations

CDF — cumulative distribution function
CRLB - Cramer-Rao lower bound
GLSM — generalized least squares method
GNSS - global navigation satellite system
INS — Inertial navigation system

LSM — least squares method

MLSM — modified least squares method
PDF — probability density function
RMS — root-mean-square

WLSM — weighted least squares method

Terms and definitions

Measurements are outputs of different sensors. With regard to navigation problems,
the latter are accelerometers, gyroscopes. In this tutorial, the term ‘measurements’ is
also used to mean coordinates and/or components of the vehicle velocity and/or
parameters of its attitude generated by inertial navigation systems, dead-reckoning
system, and GNSS equipment. In addition, measurements can be generated by various
kinds of additional aids (correcting equipment), for example, barometers, rangefinders,
beacons, sensors of different geophysical fields, etc.

For measurements, we usually use notation y, =y(t) i=12.... for discrete time or

y(t) for continuous time.

Like all parameters defined below, measurements can be both scalar and vector.

Measurement errors are differences between true and measured values.

For measurement errors, we usually use notation v., i=12....for discrete time or
v(t) for continuous time.

Parameters to be estimated are unknown parameters that we need to find (estimate,
calculate) using the accumulated measurements.

For the parameters to be estimated, we usually use notation x., i=1,2....for discrete
time or x(t) for continuous time.

A measurement model is a mathematical relation y. = f (x;,v;) that determines how
the measurements depend on the parameters to be estimated and measurement errors.

In what follows, we use linear and nonlinear models or functions ¢(x), i.e. the ones
that satisfy or do not satisfy the superposition principle:

p(ax; +bx,) = ae(x,) +be(x,)
where a and b are arbitrary constants .
A model of parameters to be estimated is mathematical relations in the form of
difference or differential equations that determine how these parameters vary in time.



Further, models given by linear equations are used, as a rule.

An estimation problem is a problem, which is aimed to find unknown parameters
(obtain an estimate) using measurements and information about models for
measurements and the parameters to be estimated.

A parameter estimate is the parameter value obtained from the solution of the
estimation problem.

For the parameter estimates, we usually use notation X., i=12.... for discrete time

or X(t) for continuous time.

An estimation algorithm is a sequence of calculations and logical operations
performed with measurements aimed to obtain estimates of the sought parameters.

Estimation errors are the differences between the true values of the parameters and
their estimates.

For the parameter estimate errors, we usually use notation

e =X —X, 1=12...fordiscrete time or g(t) = x(t) — X(t) for continuous time.

Estimation criterion is a function or functional which must be minimized or

maximized when finding the parameters to be estimated.



1. Problems of estimating constant parameters in navigation data
processing: Statements and examples

Consider some examples of typical linear and nonlinear estimation problems for
constant (time-invariant) unknown parameters that are often solved in navigation data
processing.

1.1. Estimation of polynomial coefficients

Let the aircraft height be unknown and measurements be made at times t,, i =1.m
using an onboard sensor. Assume that the unknown height is constant during the
measurement interval and is equal to h. Then, introducing x=h and assuming that the
measurements include errors v., i=1.m, h, the problem of the height determination
can be reduced to estimation of unknown constant value x by a set of noisy
measurements:

Y, =X+V, i=1m. (1.2

Introducing unity column H, H'=[L1l...1]], and m-dimensional vectors
y=(Y,-.Y,)" and v=(v,..v. )", we can write measurements (1.1) as

y=Hx+v. (1.2)

In this equation, the measurements linearly depend on the parameter being
estimated. Thus we can speak of the linear character of measurements. A more
complicated model can be introduced to describe the height variations during the

measurement interval. Particularly, if the height changes by the linear law (representing
a linear trend), the measurements can be presented as

Y, =%, +Vt +V,, i=1m, (1.3)
where X,,V are the initial height and vertical velocity being estimated, considered to

be constant; t = (i —1)At are the time instants since the beginning of the observation;

At is the interval between measurements.
Measurements (1.3) can also be presented using (1.2) by introducing the vector
being estimated and matrix H :

11 .. 1
X=(X,X%) =(X,V) ;H" = : 1.4
(%) =(%V) Ltz__tm} (L4)
Representation in the form of (1.2) can be derived also for a more general case,
wherein the height variation is described by the (n—1)-th order polynomial, then the
problem can be mathematically reduced to estimation of the polynomial coefficients



X = (X, X,,..X.)" by measurements
Yo =X + Xt + X+ Xty i=1m, (1.5)

The problem of preprocessing the sensor measurements to decrease the noise level
is often reduced to this formulation.

The need to estimate polynomial coefficients often arises in the so-called problem
of sensor calibration or calibration problem. It consists in comparing the sensor
outputs with the reference value of the parameter being measured or more accurate
measurements. The model of sensor errors should be constructed using the difference
between sensor outputs and the reference value of parameter being measured or more
accurate measurements. In the absence of the reference, this model makes it possible to
improve the accuracy of measurements. Examples of measurement errors containing a
constant component (a) and a quadratic trend (second-order polynomial) (b) are
shown in Fig. 1.1.

) b)

L i

Mefasured \f/alues - Measured.values o | .

45

1 B 8 a al
Measurement no. ; Measurement no "

Fig. 1.1. Examples of measurement errors containing a constant component (a) and a
quadratic trend, t =10s, At=0.1s (b).

Other arguments can be used in (1.5) instead of time. They can be other physical
quantities, such as temperature. As is known, the errors of high-accuracy sensors
significantly depend on temperature. A special thermal stabilization system is used to
reduce these errors. Preliminary description of the temperature-error dependence, for
example, by using a polynomial model, sometimes makes it possible to lower
requirements on expensive thermal stabilization systems.

1.2. Initial alignment of an inertial navigation system. A simple case study

As is known, neglecting the errors of the inertial sensor (accelerometers and
gyroscopes), in the simplest case, the velocity error for the eastern channel of an inertial
navigation system (INS) can be approximately described with the following formula [7, 15]:
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AV (L) = a(O)J Rsina,,t + AV (0)cosag,t;, =1m,

where (0), AV.(0) are the initial vertical error (angle between the true and INS
horizon planes) and the initial velocity error; g is the gravity acceleration; R is the

Earth’s radius; @, = \/g is the frequency of Schuler period: T, = 27z\/E ~84 min.
g
The INS carrier is assumed motionless, i.e., its velocity is zero. Then, the velocity
measured by the INS is actually the INS error. Taking these measurements at discrete
times, we can write:

y(t)——a(O)«/ sinat, + AV (0)cosa,, t. + V., (1.6)
where v, is the readout error.

Using the measurement set y(t,), i —1.m, we can estimate the initial vertical error

and the velocity error. Actually, this is the problem of initial alignment of INS in its
simplest interpretation. Introducing the vector of the parameters being estimated and
matrix H:

X" =(a(0), AVL(0)); (1.7)
~JoRsina,t, —JoRsinw,t, . . —JgRsinagt, (1.8)
cosa,t,, cosw,t,, . . cosawgt |

it is also easy to present these measurements in the form similar to (1.2).
Assume that the problem is solved over a short time interval, as compared with the
Schuler period. Expanding functions sina,t. and cosa,,t in Taylor series, keeping

sch™i sch™i

only the first-order members, this problem can be easily reduced to estimation of

. - . . 2
polynomial coefficients. In particular, if we assume that sina,_t ~—ﬂt cosa,t =1

sch™i sch™i
sch

with t, <<T,

«n» the measurements can be approximately written using the first-order
polynomial:

V&) =-a(OJIR 24 + AV (0) +1; (1.9)

sch

We also deal with estimation of the second- and third-order polynomials in the
problem when the INS errors in the velocity and displacement components over
interval AT are approximately described by polynomial models.

1.3. Statement of a linear estimation problem

All the above problems can be reduced to the following common statement of a
linear estimation problem.

11



We have an unknown constant n-dimensional vector x =(x,...X,)"

x=0 (1.10)
and an m-dimensional measurement vector y =(y,,...y,,)"
y=Hx+v, (1.11)

where H is an mxn-dimensional matrix, and v=(v,,...v,)"is an m-dimensional vector
describing the measurement errors.

It is required to determine estimate X(y) of unknown vector x using measurement
(1.11). In estimation problems, this vector is referred to as the state vector. Notation

X :% =0 means that vector x is constant (time-invariant), that is, the solution to this

simplest differential equation is x =const. This notation is used to relate the problem of
constant vector estimation considered in this chapter to more general problems of
estimating the variable vector whose behavior with time can be described using
differential or difference equations (see Chapters 7 and 8).

In solving the formulated problem, not only the estimate calculation algorithm
using the available measurements proves to be important but it is also very important to
be able to quantify the estimation error defined as

e(y)=x-X(y), (1.12)
I.e., quantify the accuracy of the estimate generated by the proposed algorithm. This is
especially relevant in solving problems of navigation data processing. Thus, two
important subproblems can be distinguished within the considered problem: algorithm
design, i.e., obtaining a detailed procedure for calculating estimatesX(y), and
accuracy analysis, which consists in studying the properties of estimation error (1.12),
the error levels, in particular.

1.4. Estimation of time delay

Further, consider some examples of nonlinear estimation problems. In practice, we
often deal with the problem of estimating a time delay or shift of a measured sample of
any signal relative to another reference sample of this signal. Let us explain the essence
of this problem. Assume that we have a known nonlinear function s(t) of scalar

argument and measurements of the type
y, =s(t +7)+v,, i=1m, (1.13)
where V., i =1.m are the measurement errors at points t +7, and z is an unknown
constant.
It is required to estimate z, knowing s(t) and having the values y,, t., i=1lm,ie,
to determine the time delay (shift) of the measured sample v, , i=1.m with respect to

12



the other reference s(t, +7), i =1.m.

If s(t) is a harmonic oscillation, the measurements similar to (1.13) can be

specified as
y, = Asin(at, + @) +V,,i=1m, (1.14)
where A is the amplitude, @ =27z f is the circular frequency, and ¢, is the phase.

If we know the amplitudes and the frequencies, we have the phase estimation
problem.

In formulas (1.13), (1.14), the measurements depend nonlinearly on the parameter
being estimated. Thus, we can speak about nonlinear measurements and a nonlinear
estimation problem.

In general form, in nonlinear estimation problems, measurements can be written
as

y=s(X)+V, (1.15)
where x, v are n- and m-dimensional vectors; s(x)=/(s/(x),..s,(X))" is an m-
dimensional vector-function.

For harmonic oscillation, with known amplitudes and frequencies, formula (1.14) is
reduced to (1.15) if x=¢, and s(x) = (Asin(at, + X),....Asin(at, +X))". The essence of
this problem is clear from Fig. 1.2.

A
10

Unknown
phase shift

[¢2]

1

=
=)

0 100 200 300 400 500 600 700 800 900 :ec

Fig. 1.2. Phase determination problem

If it is required to solve a frequency estimation problem in the case when the
phase and the amplitude are known, then X=wm and

s(e) = (Asin(xt, + ¢,),....Asin(xt  +@,))". If both the signal phase and the frequency
need to be estimated, we should introduce X' = (¢, ) and
s(e) = (Asin(x,t, + X,),....Asin(x,t.. +x,))" into formula (1.15). Thus, we have the phase

13



lock problem, which is often solved in designing various measuring devices. In
general case, in the problem of harmonic signal parameter estimation, all three
parameters—amplitude, frequency, and phase—can be unknown, then the vector of

parameters being estimated will be three-dimensional x' =(A,¢,,®). It can be easily

seen that with the known frequency and phase, the measurements linearly depend on
the amplitude, as the result, we have a linear estimation problem (see Exercise 1.2.).

The majority of radionavigation systems are also based on time delay estimation,
I.e., estimation of the shift between the measured sample and the reference one. In
particular, the possibility of determining coordinates in global navigation satellite
systems (GNSS) is provided by simultaneous measurements of several delays
conditioned by the finite time of radio wave propagation between the satellites and the
user. These delays are estimated by comparing the envelopes extracted from satellite
signals with their copies generated in the user receivers [10, 14].

The so-called map-aided navigation problem is also reduced to a similar
formulation [3, 23, 26]. The idea of the method is to determine the vehicle position by
comparing the measured sample of some geophysical parameter, such as terrain
features, with the reference sample of these parameters computed using the earlier
constructed map. Then measurements (1.13) will correspond to the one-dimensional
version of the problem, if the time argument is substituted with the spatial one, and
function s(e) agrees with the map terrain variation from this spatial coordinate (Fig.

1.3). Thus, it is necessary to estimate the spatial shift of the measured sample with
respect to the map.

Measured
80 values

Unknown

coordinate shift
Map values

Terrain, m
3

-20

0 100 200 300 400 500 600 700 800
Spatial coordinate, m

Fig. 1.3. One-dimensional problem of map-aided navigation

1.5. Position determination by ranging to beacons

As an example of a nonlinear estimation problem, we can consider the problem of

14



two-dimensional (2D) position determination of a vehicle using ranges (distances) to
the beacons with the known coordinates (Fig. 1.4). In this case, x=(X;,X,)", and the
measurements are

yi:si(x)+vi:\/(x1‘—x1)2+( ) v, i=1m, (1.16)

where x,,x, are the coordinates of the vehicle; x!,x,, i =1.m are the coordinates of the
beacons

N

5 (X)= Di(x):\/(xli _X1)2 +(Xi2 _Xz) '

+ 2

Uncertainty area

\ Isoline of position

Line of position

>
>

X

Fig. 1.4. 2D position determination using range measurements to two beacons with known
coordinates

The idea of position determination by a ranging method is rather simple. With a
correct range measurement to a beacon, the vehicle position can be estimated to the
accuracy of its location on a circle with the radius equal to the measured range. The
lines connecting the points of equal values of the parameters being measured are called
isolines (contour lines) of position in navigation. In this case, they are circles. Having
two exact ranges, vehicle coordinates can be determined as one of the possible crossing
points of these isolines. Since the measurements contain errors, bars will be formed
instead of lines, enclosed between the circles equal to the maximum and minimum
possible ranges. With two measurements available, the vehicle coordinates are likely to
be arranged inside a figure formed by the crossing of two bars. If there are more

15



measurements, there arises the problem of position determination with maximum
accuracy.
If all the measurements contain the same constant error component denoted by X,,

the following equation can be written:

y, =S, (X)+V. =\/(x1' —x1)2 +(Xi2 —xz)2 +X,+V,, i=1m. (1.17)

This error component is usually called a systematic error component or just a
systematic error. Inclusion of unknown parameters into the state vector being
estimated is called state vector augmentation.

1.6. Position and velocity determination by satellite data

The previous problem can be easily generalized to three-dimensional (3D) position
determination. 3D measurements are used in GNSS position determination. Having
measurements of the delays between the received signals and the signals generated in
user equipment and knowing the radio wave propagation speed, it is possible to present
the measured ranges to satellites as follows:

pi:\/(xli—x1)2+(x‘2—x2)2+(x§—x3)2+cAt+gi, (1.18)

where X, X,,X; are the unknown user coordinates at the moment of signal reception in
the Cartesian geocentric coordinate system; xij , J=1,2,3 are the coordinates of the i -th
satellite in the same coordinate system delivered to the user in navigation message; At
Is the user clock error; ¢, is the total measurement error; c is the speed of light [10, 14,
15].

The orbits and the arrangement of satellites are selected so that almost at any point
on the Earth at any time, measurements from at least four satellites are available. Along

with satellites, GNSS include ground control stations which determine satellite motion
parameters (position and velocity) (Fig. 1.5).

The components of the estimated vector x = (X, X,, X;,At)" are the user position and

the clock error.
GNSS is also used to determine the user velocity components. This is done by

measuring the Doppler shifts of carrier frequency ( fj‘“’p) due to mutual displacements
of the satellite and the user.

16
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Fig.1.5. Determination of navigation parameters by GNSS data:
CS are control stations determining the satellite motion parameters

Using these measurements, we can write:
P = (X1 _ X1)(X1 _ X1) + ()2(2 _ X?)(Xz _ZXZ) +-(X3 _ );3)().(3 _ Xs) +cAf + é:i , (1.19)
YK =)+ () + (% -x,)

where X, x'J j=1,2,3 are the velocity components of the user and the i-th satellite;

~

At is the user clock drift error; & is the total error of Doppler measurements. Here, we

estimate the vector including the user velocity components X, X,, X, and its clock drift

error.

As seen from the given equations, errors in the range and the rate of its change
caused by the errors of the user clock and its offset drift are systematic errors. The
presence of these errors explain the terms ‘pseudorange’ and ‘pseudovelocity’ used for
the parameters being measured (1.18), (1.19) and the fact that at least four satellites are
needed simultaneously to get the navigation solution.

1.7. Statement of a nonlinear estimation problem and its linearization

All the problems considered above can be reduced to the following common
statement of the nonlinear estimation problem.

Let the unknown constant n-dimensional vector x =(x,,...X,)" be given by
x=0, (1.20)
and also, we have an m-dimensional measurement vector y =(y;,...y.,)"
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y=s(X)+V, (1.21)
where s(e) =(s,(x),..s,(X))" is a known m-dimensional nonlinear function, and
v=(v,..v,)" Is the m-dimensional vector.

It is required to find estimate X(y) of unknown vector x using measurement (1.21).

Here, as in the linear case, we should distinguish between the problems of algorithm
design and accuracy analysis, the latter consisting in studying the properties of
estimation errors (1.12). Clearly, this statement includes the linear case as well, since
substituting s(x) for Hx in (1.21), we come to the problem (1.10), (1.11).

Further, in the discussion of the approaches to algorithm design and accuracy
analysis, we will consider both linear and nonlinear estimation problems. However, the
emphasis will be put on linear problems. This is a consequence conditioned by the fact
that many nonlinear problems can be reduced to linear statements without an essential
loss in accuracy. It is made possible due to linearization of function
s(®)=s(.) =(s,(x),..s,(x))", i.e., by its approximate presentation as Taylor series,
keeping only the first-order members:

s(x) =s(x') + % (x—x)=s(x)+H(X)(x-x"), (1.22)
X |y
where x' is the linearization point,
H(x) -8 (1.23)
dx” |, _

In designing estimation algorithms based on linearization, it is convenient to use a
new vector given by

Sx=(x—-x") (1.24)
as the vector to be estimated.

Rearrange the known summands to the left-hand part of the equation and introduce
the notation

A
y(x)=y —s(x). (1.25)
Then, the following approximate equation can be written:
§(x') ~ ddXST (X)ox+v =H (X)X +v, (1.26)

X=X

where §(x') is measurement (1.25) calculated from the initial measurement by

subtracting the known values.

Thus, the initial nonlinear problem (1.20), (1.21) is approximately reduced to the
linear problem of 6x estimation by measurements (1.26).

Clearly, the linearized description will be permissible only in the vicinity of the
linearization point. The accuracy of this representation for the scalar case can be

18



approximately estimated by

d%s

dx?

which determines the level of the second-order summands in Taylor expansion and
2

depends on the second derivative % on the one hand, and on the expectable possible
X

o=—(x=x")?, (1.27)

deviations of real unknown values of the estimated parameter from the linearization
point, i.e., from the difference (x—x'), on the other hand.

The feasibility of linearized description in estimation problems can be assessed by
comparing the expected measurement errors v with the expected values
d’s 2
™ (x=x)".

Let us illustrate this by the example of the 2D position determination problem by
ranges to beacons using measurements (1.16) (see section 1.5). Using the described
linearization procedure, the following can be written:

S=

J(x") = H(x")ox+v, (1.28)
where . (x')iyi ~D(x), i=1m; (1.29)
D,06) = (X~ %) + (% -x1)’ (1.30)

(=) /Di(x) (5 -x)/Dy(X) |

)| 87 D00) (=) Dy(x)

(4 =X")/D,(x,) (G—=x3)/D,(X)]
[sinB,(x')  cosB,(x') ]
sinB,(x') cosB,(x')

(1.31)

'sinB,(x') cosB,(X') |
IS anm x 2-dimensional matrix.

In these equations, B,(x') is the angle measured from axis 0x,, which determines
the vector orientation from x'=(x,x;)" to the beacon. The vector determines the
direction of the gradient for the navigation parameter being measured (here, range), i.e.,
the direction of its greatest change. The components of H(x') correspond to the
derivatives following the directions along coordinates ox, and ox,. In this example,
linearization consists in substituting the isolines in the form of circles (see above) by
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straight lines called the lines of position (see Fig. 1.4).
For the parameter (1.27), the following is true in this example:

d’D d’D d’D
0= (><1—><1')2+dxz (X, = %)° +dx1 2(><1 X)(X, = X;),
which can be written as follows with x, —x = X, — X, * A:
d’D d D
5 2
dx,” dx2 dxldx

Assuming, for simplicity, that one coordinate is known and the direction of the
straight line connecting the beacon position with the linearization point agrees with the
direction of the unknown coordinate, we can get the following for ¢':

d’D A2 A A

dx,’ D D

From this it follows that the error in the linearized representation depends on the
ratio between the possible coordinate error in selecting the linearization point and the
range to the beacon. The value of ¢ then should be compared to the range
measurement error. Estimation of the linearization error for the positioning problem by
satellite data with the orbit altitude of 20,000 km yields that with the linearization point
set accurate to 1-10 km, &6 ~(0.5-5) m. This value is comparable with the range
measurement error in real satellite systems.

2A. (1.32)

Exercises

Exercise 1.1. We have a set of measurements
=X + X, +V, i=1m. (1)

Formulate the problem in the form (1.10), (1.11) for the case when only X, should
be found using measurements (1), and the sum &, =X, +V, is treated as an error. Repeat
the procedure to estimate x; and X, .

Exercise 1.2. Let the following measurements be set at discrete times t,, i =1.m
y, = Asin(at, +¢,) +v,,i=1m,
where A is the amplitude; @=2xf isthe circular frequency; ¢, is the phase.

Considering the frequency and the phase to be known, formulate the amplitude
estimation problem in the form (1.10), (1.11).

Exercise 1.3. Let the measurements y, = X, + Asinat, +V; be given at discrete times

t, i =1.m, where circular frequency w=2xf is considered known, and x, and A are

unknown magnitudes.
Formulate the estimation problem in the form (1.10), (1.11) for the case when only
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the amplitude needs to be found, and the sum & =X +V; is treated as an error. Repeat
the procedure to estimate x, and A.

Exercise 1.4. Let the measurements be given as those in Exercise 1.2, and the
phase should be found with the known frequency and amplitude. Write the linearized

problem statement, taking ¢, as the linearization point. Repeat the procedure if the

frequency should be found with the known phase and amplitude.
Exercise 1.5. Tracking problem (trajectory measurement problem) (Fig. 1.6).

Let there be a point with known 2D coordinate x,,x, from which ranges p, and
bearings &, to the vehicle moving rectilinearly with a constant speed can be measured

with errors 8p, and &6,, i =1.m at discrete times. Formulate the estimation problem of

the vehicle position and velocity components assuming the availability of ranges (a);
bearings (b); or both, for integrated processing (c).

X5 Vehicle trajectory

Bearing

Stationary object

[
>

\ X

Range

»,
o,
e,

Fig. 1.6. Problem of vehicle coordinates determination by ranges and bearings

Exercise 1.6. Formulate the vehicle tracking problem assuming that the conditions
of Exercise 1.5 are met, and the range and bearing errors also include constant
components to be estimated.

Exercise 1.7. Formulate two previous problems in linearized form as an integrated
problem of processing ranges and bearings to estimate velocity components and
coordinates.

Test questions

1. Explain the essence and provide a mathematical statement of the following linear
estimation problems: a constant scalar value; coefficients of linear and quadratic
trends; one-dimensional position and speed with the vehicle uniform motion;
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polynomial coefficients.

. Explain the essence and provide a mathematical statement of the estimation problem
for the simplest version of INS alignment.

. Explain the essence and formulate a mathematical problem statement of estimating
the shift of a measured sample of any signal relative to another reference sample of
this signal. Illustrate it by the example of estimating the phase of a harmonic signal.
Why is it a nonlinear problem?

. Explain the essence and provide a mathematical statement of estimating the
frequency of a harmonic signal and phase lock problems.

. Explain the essence and provide mathematical statements of nonlinear problems

of two-dimensional and three-dimensional vehicle position determination by ranges
to beacons with and without constant components of measurement errors. What does
the state vector augmentation mean?

. Formulate the problem of constant vector estimation by noisy measurements and
illustrate it by examples. Discuss the features of algorithm design and accuracy
analysis problems.

. Explain the essence of the linearization procedure and discuss the corresponding

linearized problem by the example of the vehicle tracking problem, i.e., the problem
of its position and velocity components determination by using the measurements of
ranges and bearings.
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2. Solution of estimation problems using the
deterministic approach. Least squares method

This section considers the so-called deterministic approach in which the solution
of estimation problems does not involve an assumption that the unknown vectors x and
v of measurement errors are random vectors, and, therefore, there is no need to use any
a priori statistical information.

2.1. Fundamentals and statement of the estimation problem using the least squares
method

A feature of the approach under consideration is that the problem of the algorithm
design, i.e., obtaining a procedure for calculating the estimate of unknown vector x
using measurements y, is based on the choice of the values that minimize the criterion

characterizing the measure of closeness between the measured and calculated values
s(x) or Hx. In its simplest version, such a criterion can be introduced as the function

IS0 = (y = 500)" (Y =300 = X (3, —5 ()" (2.1)

The differences w =y, —s;(x) are usually called measurement residuals.

The method based on the minimization of the type (2.1) criterion is called the least
squares method (LSM). In the subsequent discussion, the algorithms based on
minimization of the type (2.1) criteria are also called LSM algorithms.

The criterion (2.1) and the corresponding estimate

2= (y) =argmin(y —s(x))" (y - s(x)) (2.2)

have a clear meaning: to select such a value of the parameter being estimated that
minimizes the sum of the squared differences of the calculated values from their
measured values, i.e., to minimize the sum of the squared measurement residuals.

Determining the derivative for J"*"(x) in accordance with the rules (A1.63) given
in Appendix and taking into consideration the necessary condition of minimum, it is
possible to write the so-called normal equations:

M:_gm(y_s(x)):o_ (2.3)
dx dx

Recall that (2.3) is only a necessary condition; to provide a local minimum, we
need to check the validity of the sufficient condition:

a 2
OXOX"

I5M () e, 2 0. (2.4)
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We speak about the generalized least squares method (GLSM) if the criterion
(2.1) is replaced by the function:

JEME(X) = (y = s(x))"Q(y —s(x)), (2.5)
in which Q is a symmetric nonnegatively definite matrix. So, if Q is considered a

diagonal matrix with elements g, i =1.m, instead of (2.1), we have
J GLMS(X) = ZQi (yi -5 (X))2 :
i=1

The reason for introducing the weighting matrix Q is to be able to take into account

different contributions of the measured and calculated values corresponding to different
components of the measurement vector. Sometimes this method is called the weighted
least squares method (WLSM).

And, at last, we speak about the modified least squares method (MLSM) when the
following criterion is used:

IMEM () = (y = s(x))"Q(y = s(X)) + (x = X)"D(x — X) . (2.6)

Here, X=(X,...X,)" and D>0 are a specified known vector and a symmetric

nonnegatively definite matrix. For diagonal matrices Q and D, this criterion takes the
following form:

I 00 = 30,054 -5 + 2 (6 -K,)

The aim of introducing the second additional summand is that if the obtained
estimates %,(y) are different from some of the values x;, there is a certain penalty, the
level of which is set by coefficients d , j=1n.

It follows that the determination of estimates corresponding to the LSM or one of
its variants is reduced to finding the minimum of functions (2.1), (2.5), or (2.6).

¢ Example 2.1. Suppose we need to estimate amplitude A of the harmonic
oscillations using measurements (1.14), i.e.,y, = Asin(at, + ¢,) +V,,i=1.m, assuming

that the phase and the frequency are known.
Let us solve this problem using the LSM. In this problem, criterion (2.1) at x=A is
written as

300 = (3, — xsin(at, + )’
i=1
According to this criterion, the estimate is sought rather simply. Indeed,
LSM m
A7) _ 2> (y, - xsin(at, +¢,))sin(at, +¢,) =0,

dx i-1
from where
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gov_ 1 Ssin(at, + d)y = GY;.
Z sin’(at, +¢,) = i=1

i=1
where ¢, are the coefficients determined as
- sin(at, +¢,)

D sin®(at; +d,)
i=1
It is clear that the sufficient condition (2.4) is also satisfied since
d?J"=M(x) o,
TZZZ sin“(wt, + ¢,) 2 0.
i=1
Figure 2.1 shows the samples of the measured values of the harmonic oscillation

with =1 rad/s, ¢, :% and the unit amplitude on a 2-second interval with a 0.02-

second increment, and the sample of harmonic oscillation without error, calculated for
the same parameters at three amplitude values: A =0.5, A,=1.0,and A, =1.5.

Figure 2.1 makes clear the geometric sense of the problem of finding estimates
using the LSM: to select (find) the amplitude value at which the best coincidence of the
measured and calculated samples of harmonic oscillation can be obtained.

For the example under consideration, criterion JLSM(X):Z(yi — xsin(at, + ¢,))>
i=1
being minimized is shown in Fig. 2.2, from which it is evident that function J"*"(x) is

a parabola with one minimum at the point that determines the value of the estimate
corresponding to the LSM.

A
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Fig. 2.1. Measured and calculated harmonic oscillations at different amplitude values: 1 —
05;2-1.0;3-15

250 | | .
200
150}
100

50

L 4

Fig. 2.2. Criterion J"*™(x) as a function of x

The criterion being minimized for three values of the amplitudes— A =0.5,
A,=1.0, and A, =1.5—and the minimum of the criterion at X =0.94480.9448 in this
example are given in Table 2.1.

Table 2.1
The criterion for different values of the amplitude

x=A 05 [1.0 1.5 {= A= 09448
J=Mx) 1188 [9.0 [244 |8586

From the table it follows that the criterion has a minimum at the point that does not
coincide with the true value of the amplitude. This is due to the measurement errors
generating the difference of the estimate from the true parameter being estimated,
which is understandable since the equation for the estimate can be written as

Zm:sin(wti +¢0)(Xsin(a)ti +¢0)+Vi) m

)A(LSM _ =l — X+ Zqivi )

m

D sin®(at; + ) =1

i=1
Hence, the following equation for the estimation error is valid:

m

5LSM ~

X —X= z Vi -
=)
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It is not difficult to obtain the solution to the problem under consideration for the
GLSM as well. Thus, in the case of diagonal matrix Q and x= A, criterion (2.5) is

written as
JEM(x) = D0, (y; - xsin(et, +,))°.
i=1

It is quite easy to find the estimate corresponding to this criterion. Indeed,

GLSM m
w =2>" q;(y; — xsin(at; + ¢))sin(at; +¢,) =0,
i=1
from where
QBLSM _ 1 ZqiSin(wti +¢,)Y, :Zqiyi ,
i=1

Z qiSinz(a)ti +é)
i=1
where @ are the coefficients calculated as

q q; sin(at, + ¢,)

- Zm: g, sin®(at, +¢,) |

Finding the estimate for the MLSM does not present any problem
either. In this case, too, the problem solution reduces to finding the location of the
parabola extreme point:
JMEM(x) = IS M(x) +d(x — X)*. 4

2.2. General solution of the linear estimation problem using the least squares method

The ease of obtaining the algorithm for the estimate calculation, i.e., the design
problem in the above example, is a consequence of the fact that measurements are
linearly dependent on the unknown amplitude and measurement errors. Consider to
what the algorithm for solution of the estimation problem in the linear statement is
reduced in the general linear case, i.e., when measurements may be represented as
y = Hx +v. Having such measurements, for the LSM, the criterion to be minimized is

written as

IPM(X) = (y = HX)"(y — Hx) . (2.7)
It is easy to see that with respect to x, this function is defined as quadratic form:
JM(X)=x"H™ Hx—2x"H 'y + y"y, (2.8)

which, at nonsingular H*H, has a one extremum; at the same time, the sufficient
condition (2.4) is true.
Taking into consideration (A1.61), the normal equations corresponding to criterion
(2.7) can be written as
H'(y—-Hx)=0.
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Here, the condition of H*H nonsingularity is called the observability condition.
The choice of this term is quite justified because in this case we have:

K=M(y)=(H"H)"'H"y, (2.9)
or
)szSM (y) — KLSMy, (210)
where
KEM = (H™H) " H. (2.12)

Hence, it follows that in the absence of measurement errors and fulfillment of the
observability condition,
RM(y)=(H™H) "H Hx =X, (2.12)
I.e., the estimate coincides with the true value of the vector.
Proceeding in a similar manner in solving the linear problem, in the case of the
GLSM, and assuming H*QH to be nonsingular, we can write:

JEEM(X) = (y = HX)"Q(y — Hx) ; (2.13)
KM (y) = KOLSMy, (2.14)

where
KM =(H'QH) H'Q. (2.15)

Note that, generally, matrix Q is nonsingular, and, therefore, if the observability
condition is met, matrix H*QH is also nonsingular.
For the MLSM (see Exercise 2.1), we have the following equations:
IMSM(X) = (Y — HX)"Q(y — HX) + (X — X)"'D(x — X); (2.16)
MM (y) = X + KMSM(y — HX), (2.17)
where

KMSM —(D+H'QH) H'Q. (2.18)

The above equations are summarized in Table 2.2.

We draw your attention to a very important fact: all the resulting estimates in this
table are linearly dependent on measurements, which is due to linearity of
measurements and a quadratic nature of the criteria (2.7), (2.13), and (2.16) to be
minimized.

It is clear that using the relationships from Table 2.2 for the above example, we can
easily obtain the formulas for the estimates. For this purpose, we need to take into
account matrix H, which is determined as

H™ =[sin(et,),sin(at,),....sin(at,)] .
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Table 2.2

Criteria and algorithms in the linear estimation problem

Method | Criterion Algorithm
)szSM (y) — K LSMy

KM = (H H)lHT
XGLSM (y) — KGLSMy
GLSM | J°®M(x)=(y—HxX)'Q(y —Hx) | kots™m _ (H QH)lHTQ

LSM J=M(x) = (y — HX)"(y — Hx)

IVEM() = (y = HX)"Q(y = HX) + | gMSM(y) = X + KMSM(y — HX),
MLSM | +(x—X)"D(x - X) K MLSM _ (D+H QH)lHTQ

Consider two more examples.

4 Example 2.2. Let us find the formulas for the estimates in the problem of
estimating an unknown scalar value by scalar measurements y, = X +V;. In so doing, for
simplicity, in criterion (2.13), matrix Q is chosen to be diagonal with elements

¢ >0,i=1.m, and in criterion (2.16), it is assumed that D =d .
Obviously, in this case too, the criterion to be minimized has the form of a parabola,
and, since matrix H" =[1,1....1], the equations for the estimates will be determined in
accordance with the formulas in Table 2.3.

From these equations it follows that in the LSM, the estimate is an arithmetic mean
of measurementsy,. For the GLSM, the estimate is determined by “weighting”

measurements with normalized coefficients:
Z ~GLSM —=1: qIGLSM qi

Zq.

For the MLSM, normalization is changed due to the presence of a priori
information and an additional term in the criterion.
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Table 2.3

Estimation algorithms for three variants of the LSM for a simple example of
finding x using measurements y, =Xx+Vv,, i=1m

Metho | Criterion Algorithm

d

LSM JLSM(X):Z(yi _X)Z )'zLSM :%Zyl
i=1 i=1

m
5 GLSM ~GLSM
RESM =g My,
i=1

GLSM | J®M(x) =>"q,(y, - x)?
i=1

~GLSM — qi

ZQi
=)

m

oMLSM - ~MLSM

KM= g+ G My,
i=1

IV (x) = d (X — X)? + p-—9

MLSM m d+ ) g
30y, - 2
i=1

~MLSM __

Gi

d+>q
i=1

¢ Example 2.3. Assume that we need to estimate the initial value of coordinate X,
and speed Vv using measurements Y, = X, +Vt, +Vv,.

In this problem, the LSM criterion will be determined as
J=sy (X,V) = Z(yi —Xo _Vti)z'
i=1

Taking into consideration the notation in (1.4), it is easy to see that this criterion is
the quadratic form (2.8), which can be written as

m 2t 2Vl .

i |r:1 |: :| _ 2 r|n:1 + Z yi2

Zti Ztiz & Zti Yi =
i1 =

300 = (%)

i=1
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or

m m 2 m m m
IEMO) =mx? + X5 >t + 2%, [Ztij — 2()(12 Vi + % D LY, ] +>y2.
i=1 i=1 i=1 i=1 =1

Using (2.9), we obtain the following equation:

— 1~ " _

&LSM m Zm:ti Z Yi
{Xi }: o] (2.19)

& LSM
X2

m

iti itiz Ztiyi
= it | '@

For the GLSM, with diagonal matrix Q, the criterion will include multipliers g,
and the equations for the estimate are transformed into the form:

M m m T m ]
Zqi Zqiti ZQi Yi
i1 i1 =

Zqiti Zqitiz Zqiti Yi

i1 i1 i1

In this example, it is not difficult to define concretely the equation for the criterion
and the estimate applied to the MLSM.

Figure 2.3 shows the sample of the measured coordinates against the background of
the true coordinates for the case when measurements are taken on a 10-second interval

every second at x,=1m and v =1 m/s. Figure 2.4 shows criterion J"*V(x); it is a
paraboloid, extended along one of the axes, corresponding to quadratic form.

¢ GLSM
X =

A
22

14

1.2F

1

08 i | L L -

0 0.2 04 0.6 08 1
Fig. 2.3. Sample of measurements Fig. 2.4. Criterion J™" (%,,V) peing
Vi =% +Vt +Vv,i=1m minimized

¢
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2.3. Accuracy analysis of the least squares method in the linear case

In the problem statement in section 1.1, it was noted that besides the solution of the
algorithm design problem, the problem of accuracy analysis is of no less importance,
I.e., studying properties of estimate errors. For the linear case, using (2.10), (2.14), for
the LSM and GLSM, we can obtain the following formulas for the estimate errors:

ELSM(y):X—XLSM(y):X— KLSMy:(E_ KLSMH)X_ KLSMV;
gGLSM(y) — X—XGLSM(y) =X — KGLSMy: (E _ KGLSMH)X_ KGLSMV.

Since the following equations are valid for the LSM and GLSM,

E-K"MH=E—(HH) H™H =0; (2.20)
E-K®MH =E—(H'QH) H'QH =0, (2.21)
the errors corresponding to these two methods can be written as
e"M(y) = —K"My; (2.22)
£OLsM (y) — _KGLsMy, (2.23)

For the MLSM, since (E — KM*MH) =0, the equation for the estimation errors will
take the form:

SMLSM(y) =X — )szLSM(y) — (E _ KMLSMH)(X _ Y) _ KMLSMV. (224)

From the above formulas, we can make the following conclusions. The estimation
errors corresponding to the LSM and GLSM in the linear case do not contain
summands that depend on the vector of the parameters being estimated; they only
depend on measurement errors. In these conditions, it is possible to speak about the
invariance (independence) of estimation errors with respect to the vector being
estimated. As for the MLSM, the estimate error depends, in addition, on the value of
the vector being estimated; thus, it has no property of invariance.

The advantage of the methods under consideration is that at the stage of the
algorithm design, we do not need any a priori information of a statistical nature.
However, its absence makes the solution of the accuracy analysis problem difficult.
This difficulty may be obviated by introducing an assumption of a random nature of
both the measurement errors (in the case of LSM and GLSM) and the vector being
estimated (in the case of MLSM).

Introduce such assumptions, assuming, in particular, that the measurement errors v,,

i=1.m are zero-mean random variables with the known covariance matrix R. In this
case, from (2.22), (2.23), it is inferred that the estimate errors for the LSM and GLSM
will also be zero mean with the covariance matrices:

pLSM _ M { (K LSMV)(K LSMV)T} —(H TH)—] H™RH (H TH)—l : (2.25)
PesM _ (H'QH ) H'QRQH (H'QH) ™. (2.26)
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To calculate the covariance matrix of estimation errors for the MLSM, it is
necessary not only to introduce an additional assumption about the random nature of
the vector being estimated and specify statistical properties for vectors v and x
separately, but also to define their mutual statistical properties. If, for example, we
assume that x and v are uncorrelated random vectors with expectations X and v =0
and covariance matrices R, P*, then, using (2.24), it is easy to verify that the
estimation errors are also zero mean, so that for the corresponding covariance matrix,
we can obtain the following formula:

PMLSM — (E _ KMLSMH)PX(E _ KMLSMH)T + KMLSMR(KMLSM)T, (227)
where matrix KM= is given by Equation (2.18).
If in criterion (2.13) we assume Q =R™, the GLSM estimates and the covariance

matrix of their errors can be written as

xeM(y)=(H'R'H) 'H™Ry, (2.28)
PeLM = (H'RH) . (2.29)
If, in addition, we assume that D :(PX)_l, then

_ -1
KMLSM:((PX) 1+HTR1H) H'R™' and the equations for estimate (2.17) and the

corresponding covariance matrix (see Exercise 2.3) will take the form:
M (y) =% +((P*) +H'R'H) H'R(y—HX) (2.30)

-1

pMLSM :((PX)_1+HTR1H) . (2.31)

The possibility of calculating estimation error covariance matrices provides a

significant advance in solving the problem of accuracy analysis since this allows it to
be characterized quantitatively. In particular, the diagonal elements of the obtained
estimation error covariance matrices (2.25)—(2.27) represent the variances of the
estimation errors of the components of vector x being estimated.
The values of the diagonal elements of matrix P* are usually called a priori
estimation error variances. This name is quite justified if it is assumed that before
taking measurements, it makes sense to use the value of mathematical expectation x as
a priori estimate. The comparison of a priori variances with the corresponding a
posteriori variances (diagonal elements of covariance matrices (2.25)—(2.27)), i.e.,
with those obtained after taking measurements with the use of different algorithms,
makes it possible to estimate the efficiency of these algorithms. Accordingly, the
covariance matrix P* is called a priori matrix and matrices (2.25)-(2.27), a
posteriori covariance matrices of estimation errors.

If, in addition, along with the assumption of the known values of the expectations
and covariance matrices, it is assumed that the measurement errors and the vector being
estimated are Gaussian vectors, then, due to the linear nature of transformations
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(2.22)—(2.24), this provides the Gaussian nature of the estimation errors for these
methods as well. In other words, the PDF for the vector of estimation errors becomes
known. The PDF availability provides a complete description of statistical properties
for estimation errors. In particular, we can calculate for them such characteristics as a
probable error, three-sigma limit, error, quantile, etc.

4 Example 2.4. Assume that in Example 2.2, x is a random variable with

expectation x and variance o7, and the measurement errors are zero-mean,
uncorrelated with each other andx, random variables with variances r?*, i-im
(measurements with unequal accuracy) and r?=r2, i=1m (measurements with equal
accuracy) in a particular case. Let us derive the equations for estimation errors and the
corresponding variances for the three variants of the LSM as applied to the problem of
estimating scalar value x.

Under the assumptions made, matrix R is a diagonal one with elements r?, i=im;
matrix H* =[11..1]; matrix Q is a diagonal one with elements g, =1/r? in the first
case, and g, =1/r?, i=1m in the second case. Thus, it is not difficult to obtain the
equations given in Table 2.4.
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Table 2.5 shows the root-mean-square (RMS) value of the estimation errors,
depending on the number of measurements for the GLSM and MLSM for equal

variances of measurement errors r2:1, m=1.10.
Table 2.5

RMS value of the estimation errors, depending on the number of measurements
for the GLSM and MLSM for different values of o

Measurement number
Method [T T3 T4 [5 (6 [7 |8 |9 |10
GLSM |1 |07 |058|05 |045/041 |038 |035|033]0.32
MLSM
5,>10, |1 |07 |058|05 |045|041 |038 |035/033 032
X=0
MLSM
o, =1, |07 |058|05 |045|041|038 035 |033]032|0.3
X=0

From the results obtained it follows that for the GLSM and MLSM for ¢,>10 there
are no differences in accuracy. In this case, the influence of a priori information is
insignificant because o, >>r. For o, =r =1, this effect is significant only for a small
number of measurements. In fact, the RMS error for the GLSM coincides with that for
the MLSM at the previous step. This behavior is easy to explain if we take into account
a possible interpretation of a priori information as an additional measurement (2.46),
which was described below in section 2.4. 4

Now, let us concretize formulas (2.25), (2.26), (2.31) for the problem of estimating a
two-dimensional vector considered in Example 2.3.

¢ Example 2.5. Now, let us obtain equations for the covariance matrices of the
errors in estimating the coefficients of the polynomial of degree 1 using measurements
of type (1.3), i.e., y, =X, +Vt, +V,, assuming that the measurement errors are zero-mean

random variables, uncorrelated with each other, with identical variances r?, whereas the
parameters being estimated are zero-mean (x =0) random variables, uncorrelated with

2
each other and the measurement errors, with covariance matrix P* = {00 02}.
O,
Using Equations (1.4), (2.25), (2.26) with diagonal Q ={q,}, in the criterion for the
GLSM, it is easy to derive the following relations:

36



pLsM _

PLSM —

r2

ZQi
i1

> at,
i=1

>
i=1

2

i=1

m

Zqiti

i=1

Zmlqitf
i=1

(2.32)

(2.33)

Assuming Q=R™, and, in ad(_jition, for the_MLSM, assuming that x=o0,

D =(PX)_1, and also, taking into consideration the fact that R=r?E, it is easy to see

that the estimation error covariance matrices in the LSM and GLSM coincide, i.e.,
petsM — ptSM and for the MLSM,

- -1
1 m 1
= ES

pMLSM 10 ) . 11 (2.34) ¢
e I T R B i

2.4. Solution of nonlinear estimation problems. Linearized and iterated algorithms

In the previous sections we obtained simple algorithms for calculation of errors
corresponding to the LSM and its modifications. Introducing additional assumptions
about the random nature of the vector being estimated and measurement errors, it is
also easy to calculate the covariance matrices of estimation errors which are used to
analyze the estimation accuracy. The simplicity of the procedures for calculation of
errors and their accuracy characteristics is, in this case, the result of the linear nature of
these problems. The estimation problem solution becomes much more complicated in
the case of nonlinear measurement dependence on the parameters being estimated. At
the same time, as it has been mentioned, a wide scope of nonlinear problems on
navigation data processing can be effectively solved with the use of the algorithms
obtained above. Their application in the nonlinear case is based on the linearization
procedure described in 1.7. Let us consider this question in greater detail.

After linearization, the initial nonlinear problem can be easily reduced to the linear
statement, in which the values of (1.25) represented in the form (1.26) are treated as
measurements. Using these equations, it is easy to obtain linearized variants of the
LSM and its modifications. In this case, the efficiency of the designed algorithms
significantly depends on how the linearization point is chosen. The closer it is to the
true value of the parameter being estimated, the more accurate the linearized
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representation and the more accurate the estimate obtained on the basis of linearized
algorithms are. Therefore, to improve the efficiency of the algorithms based on
linearization, the linearization point should be chosen so that it will be as close to the
true unknown value of the vector being estimated as possible. From the above it
follows that the efficiency of the linearized algorithms can be improved if we use a
rather evident procedure, namely, we will repeat the measurement processing many
times in order to use the results for refinement of the linearization point location. Let us
explain the essence of this procedure.
After selecting the starting linearization point x' and using the approximation,

s(X) zs(x')+d—s’T (x=xY=s(x")+H(xY(x-x"),

dX X=X
we form the initial estimate of the vector being estimated with the use of equation
%D:xq-K(xb[y—s(w)—+4ﬂxx5(x—xj], (2.35)

in which K (x') is calculated in accordance with the rules of the chosen LSM. Repeat

this procedure until the value of the estimate stops varying significantly. In a general
case, for the MLSM, this algorithm takes the form:

R =X +K R )y-s R)=H P& )(x=27)|;  (236)

KX ) =P P)H"(x V)R (2.37)

P(x ) :((PX)_l FHY R RTH(R (y)))*l; (2.38)
y=0,12., %@ =x.

For the MLSM, in these equations, we assume that (P*)™ =0 and x =0, and for the

LSM, in addition, R™ =E. In estimation theory, such algorithms are called iterated
algorithms or algorithms with local iterations [9, 20, 22].

Note that in view of the equality of the KH =E type, when using the LSM or
GLSM, the equation for the estimate (2.36) can be represented in the following form,
recursive with respect to the number of the iteration and convenient for practical

implementation: R0 =87 + 587 where 537 =K (X (”)[y—s (X ‘”)} :

If the measurement errors are assumed to be a zero-mean random vector with
covariance matrix R and the vector being estimated is a random vector with
mathematical expectation x and covariance matrix P*, then, Equation (2.38) will
determine the calculated covariance matrix of estimation errors with an accuracy of
the assumption that the linearized description is valid. This term is due to the fact that
the covariance matrix, obtained under the assumption that the linearized representation

of function s(x) is valid, differs from the real covariance matrix, which, for an
arbitrary estimate X(y) and the estimate generated with the use of linearized or iterated
algorithms, is given as
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P =E{(x—X(Y)(x—X(y))'}. (2.39)

In this connection, there arises the problem of consistency, i.e., agreement
between the calculated covariance matrices and their real values.

It is also important to emphasize that the resulting algorithms are no longer linear
with respect to the measurements since there is a nonlinear dependence on the
measurements because matrices K(& ) =K (& “’(y)) depend on measurements. The

calculated covariance matrix P(x @) =P(X “’(y)) also depends on measurements.
The block diagram of the iterated algorithm is shown in Fig. 2.5.

. . . s |
¥y X
~ N Error estilmatlon
algorithm )
. ds(x
527, SO e\
d.f _i.}’

2

Fig. 2.5. Block diagram of the iterated estimation algorithm

4 Example 2.8. Let us obtain two algorithms corresponding to the LSM in the
problem of phase estimation. One of them is based on linearization, and the other one is
an iterated algorithm. In doing so, we assume that the amplitude and the frequency are
known. For simplicity, A is assumed to equal to unit.

In this case, criterion (2.1) for the LSM at x =g, can be written as
I=M() =D (y; —sin(at; + X)) (2.40)
i=1

To find the estimate corresponding to criterion (2.40), it is necessary to find the
point of its minimum value on the x-axis or, as a preliminary, try to solve the normal
equation corresponding to the necessary condition for an extremum, which in this case
takes the form:

W = zi (y;, —sin(at; + x))cos(at; + X) =0.
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The fact that the problem of criterion (2.40) minimization can be reduced to the
problem of finding the roots of this nonlinear equation does not make the solution easy.
We use a linearized description of function sin(awt, + x ) :

sin(ot, + x ) ~sin(ot, + X') + (x— x") Acos(wt, +X'), i=1.m,

where x' is the chosen linearization point. Then, the criterion in the neighborhood of
the linearization point will be a parabola:

35V (%) ~ i(yi () = (x = x') cos(eat, +x'))?, (2.41)

A
where §.(x'")=y, —sin(ot, +X').
Figure 2.6 shows the curves for the criterion being minimized, corresponding to the
original nonlinear function and its linearized description for the true value of the phase

T - 3r
=2 and x' = ¢, ==,

300‘

250}

200

150

100

50

15 1 05 0 05 1 1. 2 25 3

Fig. 2.6. A plot of criterion J"*™(#,) (1) and its approximate description (2) in the phase
estimation problem

Taking x' =% =g, as a starting point of linearization, where ¢, is a prescribed a
priori phase value, and wusing relation (2.35), taking into consideration
H© = (cos(at, + @,),..cos(at +¢,))", we obtain the following formula for the estimate
at the first iteration:
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> cos(at, + )y, ~sin(at, + %))

231 - i=
O():¢O+Il .

Zm:cos2 (at, + )

This estimate corresponds to the minimum point of the parabola (2.41). Assuming
further that the measurement errors are random variables, uncorrelated with each other,
with identical variances r?, it is easy to find the formula for the calculated variance
corresponding to this estimate:

r.2

(O_LSM (450))2 =— _
> cos?(at, + )

Taking x' = Aél) as the next linearization point, after repeated processing of the

measurement, we obtain a more accurate description of the behavior of the criterion
being minimized in the neighborhood of the extremum point and, hence, a more
accurate value of the estimate and the corresponding calculated variance. General
equations for the estimate (2.36) and its calculated variance corresponding to the
iterated algorithm for this problem take the form:

Y cos(at + )y, —sin(at, + 4) —cos(at, + 4G 1))
) = g+ L  (2.42)

m
> cos?(at; + 4)
i=1

r2

(M) =5 —
> cos?(at, + ¢)

Using such a procedure for calculation of the estimate until the latter does not
change significantly any longer, we obtain the estimate with a much less error than that
for a single iteration, i.e., with the use of a linearized algorithm.

This situation is illustrated below with the plots. The results of the estimate
calculations, their errors and the calculated RMS errors for several iterations are given

in Table 2.6. The true value of the phase was assumed to be ¢0:% and the

linearization point ¢,' :37”.
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Fig. 2.7. Criterion J"™*"(¢,) and its approximate description for different number of
iterations

Note that the calculated variance does not practically change due to small changes
of the derivative of function sin(ewt, + x ) resulting from the change of the linearization

point.
Table 2.6

The values of estimates 4, their errors ¢ and calculated RMS errors
o"M(4") for an iterated algorithm

¢, = 377[ the true value ¢, =%

Iteration | 4 e M)
number

1 1.6499 |0.0791 0.0422

2 1.5233 | -0.0475 0.0422

3 1.5164 | -0.0544 0.0422

4 1.5161 | -0.0547 0.0422

5 1.5161 | -0.0547 0.0422
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Fig. 2.8. Phase estimate errors vs. iteration number curve

Using the recursion procedure, with respect to the iteration number, we can write:
4040 — 20 4 540D
0 0 0

where
> cos(at; +4) ( y; —sin(at; + 450(7)))
5¢2\O(}/+1) — i=1 . ‘
> cos® (et + @)
i=1

Linearized and iterated algorithms are widely used to solve the problems of
coordinate determination by ranging to beacons. In particular, we concretize these
algorithms for solution of such a problem on a plane.

4 Example 2.9. Assume that we have measurements (1.16) to two beacons. For
simplicity, it is assumed that one of them is located on the ox,-axis, and the other one,

on the 0x,-axis. To begin with, we write the LSM algorithm based on linearization.
First, note that the criterion to be minimized has the form:

JLSM(xl,xz){(yi —J(xi—xl)z +(x;—x2)2j , (2.43)

and its approximation, corresponding to the linearized description of function

s.(X) =D, (x) = \/(xl' - x1)2 +(%; - x2)2 in the neighborhood of the linearization point, is
a paraboloid:
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IM (%, %,) zi(yi —H,00(% =" )= Hi, (9%, —xg))2 , (2.44)
where H, (x') =-sinB(x'), H,,(x') =—cosB,(x'),

yi(xl)iyi - Di(Xﬂ) =Y _\/(Xll —X1|)2 +(Xi2 = Xlz)2 ,1=1,2.
Introducing

H :_{Si”BAX')&%BAx')HHl(x')}. ~ {vl(x.)

cg=| T OX=X—X
sinB,(x'),cosB,(x") | | H,(x") yz(X.)}

and using (2.9), we can write:

SXM = (H; (3} )H, (%) + H7 () H, () (H (X)) 9,(¢) + H; (%) ¥, (%)),
where H. (x')=—(sin B.(x'),cos Bi(x')), i=12.
Assuming further that the measurement errors are random variables, uncorrelated

with each other, with identical variances r?, and using Equation (2.25), we derive the
following formula for the calculated estimation error covariance matrix:

PLM () = r2(H7 (4 )H, (%) + H (x)H, (x)) "
Assume that the linearization point is chosen at the origin of coordinates, i.e.,
x' =0. In this case, I7,(x')=90°, IT,(x')=0 and, therefore, H = —E . Taking this fact
into consideration, we obtain:

SIEM = _ 3:/1(X|) ; pLsM _ r* 0 _
¥,(X) 0 r?

Thus, the estimate of the vehicle’s coordinates calculated with the use of the LSM
takes the form:

o LSM

LSM
XI

=%+ %M =x' +D;(%) = Vi,

or, since the linearization point was chosen at the origin of coordinates,
KM = 5%5M = DL (0) -y, i=12.

Now, choosing x'=&%"°", repeat the calculations; in so doing, note that at
S%M =0, matrix H is no longer unitary because 77,(x') and 17,(x") will be different
from 90 degrees and zero, respectively. To implement the iterated algorithm, the
described procedures must be repeated until s%-° becomes negligible at the next step.

It is clear that the obtained estimates coincide with the GLSM estimates if the
weighting matrix Q is chosen diagonal with elements 1/r*, x =0, and matrix D is

Zero.
The algorithm is easy to generalize for the case of m measurements. In particular,
assuming that x=6x=(x—x") is a zero-mean vector with covariance matrix P*, and

44



the measurement errors v, are zero-mean random variables, uncorrelated with each

other and with vector x, with variances r?, i=1.m, for the calculated estimation error
covariance matrices corresponding to different variants of the LSM, we can write:

PLSM(x«"){iMi(x’)j (irﬁmi(xl) (imi(x')]  (245)

-1
petsM (x*”)=£zi2Mi(xl) ; (2.46)
= f
m 1 -1
PMLSM(X”)z((PX)1+27Mi(x1)J , (2.47)
i=1 1
where
a2 | H |
Mi(x')i sm' Bi(x)I O.SSl?ZBi(Ix) | (2.48)
0.5sin2B,(x’)  cos®B,(x")
When r? =r?, i =1.m, the above equations are simplified to the form:
m -1
PLSM(XJ):PGLSM(XI):rZKZMi(XI)] ’ (249)
1 . B
PMLSM(X'):[(PX)‘1+FZMi(x')] : (2.50)
i=1

When an iterated algorithm is used to obtain the calculated covariance matrix, x'
should be replaced for the value obtained for the last iteration.
Note that the number of measurements and the number of beacons may be different.

¢

From the equations obtained in Example 2.9 it follows that the calculated
estimation accuracy in the problem of coordinate determination using beacons is
largely determined by the relative position of the beacons. Indeed, introducing the
radial RMS error in determining position coordinates o, , we can write:

o, =DRMS =[P (1.1) + PCM(2.2) =t \/Sp(zm:Mi(x'))l. (2.51)

i=1
Hence, it follows that for the identical values of r, o is determined by the product
of the RMS range measurement error by the coefficient

PDOP = \/Sp[i Mi(x'))_ , (2.52)

depending on the relative position of point references. This coefficient is called
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Position Dilution of Precision. For example, in a particular case of two point
references with 77,=I1;+90°, it is easy to verify that c, zﬁr. It is obvious that the
radial RMS error will decrease as the number of references m increases.

Exercises

Exercise 2.1. Assume that we have a criterion specified as
M) = (y = H) "R (y — HX) + (x = X)"(P*) ' (x—X). (1)
Show that value x, at which this criterion reaches its maximum value, is
determined as
RY)=X+({(P)*+H'R'H)'H'R'(y — HX).
Note. Solve this problem
a) using a set of normal equations;
b) by selecting a perfect square.
Exercise 2.2. Show that in the solution to the vector x estimation problem with
measurements y = Hx +v, using the LSM and GLSM, the following relations [24] will

hold:

LSM)T GLSM _

(y - y y ]
(y _ yGLSM)T QyGLSM — 0
Where yLSM — H)’ZLSM — HK LSM y’ 9GLSM — H)’ZGLSM — HKGLSM y

Exercise 2.3. Assume that in criterion (2.16), Q=R™", D =(P*)™, and, therefore,
in the equation for the estimate &M-°V'(y)=x+ KM-*V(y —HX), corresponding to the
MLSM, matrix KM-" is determined as KM" = ((P*)™* + H'"R™'H)'"H"R™". Assuming
that x and v are uncorrelated random vectors with covariance matrices P* and R, and
the mathematical expectation of vector x is x, show that the estimate error covariance

matrix of the MLSM is determined as
3 -1
PMLSM :((PX) 1+HTR—1H) ]

Exercise 2.4. Calculate the PDOP in the problem of estimating the position on a
plane, using measurements (1.16), for the case of two beacons, assuming that the
following assumptions are valid: the linearization point is at the origin of coordinates;
one of the beacons is on the ox,-axis, and the other one, on the 0x,-axis; measurement
errors are zero-mean random variables, uncorrelated with each other, with similar
variances r?.

Test questions

1. Formulate estimation problem statements using the LSM, GLSM, and MLSM.
Explain their main features.
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. What are measurement residuals and a system of normal equations? Give an example
of a system of normal equations for a phase estimation problem.

. Solve the problem of estimating the amplitude of the harmonic signal using the
LSM.

. Derive algorithms for calculation of estimates with the LSM and its modifications
for a linear problem in general form. Illustrate the application of these algorithms by
a solution to a simple problem of estimating a scalar constant value.

. Derive equations for errors in estimations with the LSM and its modifications and
the equations for the estimation error covariance matrix for the linear estimation
problem. What additional assumptions about the properties of the measurement
errors should be made to calculate the estimation error covariance matrix when
solving the problem with the use of the LSM?

. Explain how, using measurements y=s(x)+v, it is possible to obtain estimation
algorithms based on linearization. Illustrate this with estimation of the harmonic
signal phase and estimation of coordinates on a plane using range measurements to
beacons.

. What are the main features of the iterated algorithm? Under what conditions does
this algorithm provide the estimate corresponding to the LSM?
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3. Solution of estimation problems using the non-Bayesian
approach

In this chapter we consider a non-Bayesian approach and non-Bayesian
algorithms. Their common feature is the fact that measurement errors are assumed
random, and their stochastic properties are assumed known. The latter means that the
probability density function (PDF) p,(v) is known. The unknown estimated vector, as

in the LSM and its modifications, is considered to be a nonrandom (determinate) vector
[24].

3.1. Fundamentals and statement of the estimation problem in the non-Bayesian
approach

If measurement errors are assumed random, with known PDF p,(v), the

measurement can be treated as a random vector whose properties are determined by
conditional PDF p(y/ x), when x is known. It fully refers to estimate %(y) and its error

e(y) =x—X(y), which are transformations of measurements y. Taking y=s(x)+v
into account and fixing x, the equation for p(y/ x) can be written as:
p(y/x)=p,(y—s(x)), (3.1)
where p, () is the measurement error PDF.
Thus, assuming that in the equation y=s(x)+v, the measurement error is a
Gaussian zero-mean vector with known covariance matrix R, p(y/x) can be specified
as follows:

1 1 Tp-lfy
p(y/X)_(2ﬂ)m’2JdetREXD(_E(y_S(X)) R™(y S(X))j- (3.2)

Moreover, if variables of v, i=1.m are considered to be random variables,
independent of each other, with variances r?, i=1.m, then p(y/x) is given as

3 (= 8,09) ] (3.3)

Py /) =——— exp[—%_ :
(272')5 ’H r? = i

The quantitative characteristic of x estimation quality from y measurements can be
introduced using scalar function L(x — X(y)), setting a certain penalty for the difference

between the estimated values and the true ones, referred to as the loss function. In
navigation data processing, the quadratic loss function is most frequently used to
analyze the estimation quality:
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L(x—X(y)) = i(xi = %(¥))" = (x= R (x = X(¥)) = Sp{(x — X(Y)N(x = X(¥))"}-

Introduce the criterion as a mathematical expectation of this function:
J(X) =E,, {L(x=X(Y))} =E,, {(x=X(¥))" (x=K(y))} - (34)
As operations of the mathematical expectation and calculation of the matrix trace
can be rearranged, the criterion can be written as follows:

J(x) =E,, {Sp(x - X(¥))(x—X(y))" } = SpP(X), (35)
where
P(X) = B, {(x= ) (x=X(y))'}
IS the estimate error covariance matrix.

It should be noted that the symbol of mathematical expectation, which depends on
x. As a result, this determines the dependences of the matrix and the criterion on
argument x.

Therefore, the problem of algorithm design within the non-Bayesian approach
can be specified as follows. Based on minimization of criterion (3.4), design an
algorithm to estimate unknown determinate (nonrandom) vector x from measurements
y=s(x)+v, where v is the m-dimensional random vector of the measurement error

with known p,(v), i.e.,
A _ - n _ ~- 2
X(y) - arg r)!(](!/r)-] Ey/x {Zi_ll(x XI (y)) }

The problem of accuracy analysis within the non-Bayesian approach is reduced
to calculation of the estimation error covariance matrix (3.5).

Criterion (3.4) is referred to as a root-mean-square criterion, and the estimate
minimizing it is called an optimal root-mean-square non-Bayesian estimate. Note
that criterion (3.4) is fundamentally different from the observed criterions from the
previous chapter as it deals with satisfying certain requirements for the estimate error
rather than for calculated measured parameters.

Unfortunately, for this problem, we cannot specify a general rule for finding
estimates that minimize criterion (3.4). Thus, the estimation algorithm is selected by
comparing the values of criterions and properties of the estimate corresponding to
different algorithms. The estimate properties, such as unbiasedness, consistency, and
efficiency, are very important in comparison. Let us provide definitions of these notions
and explain them.

In non-Bayesian approach, estimate X(y) is called unbiased if its mathematical

expectation coincides with the true value of parameter x, i.e.,
E,,. £X(V)}= [%(y)p(y ! x)dy =x. (3.6)

As a rule, when criterion (3.3) is minimized, an additional requirement on estimate
unbiasedness is imposed. An estimate providing minimum of this criterion, when (3.6)
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IS true, is called non-Bayesian unbiased estimate with minimum variance.
To explain the notion of consistency, assume a sequence of scalar measurements

y,=x+V,, i=1m used to calculate estimate % . This estimate is called consistent if
it converges in probability to the true value of the parameter being estimated as the
sample size m increases, i.e.,

limPr(x—e<X_ <x+e)=1 (3.7)

m—»o0

where e is an arbitrarily small positive value.

The estimate consistency can be determined in vector case in a similar way.
The notion of estimate efficiency is associated with the so-called Cramer-Rao
inequality. For unbiased estimates %(y), the Cramer-Rao inequality within the non-

Bayesian approach is formulated as follows [29, 30]:

P(x)=17%(x), (3.8)
where
|(x)—Ey,x{aln péiylx)(a'n pa(xylx)) } - (3.9)

It follows from this inequality that matrix 1(x) is always equal to or less than the
covariance matrix for any unbiased estimate. Matrix 17*(x) determines the Cramer-
Rao Lower Bound (CRLB) of the estimate error. For inequality to hold true, p(y/x)
should meet the regularity requirements, i.e., absolute integrability and existence of the
first and second derivatives with respect to x. The estimate for which P(x) =17(x) is
called an efficient non-Bayesian estimate. The matrix in the right-hand part of (3.9) is
called a Fisher information matrix [24, 29, 30].

If an algorithm to calculate the efficient estimate X(y) is designed, the following

inequality is true, as follows from (3.8):
E,, {(X=X(M)(X=X(Y))'} Z E,,, {(x= KX =R(Y)'},  (3.10)

meaning that whatever another algorithm is selected for calculating the unbiased
estimate X(y), its estimation error covariance matrix will always be more than or equal

to the matrix inverse of the Fisher information matrix.

It follows from the above that the problem of finding the non-Bayesian unbiased
estimate with a minimum variance is equivalent to the problem of finding the unbiased
efficient estimate if it exists.

Using Cramer-Rao inequality proves very helpful in accuracy analysis since it
allows evaluation of potentially achievable accuracy without designing the estimation
procedure.

The above definitions of the estimate properties make it possible to compare
various estimates in more detail.
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3.2. Maximum likelihood estimation

In the non-Bayesian approach, the most popular estimator is based on maximizing
p(y/x) as a function of x with the known measurement y. In estimation theory,

p(y/x) as a function of x with fixed measurements y is called a likelihood function,

and the estimation method based on its maximization is referred to as the maximum
likelihood method or maximum likelihood estimation [24, 29]. Note that p(y*/x)
multiplied by small measurement increment Ay in the scalar case approximately
defines the probability Pr(y*<y<y*+Ay) = p(y*/x)Ay, le.,
Pr(y*<y<y*+Ay) ~ p(y*/x)Ay. Thus, the essence of the procedure for maximizing
the likelihood function is to select the value of an unknown parameter at fixed values of
the measurements at which this probability reaches its maximum value. Often, instead
of the likelihood function, we use its logarithm or the logarithmic likelihood function
In p(y/ x). These functions are usually defined with accuracy to the arbitrary constant
coefficient.

It is known from the estimation theory that the maximum likelihood estimate has a
number of important properties: it is consistent; unbiased and normal (Gaussian) in
asymptotic approximation with unlimited increase of sample size m — «. Moreover,
if an efficient non-Bayesian estimate exists, it is the estimate maximizing the
likelihood function [29]. These features of the maximum likelihood estimate explain
its popularity in the non-Bayesian approach. However, it should be borne in mind that
this estimate is not a general solution to minimizing the criterion for finding unbiased
estimates with a minimum variance and, with a limited sample size, it is not always
unbiased.

From the above it follows that the maximum likelihood estimate is calculated by
selecting the value of x maximizing p(y/x), i.e.,

™ (y) =arg max p(y/ x), (3.11)

or
™ (y) =argmaxIn p(y/ x).

To provide the maximum likelihood function, the estimate should meet the
necessary maximum condition:

0,

d
— / X
™ p(y/x)

R (y)

or
= 0. (3.12)

iIn p(y/ x)
dx

2™ (y)

These equations are called likelihood equations.
As with the LSM, (3.12) is the necessary condition to provide the maximum
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likelihood function, each solution should be checked for a sufficient condition of the
type

2

dxdx”

In p(y/x) () <0. (3.13)

Consider an example.
4 Example 3.1. Specify the algorithm to find the maximum likelihood estimate of
scalar x by scalar measurements
yi:x+vi,i:1._m, (3.14)
where V., i =1.m are Gaussian random variables, independent of each other, and they

have the same variances r?, i.e., R=r’E.
For this example, the likelihood function is given by (3.3), and s(x)=x, so the

estimation algorithm is reduced to minimization of the criterion

g (x>=—2—i2i (y, - %)°

i=1

wherefrom
1 m
)fzmlf S -
(V)=— le Y,

Thus, in this example, the maximum likelihood estimate is the arithmetic average of
all measurements.
Analyze the features of this estimate.

Since Ey,x{x”‘”(y)} E,. {Z(x+v )} X, the estimate is unbiased, and its error

variance is calculated as

(5 ) ) = {(Zv] }:%

The error variance tends to zero as the sample size m increases, which means that
estimate ™" (y) is consistent.

Calculate the CRLB in this example. Here, we have
oln p(y/x)
OX

where H" is the row consisting of ones.
With account for

1

Ey/x {(y - HX)(y_ HX)T} = rzEm’
2
we obtain B(x)> .
m
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Thus, in estimating a scalar from measurements (3.14), with the measurement

errors being Gaussian random values, independent of each other, with the same
2

. . . . r
variances r?, the error variance of an unbiased estimate cannot be less than —. It
m

follows that in this example the maximum likelihood estimate is an unbiased efficient
estimate, and, therefore, an unbiased estimate with a minimum variance. ¢

3.3. General solution of the linear Gaussian estimation problem using the maximum
likelihood method

In Example 3.1, it was rather simple to find the unbiased efficient estimate.
Moreover, it can be easily seen that the designed algorithm coincides with the LSM. It
Is due to the fact that in this example, we solved a linear Gaussian estimation problem.
In this case, the solution of the estimation problem using the maximum likelihood
method is implemented in the easiest form. Let us illustrate it in detail.

Suppose a linear problem of estimating the constant n-dimensional vector
X= (X, X,)" x=0  from the m-dimensional = measurement  vector

y=(Y,---Y,) y=Hx+v is solved. In so doing, the measurement errors v is a zero-

mean random Gaussian vector with covariance matrix R. Let us obtain the maximum
likelihood estimate and analyze its features.

With these assumptions, the likelihood function coincides with (3.2), where
s(x) = Hx, i.e.,

p(y/Xx)= (Zn)m’zlm exp(—%(y —HX)'"R™'(y - HX)) ,
and the logarithmic likelihood function can be written as
J™(x)=(y—Hx)"R™"'(y — Hx). (3.15)
Therefore,
™ (y) =arg max N (y; Hx, R) =argmin J ™). (3.16)

Note that criterion (3.15) coincides with criterion (2.13) for the GLSM, with Q=R™,
which yields the following:

M (y)=K™y; (3.17)
Pmlf — KmlfR(Km|f)T :(HTR—IH)_]" (3.18)
where K™ =(H'R'H) "H'R™, (3.19)
Estimate (3.17) is unbiased.
Indeed, while E,,, {y}=Hx and E-K™H =0, then E, {(x—K™y)}=0.
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Estimate error ™ (y) = x— %™ (y) can be represented in the form similar to (2.23):
g™ (y)=-K™v, (3.20)
therefore, it depends only on the measurement errors rather than on the estimated vector
x. Thus, the error of the maximum likelihood estimate in the considered problem is
invariant to the estimated vector. It should be noted that the covariance matrix does not
depend on the estimated vector either.
In this problem, the matrix characterizing the CRLB can be found rather easily, and
it can be proven that estimate (3.17) is efficient. Since s(x) = Hx, with account for

APYX) _ R (y - Hx)
OX
and the fact that the regularity conditions are met, the mathematical expectation in
(3.9) can be easily calculated, and
I(x)=H"R'H (3.21)
can be obtained for the Fisher information matrix.
Comparison of 17*(x) and covariance matrix P™ (x) set by (3.18) shows that they

coincide.

Thus, in the linear Gaussian estimation problem, the maximum likelihood
estimate (3.17) is an unbiased efficient non-Bayesian estimate with covariance
matrix (3.18) or, which is the same, unbiased non-Bayesian estimate with a
minimum variance.

Now, discuss the relation to the LSM. Note that equations (3.17), (3.18) are
identical to (2.28), (2.29), corresponding to the GLSM with Q =R™. It is quite logical
since the problem of minimizing the GLSM criterion coincides with the problem of
maximizing the likelihood function as criterion (3.15) agrees with the GLSM criterion.

It follows from the above that the maximum likelihood estimate in the x
estimation problem from measurements (1.11) with Gaussian measurement errors
coincides with the GLSM estimate if the weight matrix in its criterion is Q =R™.

Since the maximum likelihood estimate coincides with the GLSM estimate, the
following statement is true for the GLSM estimates with properly selected matrices.

In the linear Gaussian estimation problem, the GLSM estimate, with the
weight matrix in criterion Q =R™, is an unbiased efficient non-Bayesian estimate

with covariance matrix (3.18).

In conclusion, we note that in the linear problem (1.10) (1.11), the unbiased
estimate with the minimum variance can be actually derived without the PDF of
measurement errors. It can be done by minimizing criterion (3.4) in the class of linear
estimates and assuming that the two first moments are set for the measurement error v.
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3.4. Solution of the nonlinear Gaussian estimation problem using the maximum
likelihood method

Now, discuss the algorithm to find the maximum likelihood estimate in the
nonlinear problem (1.20), (1.21) with unknown n-dimensional vector x=(x,...x,)",
x=0 and m-dimensional measurement vector y=(y,...y,)",y=s(x)+v. Here,
s(e) = (s,(x),..s,,(x))" is a generally nonlinear m-dimensional function, v=(v,,..v )" is
an m-dimensional vector of the measurement error, that is, a zero-mean random

Gaussian vector with covariance matrix R, as in the previous section. Here, the
logarithmic likelihood function can be written as

IM(X)=Inp(y/x)= —%(y =s(X))'R™(y —s(x)). (3.22)

Hence, to find an estimate, we need to search for the maximum of this criterion or
to solve the system of nonlinear equations
olnp(y/x) ds'(x)
OX dx
with a further check of condition (3.13).
It can be easily noted that criterion (3.22) for the considered Gaussian case
coincides with criterion (2.5) of the GLSM accurate to the constant factor if weight

matrix Q is selected as Q = R™in the GLSM. This yields the conclusion similar to that

for the linear problem. The maximum likelihood estimate in the x estimation
problem from measurements (1.21) with Gaussian measurement errors coincides
with the GLSM estimate if the weight matrix in its criterion is Q =R ™.

It follows from the above that the algorithm design methods and accuracy analysis
detailed in 2.4 can be interpreted as maximum likelihood estimation methods.
Particularly, linearized and iterative algorithms can be used to calculate the estimates.
In turn, matrix (2.39) should be used in accuracy analysis. In this case, conditional PDF
p(y/x) is used in calculating the mathematical expectation.

Clearly, obtaining this matrix with the use of the Monte Carlo method, for example,
requires a large size of computations [6]. Here, the application of Cramer-Rao
inequality proves very helpful since in a nonlinear Gaussian problem, similar to the
linear case, the matrix characterizing the CRLB can be found rather easily. Assuming
that function s(x) meets the regularity conditions and taking

olnp(y/x) ds*(x)
OX dx

R™*(y—-s(x))=0 (3.23)

R™(y —s(x)), (3.24)

we obtain
ds™(x) R ds(x

. 3.25
dx dx” ( )

1(x) =
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It can be seen that if the linearized description of y =s(x) +v is acceptable and the

problem is approximately solved by the maximum likelihood method using (3.17), the
covariance matrix calculated according to (3.18) (calculated covariance matrix)
coincides with 17*(x) while

1) ~ 17 (x) =(H"(x)RH(x)) =P™,

where H(X,) is calculated according (1.23).

Let us conctretize the derived equations for two examples.

4 Example 3.2. Obtain the formula for the CRLB in estimating scalar x from
measurements

y. =s.(X)+v,,i=1m, (3.26)
where v,,i=1.m are Gaussian random variables, independent of each other, with the
same variances r?, i.e., R=r’E.

Using (3.25), write
I )—rzz(ds(x)j |

We introduce the value characterizing the derivative values

ds. (X)
900 sz( dx j |

then, the equation for the CRLB can be written as

r2
P(X)>17(X)=— :
g*(x)m
Note that 17(x) = ("> (x))?, where ("> (x))?is the calculated error variance of
the linearized LSM estimate with linearization point x = x'.
The obtained relations can be easily specified for Example 2.8. The value
characterizing the derivative is given by

Zcos (wt, + X)
g°(x)= ¢

m

(3.27)

4 Example 3.3. In a nonlinear problem of positioning by ranges (1.16) to m
beacons, obtain an equation for the CRLB matrix assuming that measurement errors are
Gaussian zero-mean random values, independent of each other, with variances r?,

i=1.m.
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-1
With account for (3.25), equation I‘l(x)=[zi2Mi(x)j can be written for the
i1 [

CRLB matrix, where M;(x) is determined by (2.48), i.e.,
Mi(x')i sin_2 Bi(x')I O.SSiSZBi(Ix') |
0.5sin2B,(x’)  cos”B,(x')
If linearized description in a priori uncertainty area is true, we will see that the
GLSM covariance matrix with x=x' substituted with the true x, as follows from
Example 2.9, coincides with the estimated CRLB matrix. 4

Generally, when using the Cramer-Rao inequality for accuracy analysis in nonlinear
problems, it should be remembered that the real error covariance matrix of the
algorithms being studied is set by

P=E{(x—X(Y)(x-X(y))'}
This matrix can significantly differ from 17(x), even if 17(x) ~ 17(x,). Particularly,

the difference can be observed in the linearized algorithm while description (1.22) is
approximate. At the same time, inequality (3.8), realized as

500 Z(dsT(x) 1 0509 ]1,

dx dx*
is always true if s(x) provides regularity of likelihood function (3.2). It means that

whatever algorithm is selected to solve the problem, its error covariance matrix will
always exceed the matrix in the right-hand part of inequality calculated with the
prescribed value of the unknown vector x to be estimated.

Exercises

Exercise 3.1. Suppose that a scalar x is estimated from measurements of type
(3.26) written as

i =s(X) +¢&, (1)
where the measurement errors

g=d+v. (2)
are a sum of a zero-mean Gaussian random variable with variance o describing the
systematic error component and zero-mean Gaussian random variables with the same
variances r? =r?, i=1m, independent of each other and of d. Obtain the equation for
the likelihood function J™" (x) and the CRLB.

Exercise 3.2. Show that the equation for J™ (x) from Exercise 3.1 can be

represented in the form:
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J mlf Z (y| 5 (X) dl l(X)) (l)

r’+ 672,
where
~2
0,00 = d 109 + =25 (3, = 5,00 =4, (X)) ; (2)
~2 5-21I’2 - Iil_ 0
O = 5i2I1_+ r? I=1m; 55 =O'§, dO(X) =0. 3)

Exercise 3.3. Suppose that we have two navigation systems, which generate
measurements
Y, = X+V,,
Y, =X+V,,
where x=(x,x,)" is a two-dimensional vector generating the vehicle plane

coordinates. Assume that this vector is determinate (nonrandom) and two-dimensional
measurement error vectors Vv, are zero-mean Gaussian vectors with covariance

matrices R, R,.
Obtain the algorithm for an efficient estimate and the relevant covariance matrix.
Compare the results with the GLSM solution assuming that Q is a block diagonal

matrix with blocks Rl‘l and Rz‘l.

Exercise 3.4. Consider the problem of estimating the phase of the harmonic
oscillation using measurements (1.14) assuming that the amplitude and the frequency
are known, and the measurement errors are noncorrelated Gaussian random values with
the same variance r°.

Obtain the linearization and iterative estimation algorithms by the maximum
likelihood method. Compare the results with the LSM solution.

Exercise 3.5. Show that maximum likelihood estimates do not depend on linear
nonsingular transformations applied to the measurements used in solving the nonlinear
Gaussian problem of estimating vector x from measurements (1.21).

Exercise 3.6. Consider a linear problem of estimating vector x from measurements
y = Hx+Vv, where the estimates are determined in the form X(y)=Ky. Obtain the

equation for matrix K satisfying the condition E - KH =0 and minimizing criterion
(34),ie, I =E, {(x=R() (x=(Y)}-

Beforehand, make sure that in satisfying the above condition to calculate the
selected criterion J, it will suffice to assume only the random nature of the
measurement error vector v and specify only its two first moments.

Assuming further that v is a zero-mean random vector with known covariance
matrix R, obtain the equation for the error covariance matrix.
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Test questions

1.

w

Formulate the estimation problem within the non-Bayesian approach. Name the
distinctive features of this formulation as compared with the formulation using the
LSM and its modifications.

Provide definitions of unbiased and efficient estimates, and unbiased non-Bayesian
estimate with a minimum variance.

Formulate the Cramer-Rao inequality and explain it. What is an efficient estimate?
Explain the idea of the maximum likelihood method. What do the likelihood
function and likelihood equation mean?

Obtain an equation for the Fisher information matrix for linear and nonlinear
Gaussian estimation problems.

Solve the linear Gaussian estimation problem by the maximum likelihood method.
Is the derived estimate efficient? What is the interrelation between the maximum
likelihood method and the LSM method?

What is the relation of the CRLB matrix with the real error covariance matrix in the
nonlinear Gaussian problem and with the calculated covariance matrix derived using
a linearized algorithm?

Formulate the problem of calculating unbiased non-Bayesian estimate with a
minimum variance in the class of linear unbiased estimates. Name the conditions
under which this solution coincides with the solution to the problem of calculating an
unbiased non-Bayesian estimate without restrictions on the estimate class.
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4. Solution of the estimation problem using the Bayesian
approach. Optimal estimates

Now consider the estimation problem (1.21) in the context of the Bayesian
approach. The main feature of this approach consists in the assumption about the
random nature of vector x to be estimated and the measurement error v. This allows for
the introduction of the joint PDF p(x,V), which, in turn, makes it possible to proceed to

PDF p(x,y), and then, to introduce the conditional (posterior) PDF p(x/y). Taking

into consideration the importance of the posterior PDF concept for the estimation
problem solved in the context of the Bayesian approach, it will be discussed more
comprehensively.

4.1. Bayes formula and posterior probability density function

So, suppose that the joint PDF p(x,y) is known. For p(x,y), the following
formula for PDF multiplication is valid:

p(x,y)=p(x/y)f(y)=p(y/x)p(X). (4.1)

In these formulas, p(x/y) and p(y/x) are conditional PDFs that determine the

statistical properties of vectors x and y, provided that the vector on the right side of the

slash is fixed. In the solution of estimation problems, conditional PDFs p(x/y) and

p(y/x) are also called posterior PDFs or posterior densities, which emphasizes the

fact that these densities correspond to a posterior situation in which one of the vectors
associated with the vector being estimated is fixed. Accordingly, functions p(x), p(y)

are usually called prior PDFs or densities. From (4.1) it follows that
p(x/ )= 530 - PO (4.2)
[ p(x, y)dx

Function p(y)sz(x,y)dx, depending on measurements y, provides

normalization, i.e., equality to unity for jp(x/ y)dx=1.

Formula (4.2) is known as the Bayes formula or Bayes rule. Equations (4.2)
provide a possibility for finding conditional PDF using the known joint PDF p(x,y).
From these equations follows that if vectors x and y are independent, conditional and

prior PDFs coincide.
Write the equations that allow us to find the parameters of the conditional
Gaussian PDF [9, 19]. Assume that the joint PDF of the two Gaussian vectors x and
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y of nand m dimensions is determined as
Py =N((xy") 5(.77)' P,
X Xy
where P= P P :
(P")" P’
It is clear that the PDF for each vector can represented in the following form:
pP(X) = N(xX,P*);

p(y)=N(y;y.P’).

Using relation (4.2) and the rules for inversion of a block matrix, we can show that
the conditional PDF p(x/y) is also Gaussian, i.e., p(x/y)= N(x;k(y),Px’y), and its
parameters are determined as

S - X -1 o\ -
&(y)=x+PY(P*) (y-V); (4.3)
P =P*—PY(PY)*(P¥)". (4.4)

These formulas define the rule for finding the parameters of the conditional
Gaussian PDF for the two Gaussian vectors.

4 Example 4.1. Suppose that we have a scalar Gaussian random value x with PDF
p(x) = N(x;X,o7) and a set of values

y. =s(X)+V;, i=1.m,
in which s(x) is a known, in the general case, nonlinear function. It is assumed that v;,

i=1.m are Gaussian random values, independent of each other and x, with PDF
p(v.,)=N (vi;o,rz). Write the equation for posterior PDF. Using (4.1), (4.2), under the

assumptions made, we derive:

1 1 1 ,
p(x/ Y)ZﬁeXp—E(FﬂLF;(Yi —s(x)) ]’

where c(y) is the normalizing factor defined as

o(y)= | exp{—%[%%i(yi —s(x))ZJ}dx.

Function c(y) coincides with p(y) to the accuracy of the coefficient. For the
special case of s(x)=x, in these equations, s(x) should be replaced for x. For this
particular case, it is not difficult to show that the posterior PDF is Gaussian
p(x/y)=N (x; X(y), Px’y) and its parameters are defined as
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r+o,m\ =3
-1
2.2
p_ 1 mi _ oer
2 2 2 2
o, I r’+o,m

To be sure that this is true, first, write the parameters of the Gaussian PDF of the
composite vector z = (x,v,,V,,.....v.)", then find the parameters of the Gaussian PDF for
the composite vector 2 =(x,y,,Y,,....Y,)" =(x,y")". It is not difficult to do, taking into
consideration that Z=Tz, where T is the matrix which is easy to determine from the
equation y, =X+V,, i =1.m. Further, we should use equations (4.3), (4.4). It is easy to
make sure that in this example, with s(x) = x, function p(y) will be determined as

P(Y) = N(YiXl1,0;06 | + T Epn)

where | E,.., are the mxm matrix consisting of unities and a unit matrix. 4

mxm ?

4.2. Fundamentals, statement, and a general solution of the Bayesian estimation
problem

Assume that we need to estimate the n-dimensional constant vector x using the m-
dimensional vector of measurements y=s(x)+v, where the unknown vector x to be

estimated and the measurement error v are random vectors. This allows (see Example
4.1) us to introduce the joint PDF p(x,v), which, in turn, makes it possible to proceed

to PDF p(x,y), and then, to introduce the conditional (posterior) PDF p(x/Yy).

Now, let us formulate the estimation problem solved in the context of the Bayesian
approach and give a general solution to this problem.
As in the previous section, we introduce the quadratic loss function:

L(x=X(y) = 2(% =% ()" = (X=(¥))" (x=X(Y))
i=1
and the associated criterion as the expectation of the quadratic loss function:
J° =, {L(x=R(y))} =E,, (Sp{(x- X(yN(x—%(y)'}) =Sp{P}.
In the Bayesian approach, this criterion is called the Bayesian risk. Note that it

differs from the similar criterion introduced in the previous section because in this case,
the expectation is calculated based on the random characters of both x and y.

In the context of the Bayesian approach, the problem of vector x estimation using
measurements y is formulated as follows: find an estimate that will minimize the

expected value of the loss function.
The estimate, minimizing the mathematical expectation of the quadratic loss
function, is referred to as an optimal root-mean-square Bayesian estimate. This
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estimate is further called the optimal Bayesian estimate or simply the optimal
estimate.

The following statement is very important in estimation theory: the optimal
Bayesian estimate is a mathematical expectation corresponding to posterior PDF

p(x7y),ie.,
R(y) = j xp(x / y)dx. (4.5)
Indeed, writing the criterion as
% =] [ (x=%(y))"(x=X(¥)) p(x/ y)dxp(y)dy
and differentiating it with respect to the estimate, we can write

d
dx(y)

This implies that

JO=%(y)) (x=%(y) p(x/ y)dx =2 (x—=X(y))" p(x/ y)dx =0.

[X P/ y)dx=%"(y) [ p(x/ y)dx.

Taking into account the normalization condition, we obtain (4.5). Thus, to find the
optimal estimate in the Bayesian approach requires the calculation of multiple integral
(4.5).

For the accuracy analysis, in the Bayesian approach we use conditional and
unconditional posterior covariance matrices of estimation errors:

P(y) = Ey {lx = XWX~ %I} = [x= WX =] px/ y)ax,  (4.6)
P=E DX XWX =*WNT}=[] X=X =*WNT p(x, y)dxdy . (4.7)

Matrix P(y) determines the estimation accuracy for the certain (prescribed)

measurement sample, and matrix P determines the estimation accuracy of the average
for the whole measurement ensemble.

It is important to note the following. Unlike the algorithms obtained with the use of
the LSM or the non-Bayesian approach, in the Bayesian approach, we can provide not
only the algorithm for calculation of the error, but also the procedure used for the
calculation of the corresponding covariance matrix P(y), which characterizes the
calculated estimation accuracy for a certain measurement sample used to find the
estimates. This is of fundamental importance for solving estimation problems in the
navigation data processing.

Bearing in mind the above, in the Bayesian approach, the term “the problem of
the optimal algorithm design” is used to mean finding a procedure that provides not
only the calculation of estimate (4.5), but also the corresponding accuracy characteristic
in the form of conditional posterior covariance matrix (4.6).

The term “the problem of accuracy analysis” is used in the Bayesian approach
to mean obtaining unconditional posterior covariance matrix P (4.7).
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4.3. Properties of optimal estimates

Definition 1.
Bayesian estimate %(y)is called unbiased if the following equality holds:

E, {X(y)} =X.
Note that this definition differs from the one introduced in considering the non-

Bayesian approach. At the same time, it seems quite logical since in this case, the
vector to be estimated is assumed random.

Property 1. Estimate (4.5) is unbiased. This property is easy to verify because
E,{X(Y)}=[%(y) p, (y)dy = [[ xp(x] y) p, (y)cxdly =
= [[xp(y 1), (dydx = [ [ p(y | X)dy) p, (x)dx = E {3

Property 2 (property of orthogonality). The error of the optimal estimate is not
correlated with (orthogonal to) the measurements, i.e.,

E, {(x=x%(y))y'}=0. (4.8)
This equation is easy to prove if we calculate the mathematical expectation
sequentially, first, using p(x/y), and then, using p(y). Similarly, we can show that

the estimate error is not correlated with (orthogonal to) the optimal estimate, i.e.,
E,,{(x=X(y))X"(y)}=0.
Property 3. The covariance matrices of estimate error (4.6) (4.7) satisfy the
following inequalities:
P-P>0; P(y)-P(y)=0, (4.9)
where P(y),P are conditional and unconditional matrices given by the formulas

similar to (4.6), (4.7), characterizing the accuracy of X(y).

Recall that for the matrix, P>0 means nonnegative definiteness of the
corresponding quadratic form. In connection with the above inequality, we can say that
the optimal Bayesian estimate minimizes the estimate error covariance matrix, whereas
the posterior covariance matrix P itself characterizes the potential accuracy of
optimal estimation in the Bayesian approach. Accordingly, the diagonal elements of

these matrices define the potential accuracy of the estimation components x;, j =1n.
Property 4. Optimal estimate (4.5) minimizes determinants of matrices P and
P(y) [24, 29].

Property 5. Assume that the m-dimensional vector x is the linear transformation
of the n- dimensional vector x, thatis, x =Tx, where T is the known mxn matrix. The
optimal estimate of vector % is defined as X(y)=T&(y), where R(y) is the optimal
estimate of vector x.
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This is easy to verify using (4.5).

Definition 2.

In the context of the Bayesian approach, we also introduce the notion of estimate
efficiency, which, as in the non-Bayesian approach, follows from the Cramer-Rao
inequality. Within Bayesian approach, this inequality is formulated as follows [29, 30]:

P =E, (xR =r(y)'}=(1°) ", (4.10)
where 18 is defined as
|B=E”{amP”ng£amp”ogwj}. (4.12)
' OX OX

The following sequence of inequalities is valid:
P>P>(1%)". (4.12)
Estimate X(y) is called an effective Bayesian estimate if in (4.12), the inequality
sign becomes equality. For inequality to hold true, p(x,y) should meet the regularity
requirements, i.e., absolute integrability and existence of the first and second
derivatives with respectto x and y.
The sign of more or equal in the inequality P> (1®)™" means that the optimal
Bayesian estimate does not always have to be efficient. This matrix (1%)™ determines

the CRLB, and thus, it characterizes the potentially achievable accuracy of optimal
estimation in the Bayesian approach. Matrix 1° is called the Fisher information
matrix. Note that in the Bayesian approach, the CRLB is prescribed for the
unconditional covariance matrix. The ratio between (1®)™ and matrix P(y), which for

a nonlinear problem depends on measurement, is not prescribed.

4.4. Solution of the linear Gaussian estimation problem. Interrelation with the least
squares method

It is rather simple to solve the estimation problem in the linear Gaussian case within
the Bayesian approach.

Suppose it is required to find the optimal Bayesian estimate of vector x using
measurements (1.2), i.e., y=Hx+v, where x and v are assumed Gaussian vectors. In

view of the Gaussian nature of x, v and linearity of measurements, the joint PDF
p(x,y), and consequently, the posterior density will also be Gaussian.

To find this PDF, we should act in the same manner as in the example considered in
4.1: write the joint PDF for vector z=(x",v")", then find the parameters of the

Gaussian PDF of vector 7 =(x",y")", taking into consideration that Z =Tz, and then,
find the parameters of the conditional density PDF. Calculating the values of y = HX,
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P¥, PY, itis easy to specify the formulas for estimation of the covariance matrix. In the
special case when vectors x and v are independent of each other, i.e.,
p(z) = p(x)p(v), taking into consideration the notation used P'=R, P =P, we

have:

VZHY, PY =P*H"; PY=HP*H" +R.
Hence, it follows:
R(y) =X +K(y - Hx); (4.13)
K=P*H"(HP*H" +R); (4.14)
P=P*~P*H"(HP"™H™ +R) " HP* = (E - KH)P". (4.15)

Using the matrix inversion lemma [5]
[PP+HR'H] =P—PH"(HPH"+R) HP,
matrix P and K can be represented in the form:
P=((P) " +HR™H ) (4.16)
K=PH'R™ (4.17)

In the linear Gaussian problem, the optimal, in the RMS sense, the estimate is
efficient because

olnp,,(xy)
OX

Substituting this equation into (4.11), we can write

—((P*)l(x—x) _H'R(y —s(x))).

-1

P:P(y):(IB)‘I:((PX)_1+HTR‘IH) . (4.18)

It is important to note that the posterior PDF in this problem is Gaussian, and the
algorithm for calculation of the optimal Bayesian estimate is linear relative to
measurements vy .

It is also essential that the conditional covariance matrix P(y) does not dependent

on measurements and, therefore, it will coincide with the unconditional covariance
matrix P, which does not hold in the general nonlinear case.

Find the interrelation between the optimal estimates and the estimates sought by the
LSM. Verify the validity of the following statement.

Proposition. The estimates obtained by the modified least squares method (MLSM)
coincide with optimal Bayesian estimates in the linear Gaussian problem, when, first,
there is no correlation between the vector to be estimated and the vector of
measurement errors and second, the criterion in the MLSM is chosen such as x is the

mathematical expectation of vector x, and matrices D = (P*)™?, Q=R™.
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As it was noted above, the posterior PDF in the linear Gaussian problem is also
Gaussian, and therefore, it is a symmetrical function and the corresponding expectation
X(y), i.e., the optimal estimate (4.5) coincides with the value of x at which this PDF
reaches its maximum value.

Write the following formula for the joint PDF:

P, y)=p(y/x)p(x) = p,(y - HX) p(x).
Thus, for the posterior PDF we will have:

p(x/y)= cexp{—%((y— Hx)"R™' (y — HX) + (x — X)" (PX)_l(x — 7))}, (4.19)

where ¢ is the normalization factor which is independent of x.
Taking into consideration this representation for p(x/y), it is not difficult to

understand that maximization of the posterior density is equivalent to minimization of
the criterion

J(X)=(y—Hx)'R'(y —HxX) + (x—=X)"(P*) ' (x—X), (4.20)
which coincides with the criterion used in the MLSM, provided that matrices Q u D

are chosen properly. It is this fact that explains the coincidence of the MLSM estimate
at independent x and vwith the optimal Bayesian estimate, which, in turn, coincides in
the linear Gaussian problem with the linear optimal estimate. Accordingly, the
covariance matrices of errors also coincide.

4.5. Linear optimal estimates. Statement of the problem and its
general solution

Often, for simplicity of the resultant estimation algorithm, researchers introduce
restrictions on the class of estimates. For example, it is often thought that the Bayesian
estimate being sought is linearly dependent on measurements, i.e., it is defined as

X(Y)=X+K(y-Y). (4.21)
Bearing this in mind, the problem of vector x estimation using measurements y can

be formulated as follows: find an estimate that minimizes the mathematic expectation
of the quadratic loss function in the class of linear estimates of the form (4.21). It is
easy to verify that the estimate defined in the form (4.21) is unbiased.

Thus, the problem is to find the linear unbiased estimates with a minimum variance,
or in other words, the problem of finding optimal, in the RMS sense, linear estimates.
Further, for brevity, we will simply speak about optimal linear estimates. The
algorithm that provides for finding of such estimates is called an optimal linear
algorithm.

Substituting (4.21) in the formula for criterion J®, we can write
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3° =B, (=X - K(y - )" (X=X - K(y - ¥)} =
=E,,, {Spl(x—X +K(y-7)(x-X +K(y-7))']]
=SpE,, { (X—=X)(Xx—=X)"+K(y—y)(x—X)"+
+H(X=X)(y - 9)' K" +K(y-y)(y-9)'K" }=

=Sp{P*+ KP” + PYK" + KP'K"}. (4.22)

Thus, the algorithm for the estimate calculation is reduced to the problem of
parametric optimization of criterion J® with respect to matrix K. In other words,
finding of the posterior PDF itself is not necessary here.

The following statement is valid.

For the linear estimate (4.21) in the problem solution of vector x estimation
with the use of the measurement vector y to provide a minimum of criterion

(4.22), it is necessary and sufficient that matrix K", used in the calculation of this
estimate, should satisfy this equation.
K'"pY =pP¥, (4.23)
This equation can be treated as a simplest variant of the Wiener-Hopf equation
[19, 29].
If matrix P” is nonsingular, then from (4.23) it follows that
K™ =p¥(P¥)™ (4.24)

and, therefore,
2(y)=X+K"(y-y)=x+PY(P*)(y-Y). (4.25)
Using (4.25), it is not difficult to write the equation for the covariance matrix:
P™ =E, {(x=X()(x-X(¥))"}=
— Px + KlinPy(KIin)T . KlinPyx . ny(KIin)T.
Transforming this equation with the use of (4.24), we obtain
P = P*—PY(PY)'P¥ =P*-K"P. (4.26)

Thus, the procedure for the calculation of optimal, in the RMS sense, linear
estimates is given by (4.24)—(4.26). In this case, to design the algorithm, it is necessary
to have a priori expectations x and y and matrices P*, P’, P¥. Knowledge of these
matrices also provides a solution to the problem of accuracy analysis since they are
used to find a posteriori error covariance matrix P"" corresponding to the optimal linear
algorithm.

In the particular case when in the linear problem in the measurements y = Hx +v,
vectors x and v are not correlated, and v is zero mean, it is easy to verify that (see
Exercise 4.2) formulas (4.25), (4.26) for the optimal linear estimation and the
covariance matrix of its errors are reduced to formulas (4.13)—(4.17). Recall that these
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formulas define the algorithm for finding the optimal estimate sought without any
restriction on the class of estimates in the form of conditional expectation (4.5).

Thus, we have come to the following important and valid conclusion.

In the linear Gaussian problem, the optimal linear estimate and the optimal
estimate coincide.

Consider an example.

4 Example 4.2. Find the formula for the optimal linear estimate and the
corresponding variance of the scalar random variable x uniformly distributed on the
interval [0,b], using the measurements y =X+V,, i=1.m, in which v, are random

values, independent of each other and x, uniformly distributed on the interval [O,a].
As applied to the problem under consideration, for the optimal linear estimate and
the corresponding variance we obtain:
O

2 m
R (y) = Y—i_m;(yi —X=V),
oMz

2,2
o, r

r’+om’
which, after substituting the values of expectations X=b/2, Vv=a/2 and variances
ol =b*/12, r* =a*/12, can be written as follows:

b2 m ; a2b2
— = >N'(y.-b/2-a/2); pn-_29 |
(a® +b’m) 21: 12(a® +b’m)

In particular, at a <<b, we have

Plin —

- b
)A(Iln -
(y) >t

2

R R L . plin o a
()~ 3 -ar2i P r o

The above algorithm is an optimal linear algorithm not only for random variables
with uniform distribution, but also for any zero-mean random variables with an

arbitrary distribution and prescribed variances o2 =b? /12, r*>=a®/12. In particular,

this algorithm will be optimal for zero-mean Gaussian random variables with the same
variances. 4

In view of the above said, we can formulate the following conclusion.
The algorithm for calculation of optimal linear estimates in a linear problem is
fully determined by the first two moments for the composite vector

4 :(xT A ) and it does not depend on the PDF p(x,v). In other words, the linear

optimal algorithm in a linear problem does not depend on the PDF of the vector
being estimated and measurement errors. Note that in a nonlinear problem, this
statement is not valid.

We should emphasize that the estimation problem of vector x using measurements v,
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considered in the framework of the Bayesian approach, is closely related to the so-
called regression problem. The essence of this problem is to describe the properties of
one random vector x at a fixed value of another vector vy, statistically dependent on x.
From the mathematical point of view, this problem reduces to obtaining the best
approximation, in some sense, of vector x using function X(y) in the presence of a joint

PDF p(x,Y).
If the regression problem is formulated as the problem of finding function X(y) that

minimizes the Bayesian criterion J®, then it is obvious that its solution will coincide
with the estimation problem solution and will be defined by formula (4.5). The most
popular is the linear regression problem, i.e., one in which the finding of X(y)

minimizing J® is carried out in the class of functions linearly dependent on the vector
y. To solve this problem, it will suffice to have information only about the first two
moments of the composite vector, including x and y. It is clear that in this case the
solution of the linear regression problem will be determined by formula (4.25). The
difference between the estimation problem and the regression one lies only in the fact
that the regression problem does not use the functional dependence (1.2). In this sense,
the estimation problem under consideration can be interpreted as a special case of the
regression problem in the presence of the functional dependence (1.2).

4.6. Improvement of estimation accuracy by using a nonlinear algorithm

Generally, the estimation accuracy provided by nonlinear algorithms can be
improved as compared with the accuracy of optimal linear algorithms. Let us illustrate
this with Example 4.2 considered in the previous section. With this aim, we obtain an
optimal estimate for this example. First, let us write the formulas for
P(x,¥)=p(y/x)p(x) and p (y). In view of the specific character of the problem,

these functions can be represented in the form:
Lo(y/x.xe[0],

p(x,y)=1b
0, x & [0,b],

l b
p(y) = P(y/X)p(x)dx == j p(y / x)dx.

To obtain values of p(y) at fixed values of measurements, we need to know
p(y/ x). We can write:

m

py/x)=[T p.(yi—%),

i=1
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1
—, Xely,—a,y|] i—1m

where p(y, / X)=p,(y,—X)=1a 1.m,
0, xg[y—-a,vy]
and hence,
/ c*, xeQ), 5
p(y X)_{O,er. (4.27)

In this formula, ¢ is a certain constant, and domain Q is a segment formed by the
intersection of all intervals [y, —a,y.], i=1.m, i.e.,
ngr][yi -4, yi]:[dl’dz]:[ymax —a, ymin]' (428)

1=1
The bounds of this interval d, =y . —a and d,=y. . are determined by the

maximum Yy, and minimum Yy, . measured values. Taking into account (4.27), (4.28)
and the fact that

j)'xp(y/ X)dx
X(y) =5 :
J Pty /)

for the optimal Bayesian estimate we can write:

Gy 2
R(y) = — [ xx = 1 | x
C,—C ¢ c,—C| 2
where [c,,C,] is a segment representing an intersection of the prior domain [0,b] and

domainQ, so that

"1 (e, +c)
J_ S (4.29)

¢, =max{0,d,}; ¢, =min{b,d,}.

It is important to emphasize that estimate (4.29) is nonlinearly dependent on
measurements. Formula (4.29) is a consequence of the fact that the posterior PDF in
this problem corresponds to the uniform distribution on the interval [c,c,].

In view of the above said, it is easy to show that
b 2
. c,—C
P(y) = (X=X px yyax= 5L (430
0
In particular, if d, =y, —a andd, =Yy, do not go beyond the prior domain [0,b],

then, for the optimal estimate and the conditional variance, the following formula is
valid:
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)_ ymin+ymax _E-
2 2

P(y)= I(X —(y))? p(x/ y)dx = (Yinin +

x(y (4.31)

A= Vo)’
12 '

From (4.31) it actually follows that the optimal estimate is the arithmetic mean of
the maximum and minimum values of measurements calculated with the account of the
known mathematic expectation for measurement errors.

In order to compare the accuracies of the linear and nonlinear estimates, the method

of statistical tests was used to calculate the values of the RMS errors &' (m) and
o' (m) characterizing the accuracy of the nonlinear and linear estimates.

Table 4.1 and Fig. 4.1 show the results obtained at b=1, a=0.1 and different
number of measurementsm =1,2.....100, with the number of samples being L =1000.

Table 4.1

The values of the RMS errors of the optimal linear and nonlinear estimates

Number of measurements 10 20 100
Optimal linear estimate 0.0091 | 0.0065 | 0.0029
Optimal nonlinear estimate | 0.0064 | 0.0034 | 0.00075

RMS.

0.03

0.025

0.02

0.015
1
\ 2
\
001 A)
[~
0.005 N Tesal

I i o et N

20 30 40 50 60 70 80 90 100 m

=1=J
i
o

Fig. 4.1. RMS values for the optimal linear (1) and nonlinear (2)
algorithms at different numbers of measurements
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From the results obtained it follows that the accuracy of the optimal nonlinear
algorithm is significantly higher than that of the algorithm which is optimal in the class

of linear algorithms, which is
consistent with the statement given at
the beginning of the section. Formally,
this difference is explained by the fact
that the form of the posterior PDF
(Fig. 4.2) is substantially different
from the Gaussian one.

We can give the following
explanation for this difference. Note

that if the condition a®<<b’m is
satisfied, the algorithm for calculation
of the optimal linear estimate will
virtually be reduced to finding the
arithmetic mean for all values of

p(xly)
30 —
25
m=3
20 m=2
15 \
m=1
10 NG |
N
1
5 1
1
1
0 —>

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 4.2. Posterior PDF
atm=1, 2, 3

y.—al2, i=1.m that belong to the segment [y..—al2y,..—al2]. At the same
time, in the optimal nonlinear algorithm, the posterior domain of the values [c,,c,] is
determined by the intersection of the prior domain [0,b] and the segment

[ymin’ Yimax — a] .

Ymin t @~ Ymax

‘/<__\!__ _é.__>\ Y max
Ymin — 8 §<---- ""'>§/

Ymax — @

Ymax — Ymin

Fig. 4.3. Formation of the posterior domain for the optimal nonlinear estimate

It is obvious that as the number of measurements increases, the probability of a
measurement implementation with a minimum (close to zero) and a maximum (close
toa) error increases, i.e., Y., = X, a Y., — X+a. Hence, it follows that the length of
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the segment y_. — V.., that determines the domain of the values of all measurements

used in calculating the arithmetic mean, tends to the value a. At the same time, the
length of the segment y_.. +a -y, . which determines the size of the posterior domain

for the optimal nonlinear estimate, will tend to zero (Fig. 4.3).

Exercises

Exercise 4.1. Write the formulas for the optimal estimate and its variance for the
problem of estimating a scalar random variable x using measurements y. = X+v;, when

x and Vv, i=1lm are independent of each other, and p(x)=N(x;X,0?),
p(v)=N(v;0,R) , where R is a diagonal matrix with elements r?, i=1.m. Simplify the

obtained formulas for the case when r? =r2, i=1.m and compare them with the similar

formulas in the MLSM.

Exercise 4.2. Find such PDFs for measurement errors and scalar x being estimated
in the conditions of Example 4.1 under which the obtained algorithm will be an optimal
algorithm.

Exercise 4.3. Show that for the optimal Bayesian estimate (4.5) of zero-mean
vector x, the following equation is valid:

E,, {X(NX (y)}=P*-P,
where P* and P are prior and posterior unconditional covariance matrices.

Exercise 4.4. Solving the problem of finding the optimal linear unbiased estimate,
as it is formulated in 4.4, and assuming that vectors x and y are zero mean, i.e., x=0

and y =0, prove the following statement.
For the linear estimate X(y)= Ky of vector x with the use of measurements (1.21)

to provide the minimum criterion (4.24), it is necessary and sufficient that matrix K",
used in the calculation of this estimate, should satisfy the equation

K'"PY =P¥, 1)

Exercise 4.5. Write the formulas for the optimal, in the RMS sense, linear estimate

and the corresponding posterior error covariance matrix, assuming that we have

measurement y=Hx-+v and the linear estimation problem is to be solved under the

conditions where the vector of parameters x to be estimated and the measurement error
vector v are assumed random correlated vectors with zero expectations for them, and
the covariance matrix is given in the form:

pov | © B
B' R

Of essential importance here is the fact that the type of the PDF is not assumed to
be Gaussian; moreover, it is considered that the type of this density is not specified.
Exercise 4.6. Obtain the formula for the optimal, in the RMS sense, linear estimate
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and the corresponding covariance matrix, assuming that the previous exercise 4.5 is to
be solved in the conditions where there are no measurement errors, and B =0.

Exercise 4.7. Obtain the formula for the optimal, in the RMS sense, linear estimate

and the corresponding covariance matrix, assuming that exercise 4.5 is to be solved at
B =0, and measurements are given in the form: y = Hx+v+u, where u is the known

m-dimensional vector.

Test questions

1.
2.

What is posterior PDF and how can we find it in the estimation problem?

Formulate the problem statement for obtaining the optimal, in the RMS sense,
estimate of vector x using measurements y =s(x)+v without imposing restrictions

on the class of the estimates used; give its general solution.

Call the properties of optimal estimates.

How is the problem statement for obtaining the optimal in the RMS sense, linear
estimate of vector x, using measurements j, modified as compared with the

problem statement that does not impose any restrictions on the class of the estimates
used?

. Give the necessary and sufficient conditions of optimality for the linear estimate of

vector x using measurements y. Describe the algorithm for calculating the optimal
linear estimate.

. Under what assumptions will the optimal, in the RMS sense, estimate of vector x

using measurements y = HX +V coincide with the estimates obtained with the use of
the modified LSM?

. Give an example of a problem in which the estimation error variance for the optimal

algorithm is significantly lower than that for the linear optimal algorithm?
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5. Algorithms of integrated measurement processing

This section discusses the problem of integrated processing of measurements and
design of various algorithms used to solve this problem.

The problem of integrated (joint) processing of measurements consists in obtaining
the estimate of the sought vector using measurements from all available sensors and
systems.

On the one hand, the purpose of this section is to show that the problem of
integrated processing of measurements is essentially an ordinary estimation problem.
On the other hand, we are going to discuss the special features of the algorithms used to
solve the problem of integrated measurement processing depending on the level of the
available a priori information about the stochastic properties of unknown parameters
and measurement errors.

5.1. Statement of the integrated measurement processing problem

The simplest case where we deal with the problem of integrated measurement
processing is finding an n-dimensional vector of unknown parameters x by data from
two sensors (systems) whose outputs can be presented as

Y, =X+V,;
Y, =X+V,,

where v,, v, are the errors of the sensors. Both sensors or systems are supposed to

measure the same parameters. For example, various navigation systems, such as inertial
and satellite systems, generate position and velocity of a vehicle, etc.

It can be easily noted that this problem is a particular case of problem (1.10), (1.11),
I.e., estimation of x from measurements y=Hx+v. It can be proved by setting

E
y=(y,,y,),v=(,,v,)", H :{E”X”] where E,_ iSan nxn unity matrix.
nxn
Thus, the problem of integrated processing of measurements from two sensors
(systems) is reduced to the standard statement of the linear estimation problem.
Consider another example of the integrated processing problem. Suppose that x
should be estimated from two sets of measurements:

Y, =X+V,;

y2 = §(X) +V21
where y, is an I-dimensional vector; §(x)=(5(x),....5(x))" is an l|-dimensional
nonlinear vector-function depending on n-dimensional unknown vector x; v, and v,
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are the vectors of the corresponding dimensions.

Measurement Yy, provides information directly on all components of the sought
vector, and measurement Yy, provides some function of this vector x. It should be noted
that the dimensionality of measurement y, may not coincide with the dimensionality of
the estimated vector and can be arbitrary.

Introducing I + n-dimensional vector-function s(x) and vector v

“”:Léj’“{&}

we come to the nonlinear estimation problem (1.20), (1.21) formulated in 1.7, i.e., to
estimation of x from measurements y =s(x) +v.

Thus, the problem of integrated measurement processing in this case can be also
treated as a standard problem but already nonlinear estimation problem. As before, the
attention will be focused on linear problems or problems that can be reduced to linear
ones. After linearization of function s(x), for example, at the point x' =0, the problem
under consideration can be reduced to a linear estimation problem, namely, estimation
of x from y=Hx+v. Indeed, it can be easily done if we write:

Y, =X+V;

¥, ~ Y, —5(0) = Hx+V,,

where H =% Isan | xn matrix, and H istaken to be a (I + n)xn matrix, i.e.,
X x=0
EI"I><n
H =] d§(x)
Xmk x=0

This type of problem is encountered, for example, in aiding (correction) of a
navigation system using some aiding measurements. In particular, distances to beacons
(landmarks) can be used as aiding data. For example, assume that we have
measurements y, = Xx+V, from a navigation system and aiding distance measurements

to the beacon (1=1), where x=(x,x,)" is a two-dimensional vehicle position vector,
y, = (yP,y@)", v, = (v®,v®)". Then it is possible to write

W=+

W =%+

o 2 o 2
Y2:\/(X1_X1) +<X2_X2) Vs,
where x° =(X/,X;)" are the known beacon coordinates.

After linearizing function s(x) at the point x' =0, the aiding measurement y, can
be represented as
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7,(x") =y, —s(0) = Hx +Vv, =—x,sin B —x,C0sB +V,.

1 0
Thus, introducing v=(v®v?v,)", H=| 0 1 ,all measurements
—-sinB -cosB

y=(y?,y?,9,)" can be written as y=Hx+v. Here, B is the angle determining the

orientation of the unit vector (sin B,cosB)" with respect to OX, .
In the most general case, the problem of integrated processing in the linear
statement can be formulated as follows.
Estimate the n-dimensional vector x using the set of m vector measurements
y,=Hx+v,, j=1m,
where H, are m,xn matrices; v, are the m,-dimensional vectors of measurement
errors; j is the measurement number.

m
Introducing m_xn matrix H, where mg :Zm‘ , composite vectors of
j=1
measurements y and their errors v in the form

H, Y; vy
H = l_!z 1 y: y.z 1 V: V.2 1
Hm ym Vm

we note that in this general case the problem is reduced to a usual statement: estimate x
fromy=Hx+v.

The next sections discuss different variants of designing integrated processing
algorithms.

5.2. Complementary filter. Invariant processing scheme

If data from two or more sensors or measuring devices are available, the
complementary filter is often used. Such a filter is used in the conditions where a
priori information on vector x is absent, but we have only a priori statistical
information on the sensor errors. [4]. The essence of the complementary filter is to
use differential measurements Ay that do not contain the sought vector x to obtain an
estimate of the errors of one sensor v, against the background of the errors of the other
sensor v, (Fig. 5.1).
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A priori information about
sensor errors

Sensor 2
Y, =X+V,

Filter

Sensor 1

. .
........................................................................... -

Fig. 5.1. Complementary filter or the invariant scheme of an integrated
processing algorithm

Let us illustrate the use of this filter and analyze the properties of the obtained
estimation errors by the example of the simplest integrated processing problem
considered above. Assume that we have two measurements

Y, = X+V;

Y, =X+V,,
and the sensor errors v, v, are zero-mean vectors noncorrelated with each other with
the known covariance matrices R, >0, j=1,2.

In order to design the complementary filter, let us generate the difference
measurements

AY =Y, =Y, =V, —V,, (5.1)
which exclude the sought vector x and use Ay to estimate the errors of one sensor
against the background of the errors of the other sensor. To be definite, suppose that v,
Is the estimated vector, and v, is the measurement error vector.

The available data on mathematical expectations and covariance matrices of v,, Vv,
make it possible, using the results of section 4.5, to obtain for v;, linear RMS optimal

estimate and the corresponding covariance matrix, which can be easily shown to be
defined as

~ — — _1 —
Vl=(R11+R21) R21(y1_y2); (5.2)
Pi=(R+R;") . (5.3)
The estimate of the sought vector x can be calculated in the form

Y A A — — _l - - —
X=Y, =V, =X+V, =V, :(R11 + Rzl) |:(R11 + RZl)yl - RZl(yl - yz)] .
The formula for estimate X is easy to transform as:
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R=(RH+R;") R +R;Y,) ] (5.4)

Obviously, the estimate error & =x—-X=V, -V, does not depend on the vector x

being estimated, and thus, it is invariant to x, which is why the processing scheme

corresponding to the complementary filter is called invariant. The corresponding

algorithms are also referred to as invariant algorithms (filters). Sometimes, estimates

are said to be invariant. The error covariance matrix for the obtained estimate (5.4)
coincides with matrix (5.3) for estimate v,.

Write the measurements Yy Y, as y=Hx+v, where

T T\T T _ T\T En v Rl O
y:(yj_’yz) 1V:(V1:V2) 1H = E and R = O

n

, } The GLSM described in
2

chapter 2 can be used to solve this estimation problem. Assume that in criterion (2.13)
Q=R™, it is easy to verify that estimate (5.4) is exactly the same as the estimate

derived using the GLSM algorithm (Exercise 5.1).

It follows from the above that in this case the complementary filter (invariant
scheme) can be treated as a specially organized GLSM estimation procedure. Its
distinctive feature is that any assumptions about stochastic properties on the sought
vector x need not be made in designing the estimation algorithm.

It should be noted that if we additionally assume that v, and v, are Gaussian,

estimate (5.2) for error v, of the first sensor becomes the optimal Bayesian estimate,

and estimate (5.4) coincides with the maximum likelihood estimate, i.e., the estimate
derived using the invariant algorithm coincides with the maximum likelihood estimate.
In these conditions, we can say that the complementary filter (invariant scheme)
provides maximum likelihood estimates whose error also does not depend on the vector
of the parameters being estimated.
The technique described above can be also applied to process measurements given
in the form
Y, = X+V; (5.5)
Y, =HX+V,. (5.6)
To get the complementary filter (invariant scheme), difference measurement should
be generated:
Ay=Yy,—Hy, =-Hv, +V,.
Then, assuming errors Vv,, v, to be noncorrelated zero-mean vectors with the known
covariance matrices R, >0, j=1,2, within the Bayesian approach, the linear optimal

estimate of vector V, and the corresponding covariance matrix of its estimation error
can be easily calculated using measurements Ay =y, — Hy, :

~ — T — 71 T —
0, =(R*+H'R'H) H'R'(y, - Hy,),
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P*=(R'+H'R'H) .
Subtracting the derived error estimate V, of the first sensor from its outputs y,, we
get the following for the estimate of x:
~ — T — _1 T —
2=y, —(R*+H'R,'H) H'R,'(y, —Hy,). (5.7)
It can be easily proven (problem 5.2) that in this case as well, the estimate and its
error covariance matrix coincide with the GLSM or maximum likelihood estimates if
measurement errors are assumed Gaussian.

It is important to emphasize that in order to design an invariant scheme, it would be
sufficient to have at least one measurement of type y =x+v among the measurements

used, which provides direct measurement of the sought vector x.

5.3. Non-invariant processing scheme

It should be noted that the invariant scheme described in 5.2 provides the Bayesian
estimates, optimal in RMS sense, using difference measurements Ay only for the

sensor errors and not for the sought parameters. To derive the optimal Bayesian
estimate of the sought vector X, we should make an assumption of its random nature.
Besides, it is advisable to consider the integrated measurement processing problem as
the traditional estimation problem for vector x by measurements y=Hx+v and use the
Bayesian algorithms described in sections 4.4. or 4.5 for its solution. Since the error of
optimal Bayesian estimate x—X(y)=(E—-KH)(x—-X)+Kv depends not only on

measurement errors but also on the sought parameter, the algorithm used to find this
estimate is sometimes referred to as a non-invariant algorithm. The algorithm scheme
Is shown in Fig. 5.2. Here, unlike the previous case, both measurements are equally
processed in the algorithm using a priori data both on the measurement errors and the
vector being estimated.

A priori information on
vector X and sensor errors

Sensor 1 l

|
>

_ X
Filter —

L
>

Sensor 2

Fig. 5.2. Non-invariant (Bayesian ) scheme of the integrated processing algorithm

The principal difference between the invariant and non-invariant algorithms is that
in the first case, a priori information about stochastic properties only on measurement
errors is used, whereas in the second case, such information on the sought parameters
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vector is additionally applied.

The advantage of the invariant scheme is that no assumptions about stochastic
properties should be made on the vector to be estimated. In some cases, it is justified
since providing adequate description for x is often complicated. However, it should be
remembered that if information on the sought parameters of the vector is available, its
non-use can significantly degrade the accuracy.

Consider an example illustrating a possible loss in accuracy in the case that a priori
information about the properties of the estimated vector is not taken into account.

4 Example 5.1. Suppose that an aircraft height is measured using a satellite

navigation system (SNS) receiver and barometric altimeter data at times t (i =1m ).
Write these measurements as

yiSNS ~h +ViSNS i :m; (5.8)
y# =h +v®, i=1lm. (5.9)
Introduce vectors x=(h, ...h, )", vo = (0w )T, vEA = (v, v )T and

m

matrix H = E_, then measurements (5.8), (5.9) can be represented as y = Hx +v.
Assume for the beginning that a priori information on vector x is absent, and we
have only a priori statistical information on the sensor errors; they are zero-mean
Gaussian noncorrelated errors, and for each of them, the covariance matrices are set as
R; :rfEm, j=SNS, BA. Let us solve the problem under these assumptions using a

complementary algorithm and difference measurements
SNS BA SNS BA
Ay, =y 7 =y =V =V

Using (4.13) it is easily to derive the formula for the estimate (exercise 5.3) and
show that the covariance matrix for vector x is diagonal, and with r’ =r, j=SNS,BA,

2
the equality P =%Em is true for it. Hence, it follows that the height error variance at

each discrete moment is only decreased twofold.

Now, assume that we have also a priori stochastic information on vector x and take
it into account in estimating x. In particular, suppose that the height is constant over
the observation interval and it is a zero-mean Gaussian random variable with variance
o; . In this case, the a priori covariance for vector x is P*=o21__, where | __. is the

m

matrix of ones. Using the materials of section 4.4, we can derive the Bayesian estimate
and the corresponding covariance matrix (exercise 5.4). It should be noted that since
P*=oZl . issingular, (4.16) cannot be used to calculate the covariance matrix, so we
use (4.15). With account for the specific matrix H' =[E,,E, ], we obtain

P =gl 4 oo (021 r2Ep) |
=060 mxm ~ 00 mx2m\G0 ! 2mx2m + 2m 2mxm -

Using the relationship following from (A1.59), it is possible to write:
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2

1 1 c

2 2 _ 0
(GOIme2m+r EZmT ~ 2 [EZm_Zm 2 2 I2m><2mj.

Co

It can be shown that the diagonal elements of the covariance matrix for the vector being
estimated, which determine the height estimation accuracy, are given by

2.2

2 O'OI’
ol =——M— 5.10
" 2mo? +r? (5.10)

The meaning of this formula is quite clear as with the assumptions made, we actually
solve the problem of estimating the scalar value from 2m measurements with
independent errors with variances r?.

Neglecting the contribution of a priori information about random vector x and taking
2

r’ << o}, we derived that height error variance decreases by 2m times, i.e., o} zzr—
m
which is significantly greater than in the previous case. 4

5.4. Centralized and decentralized data processing schemes

Consider the problem of integrated processing of measurements formulated above:
y,=Hx+v,, j=1i, (5.11)
where H, are m, xn matrices; v, are m,-dimensional error vectors; j is the sensor

number.
Introduce composite vectors of measurements Y, and their errors V., with dimensions

1
mg=my =Y m,, and mgxn matrix H;:
=1

Hl yl Vl
Hi: I_?Z ’Yi: y.2 Vi: V.2
| Hi ] LYi Vi
Then measurements (5.11) can be written as
Y. =H.X+V..

Assume x and v, to be random zero-mean vectors with preset covariance matrices

P*, R, ] =1.i. For simplicity, assume that all these vectors are noncorrelated with each
other. Then, covariance matrix R, for the composite vector V, is given by
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R, 0 0 O
X |0 R 00
"lo 0o . 0
0 0 0 R

With the assumptions made, we can use the optimal Bayesian algorithms for the
solution of this problem and easily derive the following formulas for the optimal, in the
RMS sense, estimate and its covariance matrix:

%(Y,) =PH/R;Y, (5.12)

P =((PX)1+2H}RJ.1HJ}_. (5.13)

Hence,

)?i(Yi):[(PX)‘1+Zi:HjTRj‘1Hjj {iH;R;lij. (5.14)

Note that (5.12) is a linear optimal estimate in the RMS sense. This means that the
estimate minimizes the RMS criterion in a class of algorithms linearly dependent on
measurements. This allows us, in designing algorithms, to use information only about
the mathematical expectations and the covariance matrices of the corresponding
random vectors.

To get the optimal estimate (5.12), two processing schemes can be applied to the
whole set of measurements. The first one is called the centralized processing scheme
(Fig. 5.3). The name is explained by the fact that all computations are performed
centrally within one algorithm.

y; =H{X+v;
Sensor 1
Sensor 2
< Measurement | . P
_________________________________________ : processing | %’ I)
> algorithm .
(i-1)-th — Yi=0en)
sensor
i-th sensor
yi = HiX+v;

Fig. 5.3. Centralized optimal estimation scheme

Another scheme can be used to calculate the estimate.
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Suppose that inequality
(P) ' <<HR'H,, j=1i (5.15)
IS true, meaning that a priori information on vector x can be neglected. Introduce
partial optimal estimates calculated using only partial j-th measurements,

g0 = (PY)HIRY;, (5.16)

where PY =(HIR'H )™, (5.17)

Taking into account (5.14) (5.16), it can be easily found that the formula for the

linear optimal estimate calculated by using the whole measurement set can be reduced
to

. -1, .
g = (z(pm)*j Lz(pm)‘lw} 5.18)
j=1 j=1

In other words, the optimal error in using the whole measurement set is a weighted
sum of partial optimal estimates.

Assumption (5.15) need not be made if the partial estimates are calculated using

_ 1, e -
pw :(?(P ) 1+HjRj‘Hj) (5.19)

instead of (5.17).

The described scheme is presented in Fig. 5.4. It is called the decentralized
scheme because partial estimates and their covariance matrices can be calculated in
separate algorithms, and the sought estimate is found by weighting these partial
estimates.

y1 =Hx+v;
Partial
Sensorl1 p—»] estimation
algorithm )?1, pl
Partial
Sensor 2 p—»] estimation
algorithm | Weighting ¢ P
algorithm of | Xi'"
""""""""""""""""""""""""""""" | partial [
oy Partial | estimates
(i-1)-th ——»] estimation
Sensor algorithm
Partial )‘(i’pi
i-th sensor —»] estimation
algorithm
yi =HiX+v;

Fig. 5.4. Decentralized processing scheme using the results of partial algorithms
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Note that if we additionally assume that x and v, are Gaussian vectors, then the

above estimates are optimal Bayesian estimates minimizing the RMS criterion without
any restrictions on the class of the algorithms used.

5.5. Recursion processing scheme

The recursion scheme is the most popular one in navigation information processing.
The idea is that the sought estimate is not obtained by processing the whole
measurement set; it is generated by successive processing of each available
measurement and the results derived at the previous processing step. These algorithms
are referred to as recursive algorithms.

The idea of the algorithm design can be explained by a simple example of estimating
an unknown scalar from scalar measurements

Y. =X+V,.
If the measurement errors are assumed to be noncorrelated random variables with
the same variances, the GLSM estimate can be determined as an arithmetic mean of the

N . : .
accumulated measurements, i.e., X, = TZ y; - Writing the chain of equalities
| 4=

i-1
14 y‘+Z_l:y" y. i—1 1
)A(i:?Zl‘,yj:+:Tl+f§(i—1:ﬁi—1+}(yi_)A(i-l)’
j=

we obtain
% =%+ ]T-(yi — %) (5.20)
i

Similarly, obtain the recursive algorithm for the problem (5.11) considered in the
previous section, taking that the measurements are successively input to the processing
scheme. Introduce the estimate and its error covariance matrix for the processing of the
(i —1)-th measurement:

2 ,(Y.) :((Px)l +i§:HJ.TR1.1H j] [inleyj], (5.21)

i—1 -
Pi_lz((Px)1+ZHjTleHjj : (5.22)
j=1
Then, the following chain of equalities can be written:

[ i-1
% (Y;) = R{ZH,-TR,-_IYJ = R(HFRflyi +ZH}R}‘yjj =
=1 j=1
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IDl HRy|+P [ZHRyJ]:'HRyl_FPIAll |1))
:Pi(HiTRi_]yi_'_PifllAil il))+P'HT .1( X 1 (Yig) —Hi%, i—l)):
= PH/R(y, = Hi& 4 (Y1) + P (P3 + H/R'H, )&, (Yi,) =
=%, (Y,) + RHRT(y, —H X (Y1) ;

. -1
:((PX)‘l +Z;H}R;‘Hjj =
J=

i1 - B
:[(Px)l +> HIR'H, + HiTRilHij =(P1+HRH,) ",
j=1
from which, obviously, the sought recursive relationships follow:
% (V) =%, (Yi,) + RH{ Riil(yi —H% (Y1) (5.23)
-1
P=(RI+HR'H) . (5.24)

It should be emphasized that these relationships have recursive nature both for the
estimate and for the covariance matrix. With a matrix

K= PiHiTRi_l (5.25)
introduced, the estimate can be given by
% =% (Vi) + Ki(y; = HiXi 5 (Yi4)) - (5.26)

With account for (4.24), (4.26), error covariance matrix P and matrix K. can be

calculated as
P=P,-P H'(HP,H +R)"'HP, =(E-KH)P,, (5.27)

K., =P H'(HP_H"+R)" (5.28)
As will be shown in further sectlons, actually, these are Kalman filter formulas for
the problem of constant vector estimation studied here.

Exercises

Exercise 5.1. Solve the vector estimation problem having measurements
Y, = X+V;

Y, =X+V,,
: : o R 0
using the GLSM, assuming that in criterion (2.13), Q = 0 RrR2|

2

Assuming that the measurement errors are noncorrelated with each other centered

87



zero-mean vectors with covariance matrices R and R, , using (2.29), write the
covariance matrix for the errors of the obtained estimate.

Compare the derived equations with the results corresponding to the
complementary filter for the problem under consideration.

Exercise 5.2. Let there be an n-dimensional unknown vector x to be estimated from
measurements (5.5), (5.6) written as

Y, =X+V,;
Y, = HX+V,,

where Yy, is an I-dimensional vector; H is an I xn matrix. Use the GLSM to derive the
x estimate with Q =R ™.

Assuming additionally that v, and v, are noncorrelated zero-mean vectors with
known covariance matrices R, >0, j=1,2, and R is the covariance matrix of vector

V.
{vl] derive the formula for the estimation error covariance matrix using (2.29). Make
2

sure that the obtained estimates coincide with the estimates derived using a
complementary filter (invariant scheme). Under which conditions will this estimate
agree with the maximum likelihood estimate?

Exercise 5.3. For Example 5.1 obtain the formula for the estimate of vector x and
the corresponding covariance matrix when the measurements (5.8.), (5.9) and a
complementary filter are used.

Exercise 5.4. For Example 5.1 obtain the formula for the estimate of vector x and
the corresponding covariance matrix when measurements (5.8.), (5.9) and the optimal
Bayesian algorithm are used.

Exercise 5.5. The aircraft height measurements are taken at times t =At(i—1),

I =1.m with equal intervals At using a satellite receiver and a barometric altimeter. The
measurement errors are independent random values with variances u ri. The

vehicle height is described as a first-order polynomial h, = x, +Vt,.

Formulate the problem of integrated processing of these measurements to derive
optimal estimates of vector x=(x,x,)" =(x,,V)" assuming that its components are
Gaussian random values with mathematical expectation (x,, 0)" and variances o;,oy,

independent of each other and of measurement errors. Write the formula for the error
covariance matrix for optimal estimates.

Exercise 5.6. Consider the problem of aiding the navigation system using distance
measurements to the beacon, discussed in this section. Suppose that it can be solved in
a linear statement; thus, the measurements can be written as

W =+

2
r-SNS

(@) _ BF
yl - X2 + Vl !
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y, = HXx+V, =—x SinB—x,C0sB +V,,
where x=(x,X,)" is a two-dimensional vector setting the vehicle 2D position, and

angle B sets the orientation of the unit vector (sin B,cosB)" with respect to axis OX, .
Let v, = (v?,v®)" be a zero-mean measurement error vector with covariance matrix
R that has the parameters of error ellipsea,b,z, and error v, is a zero-mean random

value noncorrelated with this vector with a variance coinciding with b?.
Specify the complementary filter for the position estimation algorithm and make
sure that this algorithm agrees with the GLSM with Q =R ™.

Find angle B such that the distance RMS (DRMS) error is minimum.
Exercise 5.7. Assume that we have two sensors with outputs
Y, = X+V;
Y, = X+V,,
where x=(x,Xx,)" is a two-dimensional vector setting the vehicle 2D position. Two-
dimensional vectors are assumed to be noncorrelated zero-mean random vectors with
covariance matrices R, >0.
Obtain the formula for the estimate error covariance matrix corresponding to the
GLSM assuming that Q is a block-diagonal matrix with blocks R™* and R™*.
Assuming that dimensions of minor and major semiaxes of these ellipse matrices
are the same, i.e., a, =a,=a, and b =b, =b, determine which mutual orientation of
these ellipses provides minimum (maximum) DRMS error.

Test questions

1. Formulate the problem of integrated measurement processing and illustrate it by
examples. What is a complementary filter?

2. Explain the idea of the invariant algorithm by the example of processing data
from two sensors. Explain the name of the algorithm. Provide the measurement
processing scheme.

3. How is the algorithm of the complementary filter related to the GLSM and the
maximum likelihood algorithms?

4. Outline the specific feature of the non-invariant algorithm. Provide the
measurement processing scheme. Discuss its advantages and disadvantages as
compared with the complementary filter.

5. Explain the ideas of the centralized and decentralized schemes for processing data
from several sensors.

6. Explain how recursive estimation algorithms can be derived in estimating the
vector of constant parameters.
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6. Random sequences

This chapter provides basic definitions and properties of discrete random processes,
as well as methods used to describe them. These processes are often referred to as
sequences or discrete time series. Hereinafter, we will use the term “sequence”.

6.1. Definition of a random sequence and its description

Consider a sequence of scalar values X;,X,,Xs,....%,.... A sequence is called
random if each X, is a random variable. Figure 6.1 shows a sample of a random
sequence. If the subscript corresponds to time t, we deal with a temporal random

sequence. Further, we consider a temporal random sequence and the subscript is treated

as discrete time.
Iy

0 20 40 50 80 100

Fig. 6.1. A set of samples of random sequences

Assume that X, i=1,2..is a random sequence. If we fix two arbitrary time points,
for example, t and t,, we can form a two-dimensional random vector whose

components are two random variables X and x;. Joint statistical properties of this

vector can be determined with the use of either a cumulative probability density (CDF)
or a probability density function (PDF). It is also possible to introduce similar functions
for a vector comprising a greater number of variables of the sequence. It is clear that
the description of a random sequence will be fully specified if we can determine PDF
P(X,, X,.....x;) for any finite set of variables in a sequence at arbitrary time points

t,t...t.
We can also introduce some characteristics of a random sequence, the most
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important of which are the mathematical expectation and the variance of the
random sequence. Knowing PDF p(x) for an arbitrary i-th time point, these

characteristics can be defined as:
% =E{x}=[xpO)dx; (6.1)
o =E{(x — %)’} = [(x = %)" p(x)dx,. (6.2)
If joint PDF p(x;,x;) is assumed known for the sequence values at arbitrary time

points, it is possible to introduce another very important characteristic:
ki, ) = E{(4 = %), =X)} = | [ (% =X)(x; = %) p(x;, X, )dxdx; . (6.3)
which is called the correlation function of a random sequence.

A similar characteristic of two different sequences is called a cross-correlation
function. Function (6.3) sets the value of the correlation coefficient between random
variables, corresponding to the i-th and j-th time points. By virtue of (4.1), the
following equation

P(Xi. X)) = p(x% 7 x;) p(X;)

is true. Here, p(x; / x;) is a conditional PDF for the variable of the sequence at the i -th

time under the condition that the value is fixed at the j-th time.

Since at i=j, p(x/x;)=36(x —x;), i.e., the transition density is a delta-function, it

Is clear that

k(i,i) = o2, (6.4)
I.e., at a fixed time, the sequence variance coincides with the value of the correlation
function at coincident values of the argument i = j.

Random sequences may be not only scalar, but vector as well. The term a random
n-dimensional vector sequence is used in reference to a sequence whose variables are
n-dimensional random vectors.

Assume that x;, i =1,2.. is an n-dimensional random sequence. Note that hereinafter,
we use the subscript to indicate the discrete time point which corresponds to the vector
and its components.

If we need to simultaneously specify the time point and the number of the
component, we use double subscripting, i.e., x =(X,...,%,)". The first of the
subscripts indicates the time, while the second, the number of the component.

All of the definitions given above can be generalized for the case of the vector
sequence. In particular, the correlation function will be a correlation matrix defined as

k@i, ) = [ [ (6 =% = %)" p(x;, X )exdx; (6.5)
For the same values of the argument i= j , the correlation matrix coincides with
the covariance matrix, i.e.,

k(i,i) =P = [ (% =%)(x = %) p(x)dx, (6.6)
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6.2. Stationary (time-invariant) random sequences. Discrete white noise

Consider some of the most common types of random sequences.

An important class of random sequences is stationary random sequences.

A stationary (time-invariant) sequence, in a broad sense, is a sequence whose
expectation does not depend on time, whereas the correlation function depends on the
difference (i— j):

X, =X;
k(i = 1) = E{(x = %)(x; = X,)}-
From this formula it follows that the variance of the stationary sequence does not
depend on time since
o’ =k(0).
If the above-mentioned properties are not met, the sequence is called a
nonstationary one (time-varying).

A strictly stationary (time-invariant) sequence is a sequence for which the PDF
p(X,,,.....X, ), introduced for any finite set of sequence values, remains unchanged when
all  time points change simultaneously by a value 4, ie,
P(Xyyseeee Xy ) = PRy, yreeen Xy, ) -

The sequence that has a zero mathematical expectation (x =0) is called a zero-

mean sequence. The samples shown in Fig. 6.1 correspond to a zero-mean sequence. A
sample of a nonzero-mean random sequence is shown in Fig. 6.2.

¥

1 i i i i
0 10 20 30 40 a0

Fig. 6.2. Realization of a nonzero-mean random sequence

It is clear that a random sequence with a nonconstant expectation is nonstationary.
An example of a nonzero-mean sequence is shown in
Fig. 6.2.
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Consider a sequence the variables of which are independent of each other at
different time points:

P(X, Xy een. xk):Hp(xj). (6.7)

It is easy to understand that the correlation function of this sequence has the
following form:

(i, ) =075, (6.8)

where 5, is the Kronecker symbol.

A sequence with a correlation function of the form (6.8) is called discrete white
noise. In other words, discrete white noise is a sequence the variables of which are
uncorrelated with each other at different time points. If the white noise is zero-mean
and the variances for all times are identical, the noise is stationary. An example of a

sample of such noise is shown in Fig. 6.3.
Y

0 20 40 60 80 100

Fig. 6.3. Realization of stationary white noise

Note that the correlation function characterizes the temporal properties of the
sequence, defining the level of statistical dependence of its values at different time
points quantitatively. At the same time, the forms of PDF p(x,), p(X,X,), P(X,X,,X%,),
etc. are also of vital importance. For example, we can introduce Gaussian sequences.

A random sequence is called a Gaussian sequence if PDF p(X,,.....x,) for any set
of its values is Gaussian at arbitrary time points. In particular, if this requirement is
fulfilled for white noise, such noise is called discrete Gaussian white noise. It is
important to emphasize that for Gaussian white noise, formula (6.7) is valid for any set
of values. Thus, besides (6.8), for any i = j, we can be write

p(Xi’Xj) = p(Xi) p(Xj) :
Gaussian sequences have a very important feature consisting in the fact that if we
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know expectation (6.1) and correlation function (6.3), it is possible to determine PDF
p(x.,.....x,) for any set of variables of the sequence at arbitrary time points. In other

words, the knowledge of (6.1) and (6.3) provides a complete description of its statistical
properties. This is a consequence of the fact that the Gaussian PDF is completely
determined by the first two time points.

¢ Example 6.1. Assume that expectation X and correlation function k(i) are

known for a scalar stationary Gaussian sequence. We need to write the PDF
P(X,, X,,%;) for the vector composed of the values of sequence x = (X, X,,X,)".

Since vector x = (x;,X,,%;)" is Gaussian, then, to find the corresponding PDF, it will
suffice to determine the mathematical expectation x =(x,,X,,X,)" and the covariance
matrix

k()  k(t,-t) k(t,-t,)
P* = k(tz _tl) k(0) k(tz _t3) '
k(ts _tl) k(tz _ts) k(0)
Hence, it follows that
p(Xsz’Xs) = N(Xlixz’xs;ipiz’iy PX) . ¢

6.3. Markov sequences

Consider scalar sequence X . Fix time points in ascending order and form vector
X, X,..... %, .. For this vector, we can write a joint PDF p(X,,.....x,), for which (see

Exercise 6.1), as follows from the formula for multiplication of PDF (4.1), the
following formula holds true:

PO X)) = PO L Xy X0 %) Py T X0 Xy g0-%) - P(X,) . (6.9)

The question of special interest in studying the temporal properties of sequences is
how statistical properties of their values at current time X, depend on the values at
previous time points X, X,......X,_,. This dependence is determined by the PDF of the
form p(x, /x,...,X._,;) . Markov sequences are an important class of random sequences.

Their distinctive feature is that the statistical properties of their values at a current time
point only depend on the values at the nearest previous time point. In view of the
above-said, a Markov sequence can be defined as follows.

A Markov sequence is a random sequence for which the properties of its variables
X, at time point t, with the known value at the nearest moment t, , depend only on the
sequence values at this moment and do not depend on the sequence values at time
pointst <t, ,, i.e.,

P(X [ Xy 10 %y e X)) = P(X I X 4) (6.10)
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The conditional PDF of the Markov sequence p(X, /X, ) is called transition PDF

or transition density.
For the Markov sequence, Equation (6.9) can be transformed as follows:

P(Xy.X,) = p(xl)H P(X; /X))

Thus, specification of the transition PDF and PDF for the initial time p(x,) is

sufficient to find the joint PDF for a set of Markov sequence values at arbitrary time
points. The above types of random sequences can be easily generalized to the vector
case.

6.4. Shaping filter

In applied problems, an important role is played by sequences specified with

recursive difference equations of the form
X =dXx,+IW,i=12..., (6.11)

where X, is an n-dimensional vector; w, is uncorrelated with X,, zero-mean p-

dimensional discrete white noise with the correlation function of the form
M{\NinT}: 5ijQi ' (6-12)
where Q isa px p covariance matrix; @,, I', are the known nxn u nx p - matrices.

Vector X,, which specifies the sequence value at the initial time, is also assumed to
be random with the known expectation X, and covariance matrix P, .

It is easy to see that for this sequence, formula (6.10) holds good, i.e., the sequence
defined by (6.11) is a Markov sequence. If the sequence value at the initial time X, and
white noise w; are Gaussian

p(xo): N(XO;Y()’PO); (613)
p(w) =N(w;0,Q), (6.14)
then sequence x; is a Gaussian Markov sequence.

This is a consequence of the fact that linear transformations of Gaussian vectors
generate the Gaussian vector, and vectors X, and W,...w, are jointly Gaussian (see

Exercise 6.2).

Equation (6.11) is called a shaping filter of a random sequence. This name is
motivated by the fact that a random sequence is generated as a result of transformation
of discrete white noise with the use of difference equation (6.11). The input white noise
W, is called generating (forcing) noise or system noise. Matrix @, is called a matrix

of dynamics, matrix I'; is a matrix of generating noise, and vector X. is the state

vector.
Taking into account the results of Exercise 6.3, we can see that the time evolution
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of the expectation and the covariance matrix for sequence (6.11) is determined by the
recursive relations:
X=0X; (6.15)

Pi =M {(Xi _Yi)(xi - Z)} :q)ipi—lcpiT +riQiFiT’ (6'16)

allowing the values at the current step to be calculated using the corresponding values
of the previous step.

From (6.15) it is obvious that the sequence formed with the use of (6.11) will be
zero-mean at zero-mean generating noise, when the vector of initial conditions is zero-
mean.

If necessary, it is easy, using the transformation rules of random vectors and (6.11),

6.12), to obtain covariance matrix P*; for the composite vector X. =(x},X’,...,x" '
i 0 1 i

with the sequence values at all previous time points, including the initial variable (see
Exercise 6.6).

The advantage of describing the sequence using the shaping filter (6.11) and
formulas (6.15), (6.16) is the fact that this makes it possible to recursively solve the
problem of the sequence formation itself, as well as the problem of calculating the
corresponding statistical characteristics in the form of mathematical expectations and
covariance matrices. In particular, the diagonal elements of the covariance matrix
determine variances &*(j)=P[j, j1, j=21.n for each component of the state vector. In
view of the above-said, shaping filters (6.11) are widely used in solving applied
problems for simulation of random sequences. For this purpose, it is necessary to form
random vector X,, vectors W, using a random number generator, and then, using
recursive formula (6.11), obtain the required values of samples formed in the general
case with the use of the equation

Z,=HxX. (6.17)
Further, when considering the examples of how to obtain samples with the use of
shaping filters, it is assumed that the sensors of Gaussian random variables are used.

4 Example 6.2. A particular case of sequence (6.11) is a sequence in which there is
no generating noise, i.e., the sequence of the form
X =DX . (6.18)
To determine its expectation, it is necessary to use (6.15). The covariance matrix
can be calculated if we specify the initial covariance matrix P, and equation
P=0,R,0;.
For unity matrix @, i.e., ®, = E, we obtain a sequence
X =X 1, (6.19)
which is a constant vector with expectation X, and covariance matrix F,. 4

¢ Example 6.3. If ®, =E and I'; =E in the equation for the shaping filter (6.11),
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and there is generating noise, then
X =X_,+W. (6.20)
It is clear that such a sequence can be represented as a sum of two summands,
uncorrelated with each other, one of which is a constant random vector, and the other
one is a sum of uncorrelated vectors of discrete white noise from the first time point to
the current time, i.e.,

X =X+ W, (6.21)
-1

Since generating noise is considered zero-mean, then X =X, for any i. In this case,
Equation (6.16) is defined concretely as
R=P,+Q.
If the covariance matrices for the generating noise are constant, i.e., Q, =Q, we

can write:
P=PF+iQ. (6.22)
From the last two equations follows that, despite the fact that the matrices defining
the shaping filter are time-invariants (constant), the resulting sequence is not stationary
(time-invariant) because the corresponding covariance matrix increases with time
increase.
Sequence (6.20) is called a sequence with uncorrelated increments. This
definition is due to the fact that for it, increments (x, —x;) on disjoint time intervals are

uncorrelated with each other. This is easy to see since on these intervals increments are
determined by the values of white noise corresponding to different time points. If all
vectors are Gaussian, such increments are independent of each other, and sequence
(6.20) is called a Gaussian sequence with independent increments.

In the scalar case, sequence (6.20) is called a Wiener sequence, also known as a
random walk. 4

4 Example 6.4. In section 1.1, we gave an example of how to describe height
variation during the measurement time in the form:
h=x, +Vt,i=1m, (6.23)
where X,,V is the initial height and the vertical velocity, which is assumed constant;
t. = (i—1)At are the time points from the beginning of the observation.

In section 1.1 this model for height variation was introduced using two unknown
variables. Now we can show that this model can be obtained with the use of the shaping
filter. Introduce the state vector

X = (Xil’ Xiz)T = (hi V)" (6-24)
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Since

e

where At is the measurement interval, thenat I'; =0, H, =[1,0],

q)—lAt 6.25
=y 1 (6:25)

z,=H,x =[10]x =h,. (6.26)
If the initial covariance matrix is given as

o 0
PO:|: 0 2:|l
0 oy

then using (6.16), it is easy to verify that
ol =P[L1 =02 +cZ[(i—DAL] .
If we add the generating noise with variance g to the first equation

o Sl o

then, instead of (6.23), we obtain the following more general model to describe the
height variation:

we obtain

h=% +Vt,+ > w,.
j=1
Since the matrix of dynamics is given by (6.25), and the matrix at generating noise

1
I = {O} In this case, using (6.16), we obtain

ol =PIl =0f + o [(i—DAL] +02(i -2).
Figure 6.4 gives some examples of height variation realizations obtained by the

simulation with the use of the shaping filter and a sensor of random numbers for the
two cases mentioned above with the following data: time — 100 s, At=1s, o,=10m,

o, =0.1m/swith g, =0 (a) and g, =1m (b). The triple RMS values define +3c, and,

in the Gaussian case, they determine the domain of the most probable values of this
sequence at each time point.
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Fig. 6.4. Samples of the height variation and the corresponding triple RMS values in the
absence and in the presence of generating noise 4

6.5. Dynamics of the covariance matrix for the Markov sequence

From (6.16) it follows that in the general case, the covariance matrix of the Markov
sequence described with the use of the shaping filter varies with time, and in so doing,
P can either increase, i.e., P > P_,, or decrease: P.<P_,.

Let us explain it for a scalar example

X, =Ddx._, + W, (6.27)
where T'=1 and Q, =q? for all i. In this case, after introducing notation P =c?, (6.16)
can be written as
o’ =0’ ,®*+q°.
2
IS

If for ®2, g*> and &7 the following inequality o2®? +q*> o2, i.e., o; >1q?’

true, then the variance o} increases with the increase of i, i.e., &* > o/7,. However, if

9

2
oid*+q° <o, ie, [aj <W]’ then variance o decreases. When there exists a

solution to the equation o2d” +q° =02, the variance of sequence (6.27) no longer
2

g

>

changes with the increase of i and takes the value o? =1 It is possible when

2

9

®? <1. If we assume that o = o the variance will be constant for all i. It is also

clear that when @ >1, the variance can only increase, which is why there is no positive
solution to the equation o?®? + q° = o ; at ® =1, the variance will also increase.

In the vector case, when @, =®, I',=I', Q =Q are time invariant (constant)
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matrices and there exists solution P, for the equation:
P =®OP®"+IQI", (6.28)
at zero-mean generating noise, sequence (6.11) is a stationary Markov sequence.

¢ Example 6.5. Assume that we are given a Wiener sequence (6.20) and P, =2,
Q=9".

Consider an example of this sequence and the calculated RMS values
corresponding to it at each time point: o, :\/ﬁ:«/aj +q?% at different interrelations
between the initial variance and the variances of generating noise. For definiteness, it is
assumed that, as in Example 6.4, x; describes the height variation.

As it was mentioned before, the values of this sequence at each time point represent
a sum of two summands: the random value and the sum of the values of the white-noise
sequence accumulated by the current time.

At o =0, there is no first summand. A sample and the corresponding RMS value is
shown as +go, in Fig. 6.5, @, at =1 m, and o, =0. Here and in the following example,
it is assumed for definiteness that the sequence is formed on the interval of 100 s and
At=1s. If the condition g% = o is satisfied for the last time point i=100 (at 6, =10 m
and q=1m), the contribution of two summands in the resulting value of the variance is

the same (Fig. 6.5, b).
a) b)

Fig. 6.5. Samples of the Wiener sequence and the corresponding RMS values at zero and
nonzero initial values

If the condition qg’i<<o? is satisfied (at i =100, g=1 m, and o,=100 m), the
samples will not differ significantly from the samples for the constant vector (Fig. 6.6).
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Fig. 6.6. Sample of the Wiener sequence and the corresponding RMS values in the case that
condition ¢’ < o’ is satisfied

For all three variants in this example, the sequences are nonstationary (time
variant), although in the latter case, this nonstationarity does not manifest itself
significantly, i.e., the RMS of the variable part is much less than the RMS of the
constant component. 4

4 Example 6.6. Assume that we need to generate a sample of a zero-mean random
sequence with the correlation function k(i — j):oze‘““‘”. Such sequence is usually
called an exponentially-correlated sequence. It is evident that this can be done using

the shaping filter of the form (6.11), where ® =e™, I'=o+/1-€7*; X, is a zero-mean
random variable with initial variance P,=o7, where o, =0 , and W, is zero-mean

discrete white noise with a unit variance, independent of X, [25].

This is so because with such parameters, Equation (6.28) becomes an identity:
o’ =c%?" +o*(1-e?*), which means that the variance of the sequence is constant.

In addition, using the definition of the correlation function, we can write the following
equation:

k@i,i—-1)=k(i—(@i—-1)=k@) =E{xx_}=E{®X_ X, +TWx_}=0
which is not difficult to generalize for the case i — j >1.

Below are the plots of the samples of such a sequence with ¢ =0.1, o =1m for
three cases: the stationary case, provided that the conditions c’®*+1? =0c., c=0,=1
m are satisfied (Fig. 6.7); the nonstationary case with increasing variance, provided that
the conditions o?®*+I*>0?, o>0,=0 are satisfied (Fig. 6.8, a); and the
nonstationary case with a decreasing variance, provided that the conditions
o.®* +T%<o?, 0<o,=3m are satisfied (Fig. 6.8, b). The plots show both the

samples and the corresponding triple RMS values in the form of +3(c; = \/Ei) :

Ze—a 1
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0 20 40 60 80 100

Fig. 6.7. Sample of an exponentially-correlated sequence
(stationary case)

Fig. 6.8. Sample of an exponentially-correlated sequence and the corresponding triple RMS
values (nonstationary case)

As it was mentioned above, in all cases, since the condition ®?>=e2* <1 is

201 _ a—2a
satisfied, the variance reaches the steady- state value ¢ = % =o’=1.
—e
From the above formulas it follows that if there is a need to generate a sequence
with prescribed o and ¢ at unit variance of discrete noise, this sequence can be
obtained, provided that the condition I'? =&*(1l-®%)=0c(1—-e>*) is satisfied. At

a <<1, this condition can be written as I'? ~ 2c%cc. ¢
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Exercises

Exercise 6.1. Assume that we have a PDF p(x,.....X,). Show that the
representation
POXpreeXi) = P4 Xy g0 X0 X)) PO 1/ X0 Xy g0X) - P(X,)
is valid.,
Exercise 6.2. Explain why vectors x, and w,,...w,, having Gaussian PDF (6.13),

(6.14), with x; uncorrelated with w;, and w,, w, uncorrelated with each other at I # j,
l, j=1.i, are joint Gaussian.

Exercise 6.3. Show that the changes of the expectation and the covariance matrix in
time for sequence (6.11) are defined by (6.15), (6.16):

% =D0X 4,
Pi =M {(Xi _Yi)(xi _K)T} :q)ipiflq)iT +riQiriT'
Exercise 6.4. Calculate the covariance matrix for the random vector generated
according to the equation X :Z w; , in which w,, j=1.i are uncorrelated with each
j=1
other zero-mean random vectors with the same covariance matrix Q for each time

point.
Exercise 6.5. Calculate the covariance matrix for the random vector generated

according to the equation X :Z w; , in which for all j=1i, w; =w, we have the
j=1
same zero-mean random vector with the covariance matrix Q.
Exercise 6.6. Derive the rule for finding the covariance matrix P* of the
composite vector X, =(x;,X,...x’) , the components of which are defined by (6.11),

(6.12). find this matrix for the case of i =1.
Exercise 6.7. Derive the formula for a PDF for the composite vector

X, =(%3, % ... x7) for the Gaussian Markov sequence specified by (6.11)—(6.14).

Exercise 6.8. Assume that in the previous problem, i=1, and I',=E, ie,
X, = ®,X, + W,. Taking into consideration the fact that the PDF for the composite vector
X, =(X5,%)" can be written as (see Problem 6.6)

p(xl): N(Xl;O’ P1)1 (1)
where
P P.o"
Pl = 0 ° Tl 1 (2)
O CI)lPOCI)1 +Q
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show that representation (1) for the PDF is identical to that derived in the previous
problem.

Exercise 6.9. Derive the formula for the correlation function of a zero-mean

Wiener sequence for which the initial condition is zero and the generating noise has
identical variance q*.

Test questions

1.

Give a definition of a random sequence. Explain what the mathematical expectation,
variance and correlation function for a random sequence mean. Give examples of
scalar random sequences.

What are zero-mean, stationary and Gaussian random sequences?

Give a definition of discrete white noise. Can discrete white noise be nonstationary
or non-Gaussian?

Give a definition of a Markov sequence. Explain what the shaping filter is. Give
some examples.

Derive recursive formulas for the mathematical expectation and the covariance
matrix of a Markov sequence specified with the use of the shaping filter.

What is a Wiener sequence? What properties does it possess? Is the Wiener
sequence a Markov sequence?

Explain why at constant matrices ® ,I" ,Q in (6.11), (6.12) the sequence is not
stationary if condition (6.28) is not satisfied. Illustrate it with an example.
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7. Filtering of random sequences. Discrete Kalman filter

In chapters 2—4, we discussed in detail various algorithm design methods depending
on the level of a priori information as applied to the problem of estimating the constant
vector. Here we consider the problems of estimating the sequences describing time-
varying vectors. In so doing, we assume that the sequence is random,; therefore, the
problem can be formulated within the Bayesian approach as a problem of calculating
optimal RMS estimates.

In solving the problem, we also assume that the random sequence is described using
a linear shaping filter and we have the measurements linearly depending on the
estimated sequence. The main attention is paid to the recursive algorithms, the essence
of which is explained in section 5.5. The famous discrete Kalman filter, providing an
elegant solution to the problem under discussion, is described.

7.1. Nonrecursive statement and solution of the optimal linear estimation of random
sequences

In spite of the fact that the main attention is given to recursive estimation of random
sequences, let us show that the problem considered in this chapter is related to the
problem of constant parameter vector estimation, and thus, it can be reduced to the
latter. Thus, first, we discuss the nonrecursive (batch) statement and the algorithm for
solution of the estimation problem.

Consider the following simplest problem of estimating random sequences.

Assume that there are two random scalar sequences x. and Yy,, i=1,2... Their
statistical properties are set using correlation and cross correlation functions

K (v, 1) =E{(x, = X,)(X, —X,)}; (7.1)

K, (v, 1) =E{(Y, = V)Y, ~V.)} (7.2)

Ky (v, 1) =E{(x, =X )Y, -V}, v.u=12.. (7.3)

Assume that their mathematical expectations x; and y,, j=1.i are known.

Let us introduce vector Y, =(y,,...,y;)" that includes all measurements y, j=L1.
accumulated by the current time i.
We need to estimate the values of sequence x; at some time j, j=1.i using the

measured values of sequence y;, ] =1.i accumulated by the current time i.

It follows from the given statement that the values of the random sequence should
be estimated using the values of another sequence correlated with it.
Different relations between i and j in this statement correspond to different
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variants of the estimation problem [19, 24]:

j =i is afiltering problem, in the case that the discrete time for which the estimate
IS sought coincides with the current time (measurement arrival time);

j <i Is an interpolation or smoothing problem, in the case that the estimate is
sought for an earlier time as compared with the current time;

j >i Is an extrapolation or prediction problem, in the case that the estimate is
sought for the future time.

These problems are explained in Fig. 7.1. Filtering and prediction problems are
usually solved online, when the estimate for the current time should be obtained or the
estimated parameter should be predicted at the current time. Smoothing problems are
solved in the so-called off-line mode, when the estimates are generated after all the
measurements have been obtained.

To reveal interconnection between the problems of random sequence and constant

vector estimation, introduce a composite vector (x},YiT)T and look at first at

nonrecursive estimation algorithms using the whole measurement set Y, = (y,,...,y;)" to
calculate the estimates of x;. Introduce %, (Y,), which is the estimate x; at time j
calculated by the measurements accumulated by the current time i, i.e.

Filtering problem j =i Smoothing problem j <i  Prediction problem j > i

Estimated sequence Estimated sequence Estimated sequence

Estimation

Estimation time j Estimation time j Current time i

Fig. 7.1. Various types of estimation problems

The statements of the constant vector estimation problem detailed in chapter 2 were
concretized depending on the level of the a priori statistical information used. Here, two
first moments of vector (x},YiT)T are supposed to be known; thus, similarly to the
technique used in 4.5, we can formulate the problem of finding unbiased estimates
%,; (Y;), minimizing the RMS criterion

‘J?/i = E{(Xj — Xy (Y.))z} (7.4)
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in the class of estimates linearly dependent on the measurements.

These estimates are called RMS optimal linear estimates of a random sequence
or linear unbiased estimates with minimum variance.

Actually, this is a Bayesian statement of the random sequence estimation problem
with a limitation on the class of the estimates used in minimization of the selected
criterion. Using the results obtained in 4.5, where the solution algorithm is provided,
with account for (4.24), (4.25), we can write the following equation for the sought
linear estimate:

X)) =X+ K (Y, =Y, (7.5)
where K,, is a 1xi row matrix satisfying the Wiener-Hopf equation for discrete
time

K,P% =P, (7.6)
where
P =E{(x; - X)(Y, -V} u=1i (7.7)
is a row matrix determining the correlation between x; and values y;,....y;;
PYi = E{(yv - Vv)(ylu - yﬂ)} ’V’/’l :ﬁ (7'8)

ISa mxm covariance matrix for the whole measurement set.
A posteriori variance for the estimate (7.5) error is given by

P =P" —K,,P™, (7.9)

jh
where
PY =E{(x;-%;)’} (7.10)
Is the variance of the estimated sequence.
The elements of matrices P*", P¥% and P* can be easily found using (7.1)—(7.3).

If matrix P* is nonsingular, the formulas for the estimates and their variances can
be written as follows:

Ky =P (P15 (7.12)

P =P —PY (PP (7.12)

As noted in 4.3 (formula (4.8)), the error of the estimate, minimizing the RMS
criterion of type (7.4) in the class of estimates linearly dependent on the measurements,
is orthogonal to the whole measurement set or their arbitrary combination. In this case,

this formula can be written in either equivalent form

E{(Xj —f(j(vi))YiT}=o, (7.13)

E{xY"}=E{%(¥)¥'}, (7.14)
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or

E{(Xj —f(j(vi))kj(vi)}=o, (7.15)

E{x%(Y)} =E{%,(")%,(Y)}. (7.16)

Note that the given solution based on the Wiener-Hopf equation is true for any type
of estimation: filtering, smoothing, and prediction.
The results considered above will be fully true also for the case if the sequences are

vector sequences, and criterion J 5, = E{(xj =R (DT X = Ry (Y, ))} Is used instead of
(7.4).

Assuming that x; and y; (i=1, 2.) are n-and m-dimensional sequences with
mathematical expectations x;,y, (j=1.i), for linear optimal estimates, minimizing this

criterion, the above formulas will be true. Then, matrices P*%, pPY, and P* will have
dimensions nx[ixm], nx[ixm], [ixm]x[ixm], and nxn, respectively.

It can be easily noticed that after introduction of vectors (x},YiT)T, j=1i, the
problems of random sequence estimation of x; for each j in the presented statement are

reduced to a set of problems of estimating constant vectors x;, j=1.i, considered in

chapters 2-4. In this case, when j=i, a solution of the filtering problem will be
formed; when j<i, we will derive a solution of the smoothing problem, and for j>i,
a solution of the prediction problem. It is very important that in the case when i
changes, for example, i increases, in order to obtain a solution, we need to use the
whole set of accumulated measurements Y, =(y,,...,¥;)". It is in this sense that the
solution obtained is nonrecursive.

It should be emphasized that this problem statement does not imply setting a
functional dependence between the measured sequences and those being estimated, and
a priori information is given in the form of mathematical expectations, correlation and
cross correlation functions (7.1)—(7.3). Actually, it is a generalization of the linear
regression problem (considered at the end of section 4.5) for random sequences solved
with only their first and second moments available. The obtained solution corresponds
to the so-called nonrecursive procedure, where estimates (7.5) are calculated each time
using the whole set of available measurements (measurement batch).

¢ Example 7.1. Suppose that x. is a stationary zero-mean random sequence with
correlation function k(i— j) = o’e Il and the measurements of this sequence over the

interval j=1.i can be represented as
Y. =X +V, (7.17)
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where v, is a sequence independent of x., which is a zero-mean discrete white noise
with variance r?. The estimate of the sequence at some time j should be found.
For this example, we have
P =0o%; (7.18)

() ) [0 | e, 029

v

piY :{E(xjxﬂ)} :{o-ze‘““‘”‘}, u=1i. (7.20)
With account for the above, the foIIowing equation for matrix K, can be written:

otart o | | gre]?
o e ai i 0 +r
X I | | 1
o- +r § o't ol
O'Ze_a‘l_l‘ o’e” i ol +r?

Using (7.5), (7.9), and the last equation, we can specify the formula for the estimate
in question and its a posteriori error variance. 4

The given formulas allow determination of estimates and their accuracy
characteristics; however, it is difficult to use them in applied problems. In particular, it
Is connected with the fact that dimensionality of matrix P" grows with the increase in
the number of measurements, which makes the matrix inversion complicated. This is
the reason is why, further, we focus mainly on recursive filtering problems, where
algorithms convenient for implementation can be designed.

7.2. Recursive optimal linear filtering of random sequences. Problem statement

Formulate the problem of designing recursive algorithms for calculating RMS
optimal linear estimates of random sequences, i.e., the problem of designing linear
recursive optimal algorithms. Recursive algorithms were considered in section 5.5 as
applied to the constant vector estimation problem. Their idea is that the sought estimate
for the given measurement set i is generated by successive processing of the next i-th
measurement and the estimate obtained at the previous processing step using the

measurement set Y. , =(y1,...,yi_1)T. The covariance matrix of the current step is also

calculated using the covariance matrix for the previous step. As applied to the
considered problem, recursive algorithms can be obtained if the filtering problem is
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being solved, i.e., i = j. Then the random sequence is assumed to be set using a linear

shaping filter of type (6.4), and the measurements linearly depend on the estimated
sequence.

In the general case, the problem can be formulated as follows.

Let an n-dimensional random sequence be described by a shaping filter

X =D.X , + W, (7.21)
and let there be m-dimensional measurements related to the sequence as follows:
Y. =H.X +V,, (7.22)

where w, is a p-dimensional vector of generating noise; v, is an m-dimensional vector
of measurement errors; ®,, H., I', are the matrices of dimensionalities nxn, mxn,
nx p. Then, w. and v, are discrete zero-mean white noise:
E{ww,}=6,Q; E{vv,}=6,R. (7.23)
Initial vector X, is considered to be a zero-mean vector with covariance matrix P,,
and vectors X,, W,, v, are considered to be noncorrelated, i.e.,
E{Wiv}}:o, E{xov}}zo, E{XOWJT}ZO. (7.24)
Zero-mean nature of random vectors is assumed, without loss of generality, to
simplify the obtained formulas.
It is required, using the measurements accumulated by the current time i
Y, =(y,Y,,...y;)", to find a recursive algorithm for calculating RMS optimal unbiased
linear estimates of sequence (7.21), minimizing the criterion

JiB = E{(Xi _)A(i/i (Yi))T(Xi _)A(i/i(Yi))}’ (7-25)
and recursive algorithm of calculating estimate error covariance matrices
&i(Y) =X =% (1), (7.26)
determined as
Pi = E{(Xi _)A(i/i(Yi))(Xi _)A(i/i(Yi))T}- (7-27)

According to the terminology introduced in 7.1, one can speak of the state vector
filtering problem described, using (7.21), by measurements (7.22) or of the filtering
problem formulated in the state-space context.

Further, we denote estimate X,(Y;) and its error by X,.(Y,)=X(Y,)=X,
gi(Y)=&)=¢.

It can be easily seen that the constant vector estimation problem considered in
chapters 2—4 is a particular case of the sequence filtering problem formulated here.
Actually, we obtain this problem if in (7.21) we take w, =0, I', =0, and ®, =E.

The following distinctive features of the given problem statement, as compared to
the one considered earlier, can be outlined as follows:
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e the problem of Markov sequence estimation is being solved;

e the shaping filter for the Markov sequence is linear;

e measurement errors are introduced, and the functional dependence of measurements
on the estimated sequence and measurement errors is determined; this dependence is
also linear.

These features form the background for obtaining recursive linear algorithms in the
form of a discrete Kalman filter. Such algorithms are convenient from the
computational viewpoint. The Kalman filter equations are given in the next section.

It should be emphasized that in this statement, as in the previous section, no
information is introduced on the PDF for the random sequence, and the solution is to be
found in the class of linear estimates.

7.3. Discrete Kalman filter for random sequences

To design an optimal recursive algorithm for the above-formulated problem, we
assume that the current estimate X, is calculated using the subsequent measurement vy,

estimate X ,, and its error covariance matrix P_, for the previous step (Fig. 7.2).

’?i1(yi1)l Pi4

A priori

) . e data
XijicalVic) =D %;1(Yi4) o,T,,Q

Prediction

Xijica(Yia)  Prjia Delay
. A priori
Current Measurement processing | f
measurement at the ith step ata

v (Y.

i-1

i x(Y,)=x

i ini-1

V4K (y,—H % (v) HoR

i7in-1

x(Y;)) P, ’

Fig. 7.2. Kalman filter block diagram for discrete time

In section 5.5, a recursive algorithm for the constant vector estimation problem is
derived. It is emphasized that at each step, the estimate obtained using previous
measurements is actually corrected by adding a summand being a product of the gain
factor and the difference between the current measurement and its prediction. It is
reasonable to assume that the structure of the recursive algorithm for a random
sequence set using the shaping filter (7.21) will remain unchanged. The peculiarity of
the algorithm structure, as applied to the changing sequence, manifests itself in the way
of how to find the prediction estimate of the sequence and the prediction of the current
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measurement, using the optimum estimate X, ,, corresponding to Y, ,. Clearly, it should
be done with account for the dynamics equation (7.21) for the sequence being
estimated.

Taking into consideration the above-said, it can be shown that the recursive
algorithm for the calculation of the RMS optimal linear unbiased estimates, minimizing
the RMS criterion, can be obtained using a set of formulas divided into two blocks (see
Fig. 7.2).

In the first block (prediction block), the linear optimal estimate of the state vector
is calculated at time i by measurements Y. ,, i.e., the prediction estimate X, and its

prediction error covariance matrix are calculated using the optimal estimate X, and
covariance matrix P_, at the previous step'
|/| -1 q)lxl 1’ (728)

P, =®P O+ QI (7.29)

i i

where
F)i/i—l = E { (XI - )’Zi/i—l(Yi—l))(xi - ),Zi/i—l(Yi—l))T} = E{ (gi/i—l)(gi/i—l)T};
Eia =% — Riia(Yig) -

In the second block, the sought current estimate X, and its error covariance matrix
P are calculated using the current measurement y. and the results obtained in the

prediction block:
% =%+ Ki (Y, = HiXii0); (7.30)

K = Pi/i—lHiT(HiPi/i—lHiT + Ri)_l ; (7-31)
P=PR,,—B,H (HPB,_H + Ri)_lHiPi/i L =(E,—KH)BR,;. (7.32)
These formulas determine the well-known Kalman filter for discrete time
(discrete Kalman filter). The recursive nature of this algorithm is obvious because to
find the predicted estimate and its error covariance matrix, apart from a priori data,—
matrices @, T',, and Q., we use only the estimate and its error covariance matrix
obtained at the previous step; at the same time, to calculate the next estimate and its
covariance matrix, we use only the results obtained in the prediction block, the current
measurement, and a priori data: matrices H, and R.. Despite the fact that only the
current measurement is used, the resultant estimate is optimal over the whole
measurement set (it minimizes criterion (7.25)), and in the block diagram, the estimates
depend on the relevant measurement sets.
Equations (7.30) are usually referred to as the state estimate observational
update, or simply the state estimate update, and (7.32), as the error covariance
update [15, 24]. Matrix K; is called the Kalman gain matrix or just the Kalman gain.
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As in 4.4, it can be shown that the following formulas are convenient in some
applications will be also true for matrices K, P.:

K; = PiHiTRi_l; (7.33)
I:)i = (Pul_il + HiTRi_lHi)_l . (7-34)

Calculation of the gain and the covariance matrix according to (7.31), (7.32) is
preferable if m<<n, while it is more practical to use (7.33), (7.34) with n<<m and
diagonal matrix R;.

It should be mentioned that error covariance matrices P do not depend on

measurements and are determined only by observation matrices H., covariance
matrices Q. and R., characterizing the properties of generating and measurement noise.

Thus, all the computations connected with the calculation of the covariance matrix
and the gain can actually be done in advance. The block implementing these
computations is sometimes referred to as a covariance block (channel), and the one
computing estimates (7.30), as an estimation block (channel). It is significant that the
Kalman filter is linear with respect to the measurements, and the gain depends only on
matrices Q,, R and H,; therefore, it is independent of the measurements.

The Kalman filter equations were first provided and proven in the well-known work
by R.E. Kalman [17]. The proof is based on the use of the orthogonality property.

After that publication many different approached have been developed proving the
optimality of Kalman filter estimates.

It should be once more emphasized that here we consider the problem of obtaining
the estimates optimal in the linear class, with no assumptions made on the PDF of
random sequences. If PDF is assumed to be Gaussian, the above given algorithm will
provide optimal Bayesian estimates, i.e., the estimates minimizing the RMS criterion
(7.4) without limitations on the class of the estimates used. Thus, one of the proofs can
be based on obtaining a recursive algorithm for calculating optimal Bayesian estimates
of the problem under consideration, assuming that the initial vector, generating and
measurement noises are Gaussian.

It should be also noted that the Kalman filter algorithm not only defines a
convenient procedure for calculating the estimates, which solves the problem of
designing an algorithm for estimation of a random sequence, but also the procedure
for computing the covariance matrix characterizing the current accuracy of the
estimation algorithm, which is important for analyzing the estimation accuracy of a
random sequence.

Particularly, diagonal elements determine calculated estimate error variances,
which in their turn determine calculated standard deviations of estimate errors for all
components of the state vector.

The formulated problem and the presented formulas are given in Table 7.1
[8, 9, 13].
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Equations for discrete Kalman filter algorithm

Table 7.1

Statement of the filtering problem

State _vector X =0x  +T.w
equation

Measurements Y. =H,X +V,
Initial conditions X =0,P,

noise

Generating (system)

W, =0, E{WiW—jr}: 5ijQi;

Measurement noise

E{V } Ij |’

Cross correlation

E{ }:O,E{wivi}zo;E{xovf}zo

@, —nxn, i -nxp, Q- pxp

Matrices H. —mxn, R —msxm
Minimized criterion
J? = Exi,Yi { (Xi - X (Yi))T (Xi - X (YI))}
Solution of the filtering problem
Prediction X, =DX

Prediction error
covariance matrix

P/i—l :q)ipi—l i +riQiriT

Estimate % =R + K (Y, —HiXi )
: K,=P,,H'(HP, ,H'+R)" variant 1
Galn i/i-1 _1( iili-1 )
K.=PH'R variant 2
Estimate error P= (En K.H)P,. . variant 1
covariance matrix P=(P,,+H'R'H, )" variant 2

In this statement, the Kalman filter is used to calculate the estimates optimal in the
linear class, so that one can say that the Kalman filter is used to calculate the potential
accuracy of the random sequence (7.21) estimation by measurements (7.22) using

linear estimates.

Specify the provided Kalman filter equations using the following simple examples.

4 Example 7.2. Obtain the Kalman filter equations for the problem of estimating
scalar parameter x. =X, , = X by scalar measurements y, = X+V,, where X=X, is a zero-

mean random value with variance oZ; V,

independent of x, i.e., E{v,v,}=6,r
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Here, ®=H =1, T'=Q =0. While the parameter being estimated does not change,
the prediction block is significantly simplified:

Xi/i—l
P

X1
ili-1 Pi—1'
Thus, the formula for the estimate takes the form:
)A(i = )A(i—1 +K, (yi - )A(i—l) .
The gain and the error variance of the optimal estimate can be calculated with the use
of (7.33), (7.34):

P _ Pfl Rfl -1 _ I:)i_]_riz P _ 2

i_(ifl+i) _P 719 =0g
i-1 i

If the variances of all measurements are assumed to be identical, i.e., r?> =r?, it can

be easily verified that

It follows from here that if a priori variance is significantly larger than the
measurement variance, i.e., P, >>r?, the equations for the gain and a posteriori

2
variance can be determined as k. _1, p =L and thus, R =%, +1(yi —Xi4)-
I | |
As could be expected, the last equation in this case is a recursive formula for
calculating the arithmetic mean i.e., % = }z Y-
| <o

Figure 7.3 shows the filtering error samples and the tripled calculated standard
deviations in the form +3(c, = \/P) for the case P, =2 =1, r2=1.

0 20 40 60 80 100

Fig. 7.3. Filtering errors and tripled calculated standard deviations
in the estimation of the constant value
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As follows from the plot, the standard deviation of the estimation error unlimitedly
decreases, in this case, going down to about 0.1 over the interval considered here.

4 Example 7.3. It is required to solve the problem of filtering the Wiener sequence
X =X_, +W by measurements y. =x +V., where X, is a zero-mean random variable
with variance o7; W, v, are zero-mean discrete white noises independent of each other
and of x, such that E{v,v,}=5,r*, E{ww,}=5,9° .
In this case, ® =H =1, I'=1. The parameter being estimated is varying; however,
the equations for the estimates are the same as in the previous example, i.e.,

Rijia = %13 % =%+ Ky, = %)
Take the following formulas for the prediction and estimation error variances:
Pii=P.,+0q°;
P ) r?
P=P,  [1-—#L | OF P=(P,+Q") — |
g o et
a)P,=c’=P_= b)P,>P, =0, =0

Fig. 7.4. Wiener sequence filtering errors and tripled standard deviations:
a — stationary case, i.e., error variance is constant; b — error variance increases and reaches a
steady-state value; ¢ — error variance decreases and reaches a steady-state value
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Figure 7.4 presents the results of solving the problem of filtering a Wiener
sequence over 20 steps with q =1, r*>=4 as filtering errors and tripled standard

deviations (+3(c, = ,/P) with different values P, = o, . ¢

4 Example 7.4. Obtain Kalman filter equations for the problem of filtering a scalar
stationary exponentially correlated sequence with a correlation function

k(i— j) = o?e " considered in 7.1.

With account for Example 6.6, Egs. (7.21), (7.22) in this case are realized as
follows: X, =®Xx, , +W,; y,=X +V,, where ®=e"“, X, is a zero-mean random variable
with variance P,=o”; W, Vv,are zero-mean white noises independent of X, with
variances g =o°(1—-e?*) and r?,

The equations for the prediction block can be written as follows:

)’zi/i—l = (D)A(i—l ; Pia= (szi—l +q%,
and the equations for estimates and their error variances as
X =X, + K. (y, — DX ,)

-1 -1
P= 1 +i2 = %Jriz , Where Ki:B;.
Pia T R, +q° I r

Figure 7.5 shows an example of filtering errors of an exponentially correlated
sequence and tripled calculated standard deviations in the form +3(o; :\/5i ), with
a=01, o=1 m, ¢?=1(1-e°?)=0.2 m? and two values of measurement error
variances: r’> =1 m® () and r? = (0.1)> m* (b).

a) b)

F k

3 : : 3 1
S SR SS— - e .
- e B stiiobiprz . S S .

AN : |
0 oy < ‘\E Pl l’:\‘“ Y I -:.k .
F - ‘\ I} . “..,,\ riihe 0 7 ——r L e T -

- Y i ~/ 4

1 ——————L———** ———————————————— B LT S S U SN m
s S e S S SR . ] S S SO SRR _
3 i i i :

0 5 10 15 20 35 : 0 i 0

Fig. 7.5. Filtering errors and tripled calculated standard deviations with different levels of
measurement errors 4
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As can be seen from the plots, the variances reach some steady-state values, which
strongly depend on the level of measurement errors and generating noise. The reasons
and conditions for reaching the steady-state value are discussed below.

7.4. Kalman filter error equations. Innovation sequence

Subtracting Equation (7.30) from the equation of shaping filter (7.21), equations for
the Kalman filter prediction and estimation errors can be easily obtained:

Ejia =P X+ W —D X, =D +TW; (7.35)
&=0x , +Iw — ;% — Ki(Hx —HX, ;) + Ky, =
=D+ I —KH (@5, +T7W) + Ky, =

=(E, ~K,H)®& , +(E, - KH)CW + K. (7.36)

From the last formula it follows, in particular, that the linear optimal estimate error
is a Markov sequence, and the following recursive relationship is true for it:
& =(E, —KiH)®;g, + ([ - KH)w, + K, (7.37)

which contains both generating noise and measurement noise in the right-hand part.
Equations (7.29), (7.32), or, which is the same, (7.34), will be true for error
covariance matrices (7.35), (7.36), which can be easily verified (see problem 7.1), using
the equation for the gain (7.31).
Clearly, the orthogonality property (7.15) will be satisfied for the estimates
calculated using the Kalman filter

E{(Xi_)zi(Yi)))zi(Yi)}:O' (7.38)
It should be noted that
E{& (X)X} =E {(x - R ()%} =P, (7.39)
(see problem 7.3).
In analyzing the properties of Kalman filter estimates, measurement residual is of
great importance, which is defined here as
#=Y — Hi%gL (Y. (7.40)
This sequence possesses an important feature, namely, it is a discrete zero-mean
white noise, i.e.,
E{ uu;} =551, (7.41)
where
Li = HiPi/i—lHiT + Ri . (7'42)
Formula (7.42) determines the residual covariance matrix, which can be easily
proven (see problem 7.2). Let wus prove that (7.41) is true. Since

E,n 1%} =HX(Yy) thenwith j<i,
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E,

{(Yi —H X4 ifl))y—jr} = EYi_lEyi/Yi_l{ iy}} =0,
le.,
E{sy;}=0,for j<i. (7.43)
Similarly, E{uu;}=0, for j<i.If j>i, this equality can be easily obtained by
verifying that E{z;y;} =0. Thus, the last equality is true for any nonidentical j and i,

and, therefore, (7.41) is also true. It follows from the proven statement that random
sequence Y, is transformed into white noise using (7.40). This operation is sometimes

called whitening.
It follows from (7.40), (7.43) that the residual at the current time is orthogonal to the

set of previous measurements Y, :(yl,...,yi_l)T, and the current measurement can be
represented as a sum
Yi = Hi%ia (Vi) + 44

Note that the equation for the Kalman filter estimate can be written as a sum of two
summands:

=R+ K (i) (7.44)
the first summand is a linear combination of the previous measurement set
Yiflz(yl,...,yifl)T, and the second is a linear combination of the residual vector
components (Y, ,) orthogonal to Y, ,. Since this vector contains new data that are not

present in Y, ,, the data are updated due to the use of x, which explains the term used
for the residual (7.40): an innovation sequence [24].

4 Example 7.5. Specify the given equations for estimation errors applied to the
problem of filtering the constant value and the Wiener sequence.
For the constant value:
Eifiia = €i1s
&=W1-K)e, +Kv;
# =Y = % (Vig) = 64+ Vi3
L =P, +r?.

For the Wiener sequence:
Eifia = & TW
g =01-K)e +([1L-K)w +Kyv;;

=Y =X (i) =6tV =6, + W, + Vv,
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L =P, +qg°+r?.

It should be noted that the measurement residual generated as a difference between
the measured values and the current estimate

L=y, =%)=¢ +v,=(1-K)e_, +([1-K)w + 1+ K))v,,

is not white noise, unlike the residual which is the difference between the measured
values and the prediction estimate. 4

7.5. Dynamics of the covariance matrix and steady-state mode in the filtering
problem

When studying errors of the Kalman filter, it is important to investigate how their
covariance matrices vary with time. In scalar examples above, it was noted that a
filtering error variance can reach some steady-state value. Let us discuss this question
in more detail.

Analysis of Equation (7.32) for the covariance matrix shows that it has two
summands. The first summand

Ria=®R, @7 + QT (7.45)

shows that the error covariance matrix varies during calculation of the prediction error,
which is partly conditioned by the generating (system) noise. To analyze the character
of this variation, introduce matrix AR® =P, , —P_, and present itas P, , =P + AR®.
From the results of (6.5) and Equation (7.45) it follows that the prediction error
covariance matrix P, , can both increase and decrease as compared with the error

covariance matrix P_, at the previous step. Decrease is possible if the covariance

(variance) matrix of the sequence being estimated decreases. However, in applied
problems, the error covariance matrix of the sequence being estimated usually grows. It
means, in particular, that estimate error variances of each component defined by
diagonal elements can only increase or at least remain unchanged. This behavior is due
to the fact that the state vector value changes according to the equation of the shaping
filter (6.11). Its right-hand part contains generating noise, which increases uncertainty
in the knowledge of the state vector at each step. Even if the state vector was accurately

known at some time, for example, at P_, =0, during the prediction, covariance matrix
P, =T.QI; grows and becomes nonzero since T',QI; >0, with Q >0. It is discussed
in more detail in example 7.6.
The second summand in the equation for the covariance matrix, which shows the
effect of the next (current) measurement, can be represented as follows:
AI:)i(Z) =R.—R= Pi/i—lHiT(HiPi/i—lHiT + Ri)_l HB.-

Since we have a nonnegatively definite matrix in the right-hand part, then
P,,—P >0 and, therefore, P <P, ,, i.e. the error covariance matrix can only
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decrease or remain unchanged as compared with the prediction error covariance matrix.
This relationship seems quite logical since the use of new measurement data cannot
degrade the estimation accuracy.

Therefore, the following can be written for the covariance matrix

P =P, +ARY -AR®.
Clearly, if summands AP® and AP® are equal, the filtering error covariance

matrix will not depend on time, i.e., it will be constant. Then we can speak of the
steady-state mode of the filtering problem. This mode can be used, for example, to
solve filtering problems, where all matrices used in Kalman filter equations
(@, I, H,Q, R) are constant. We have already noted the existence of the steady-state

solution when the simulation results of the filtering problems for the Wiener and
exponentially-correlated sequences are considered in examples 7.3, 7.4. Clearly, for the
steady-state mode to be feasible, there must be a solution to the following equation:

Pl =®P'®"+TQI'" — (PP/®" +TQI")H" x(H (OP®"+TQIH™ + R)’l X (7.46)
xH(OP/®d" +TQI™).
Here, P determines the filtering error covariance matrix for the steady-state mode.
If condition (7.46) is met, the prediction error covariance matrix and the gain also
remain unchanged:
P"=0P @ +I'QI;
K _=P'H™R™.
Thus, the Kalman filter turns into a steady-state difference equation:
% =0% , +K_(y,—H DX ) =(E, —K_H)DOX, +K, Y,
which is the Wiener filter for discrete time.

4 Example 7.6. Analyze possible dynamics of error variance and obtain the
Wiener filter for the problem considered in 7.3, i.e., the problem of estimating the
Wiener sequence by its measurements with white-noise errors.

Since ®=1, P, , =P_, +q?, at each prediction step, the error variance increases by
a value equal to the variance of generating noise g°, i.e., AR® =q? (Fig. 7.6).

As the next measurement is processed, as shown in Fig. 7.6, the error variance
decreases since

APi(Z) =Riu-R=Ri dr 7 [20.
Ria+T

If AP® <q?, at the next step, the error variance will exceed the variance at the
previous step, i.e., P > P_, and will grow as the number of measurements increases. If
AP® > q?, the error variance will decrease with the growth of the number of
measurements: P <P_,.
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Fig. 7.6. Dynamics of filtering and prediction error variances in estimating the Wiener
sequence

With AP®W = AP® the variances at the current and previous steps will be the same,
and with given g* and r?, their values can be found by solving the equation

(Pi+a) _ .
Pa+q +r®
It can be easily verified that the solution of this equation will coincide with the
solution of the equation of type (7.46), which, in this case, is written as

2
fooo2 r f_

(Pf)2+owq2—q2r2:O.

0

Having solved the equation, we obtain the following for the steady-state variance:

2 4 2 2 2
= :_q_i,/q—+q2r‘2 __ 9.9 1+4L2.
2 4 2 2 q

Note that the considered equation has two solutions. Both of them should be
analyzed if they are positive. If one solution is negative, only the positive one is used
because the variance naturally cannot be negative. If the variance at initial time is taken
to be o7 ="P,, it will be change starting from the first measurement; if o> >P,, the

variance will decrease tending to the steady-state value o’ —>P,. If o2<P,, the

i—o0

variance will increase approaching the same value from below. If the filtering error

or

122



variance is a steady-state value, the gain and the prediction error variance will also tend
to steady-state values

K =—=: P*=P' +0°.

Thus, assuming g° =1, r>=2, we obtain P, =1 andK_ = % and the Wiener filter is

given by
x205g4+a5m:5ﬂ§la
I.e., the estimate at the current step is an arithmetic mean between the estimate at the

previous step and the current measurement.
As shown in problem 7.6, if gq<<r, the following can be written: P, ~rq;

P ~q(r+q); szg_ If g>>r, P,=r?, P ~q*, K_=1. ¢
r

Equation (7.46) (see problem 7.7) can be easily specified for the steady-state mode
of the problem of filtering an exponentially correlated sequence by measurements with
white-noise errors.

7.6. Statement and general solution of the problem of recursive optimal filtering of
random sequences using nonlinear measurements

Consider a more general statement (as compared to the previous section) of
recursive optimal Bayesian filtering of random sequences. First, remove the limitation
on the linear nature of estimates used in minimization of criterion (7.25), second,
assume that the measurements can nonlinearly depend on the parameters being
estimated.

In the general case, the problem can be formulated as follows.
We have an n-dimensional random sequence in the form of a shaping filter
X =0.Xx ,+IW (7.47)
and m-dimensional measurements
Y =8(%)+V;, (7.48)
where W, is ap-dimensional vector of generating noise; v, is an m-dimensional
measurement error vector; ®,, I'; are the known matrices of dimensionalities mxn,
nxp; S(X)=(s.(%),--.S,(%))" is a known m-dimensional function generally
nonlinear with respect to argument x.

Sequences w, and v, are discrete zero-mean white noises whose values are
independent of each other at different times, and initial conditions vector X, is assumed
to be a zero-mean vector with covariance matrix PF,. Vectors x,, w, v, are also
considered to be independent of each other.
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PDFs for random vector x, and sequences W, and v.are assumed to be known and
set by the corresponding functions p, (x,). p,, (W), and p, (v;).

It is required to derive a recursive algorithm for calculating RMS optimal estimates
of sequence (7.1), minimizing the criterion

3P =E{(x = %00 (x %)}, (7.49)
and their accuracy characteristics as estimation error covariance matrices (7.26), using
measurements Y, = (y;,y,,...y;)". In so doing, no restrictions are imposed on the class
of the estimates used.

When the measurements are linear and (7.49) is minimized, only for the class of the
linear estimates, the problem solution is determined by (7.28)—(7.32). These formulas
are derived in 7.3 based on the formulas for linear constant vector estimation problem.
In this case, in order to get the sought algorithms, we’ll rely upon the results obtained
in 4.2, according to which the sought estimate is defined as

%(Y;) = _[Xi p(x /Y,)dx; , (7.50)
where p(x. /Y;) is a posteriori PDF, or just a posteriori density.
Accuracy characteristics in the form of conditional and unconditional a posteriori
error covariance matrices of optimal estimates of random sequence are given by

R (Y) = [ (6 =% ()06 = %, () pOx /Y, )dx, ; (7.51)
R =[O =R 0 =% (%) p(x,, Y, )dxdY, . (7.52)

Here, unconditional a posteriori covariance matrix P characterizes the potential

accuracy of the solution of the formulated optimal filtering problem on the average
over all measurements, and matrix P (Y,) characterizes the calculated accuracy for the

current measurement set. It is for this matrix that we are going to obtain the recursive
algorithm.

We shall call the estimate (7.50) an RMS optimal Bayesian estimate or just an
optimal estimate of random sequence. It will possess all the properties of the optimal
estimates detailed in 4.3.

Here, similarly to 4.2, it will be reasonable to emphasize that along with setting the
rule for optimal estimate calculation (7.50), the rule (7.51) is also set for calculating the
current a posteriori error covariance matrix P, (Y,) characterizing the calculated

estimation accuracy for a certain measurement set. Thus, identically to the case of the
constant vector estimation, by designing the optimal estimation algorithms for
random sequences, we mean the problem of designing a procedure providing the
calculation of estimate (7.50) and its conditional a posteriori covariance matrix (7.51).
Call this procedure an optimal algorithm. By analyzing the accuracy of estimating
the random sequences, we mean the problem of the calculation and analysis of
unconditional a posteriori covariance matrix P, .
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Outline the major specific features of this statement as compared with the statement
givenin 7.2.
1. No limitations on the class of the estimates used are imposed in minimization of the
selected criterion.
2. Measurements are assumed to depend nonlinearly on the estimated parameters.
3. PDFs for the vector of initial conditions, generating and measurement noise are
considered to be known, and not only their first two moments.
4. Instead of uncorrelatedness conditions (7.23), (7.24) of random vectors at different
times, conditions of their independence are assumed to be fulfilled.
It follows from (7.50), (7.51) that as in the case of estimating the vector of constant
parameters, to solve the formulated problem, we need to know a posteriori density
p(x. /Y:), finding which is the main contents and the main difficulty of the nonlinear

filtering problem.

The recursive optimal filtering problem is greatly simplified if a posteriori density is
Gaussian. Clearly, a posteriori density will be Gaussian if the measurements linearly
depend on the estimated sequence, i.e., s/(x)=H.x, and the vectors of initial

conditions, generating and measurement noise are Gaussian, i.e.:
P(%) =N(%:0,R); p(w) =N(W;0,Q); p(v,) =N(v;0,R).

Thus, it is obvious that if we additionally assume the Gaussian character of initial
conditions, generating and measurement noise in the problem considered in 7.2, a
posteriori density will also be Gaussian. Moreover, it can be shown that this problem
can be solved using the Kalman filter equations (7.28)—(7.32).

It follows that the Kalman filter equations given in section 7.3 in the Gaussian
case allow obtaining RMS optimal Bayesian estimates of random sequence (7.21)
by measurements (7.22), i.e., the estimates minimizing the RMS criterion without
any limitations on the class of the estimates used.

Therefore, for the considered particular case, the Kalman filter estimates possess all
the properties of optimal estimates (see section 4.3).

In particular, conditional and unconditional error covariance matrices of optimal
estimates will coincide, i.e., B =P (Y,), and if we select an arbitrary, not necessarily
linear, algorithm for finding estimates X(Y,) and find their unconditional error
covariance matrix P , according to features 3, 4 given in 4.3, the following inequalities
will always be true:
> —P >0,

det(P) >det(P).

Property 5 is also important, implying that obtaining the optimal estimate of the state
vector as a whole ensures finding of the optimal estimate of the vector being an
arbitrary linear transformation of the vector being estimated.

Therefore, estimate error covariance matrix (7.32) calculated in the Kalman filter

N}
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characterizes the potential accuracy of estimating a random Gaussian sequence
formed by Eqs. (7.21).

Exercises

Exercise 7.1. Assuming that in the filtering problem considered in section 7.2, the
error covariance matrix at the previous step P, =E{s_&,} is known, show that

filtering equations (7.29), (7.34) are true for prediction error covariance matrices and
estimate  errors at the current step calculated as @ X, ,=D.X ,;

X =X, + K (y,—H;X,_), where matrix K, is given by (7.31).
Exercise 7.2. Show that the covariance matrix for residual g =y, —H, X, ,(Y,,) is
givenby L, =H,P, ,H' +R,.

i1
Exercise 7.3. Prove that E{z,(Y,)x'} =P.

Exercise 7.4. It is required to get the optimal estimate of the Wiener sequence set
given by X, =X, +W, by using scalar measurements y, = X+V,, where W, v, are zero-

mean discrete white noises independent of X, E{vyv,}=6,r*, E{vv,}=5,07; % is a
zero-mean random value with variance o;. Then, E{vw,}=5,b’, i.e., the noises

ijn
depend on each other.
Specify the formulas of the discrete Kalman filter.

Exercise 7.5. Write the error equation for the steady-state mode of the problem
from example 7.6.

Exercise 7.6. Find the value of the variance of the filtering error, the prediction
error and the gain in steady-state mode in the Wiener sequence estimation problem
from example 7.6 for the case when gq<<r and g >>r.

Exercise 7.7. Specify Equation (7.46) for the steady-state value of the error
variance of filtering the scalar exponentially correlated sequence by using the
measurements against the white noise background. Find its approximate solution and
equations for the variance of the prediction error, the gain, and the Wiener filter if
q >> r . Relate the equation for the steady-state value of the filtering error variance with

the similar equation in example 7.6.

Test questions

1. Formulate the problem statement of obtaining RMS optimal linear estimates of a
random sequence using the measurements of another sequence correlated with it.
Write down its solution using the discrete Wiener-Hopf equation.

Explain the specific features of filtering, smoothing, and prediction problems.

2. Formulate the linear problem of recursive estimation of a random sequence described

using a shaping filter.
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. Which main blocks does the discrete Kalman filter algorithm include? Explain why
this algorithm is a recursive one. Specify these blocks by the example of a constant
scalar estimation problem.

. Explain what is meant by prediction and filtering errors. Write the equation for these
errors. Why do filtering errors form a Markovian sequence?

. What are the conditions for the existence of steady-state mode in the filtering
problem?

. What is the Wiener filter? Explain how it is related to the Kalman filter. Provide an
example.

. Provide the statement and the general solution to the problem of recursive optimal
Bayesian filtering of random sequences.

. Explain the difference between the problems of recursive optimal Bayesian filtering
and recursive optimal linear filtering of random sequences.

. Under which additional conditions, as compared with the conditions in 7.2, will the
Kalman filter be optimal without imposing limitations for the class of the estimates
used?
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8. Filtering of random processes. Kalman-Bucy filter

In practice, applied filtering problems are usually formulated in continuous form
using differential equations. In this case, we have to deal with random processes.
Consider this problem within the approach proposed by R. Kalman and R. Bucy.

8.1. Random processes and methods of their description

A random process x(t) in a scalar case is a function of time t, whose value with

any fixed t is a random variable. The main characteristics and classes of random
processes are introduced similarly to random sequences. In particular, the correlation
function for a random process is given by

kx (tvtz) = J‘J.(X(tl) - Y(tl))(x(tz) - Y(tz))T p(X1’t1’ ertz)dxldxz J (8-1)

where p(x,t,X,,t,) is ajoint PDF for random variables X(t;) and X(t,).
Hereinafter, both random processes x(t) and their samples x(t) are denoted by
x(t), similarly with the random sequences [16].

For stationary processes, as follows from section 6.2, the correlation function
depends on the difference of arguments.

4 Example 8.1. As an example of the correlation function of a stationary (time-
invariant) process, consider function
K, (7)=c2e . (8.2)
The process with such a correlation function is called an exponentially correlated
process and is a continuous analog of the exponentially correlated sequence given in
example 6.6 [25]. Here, k (0)=o’ is the process variance, and 7, =1/« is the
correlation interval.
Plots of function (8.2) with a unit variance and two values of correlation intervals
7. =1sand r,=0.1s are shown in Fig. 8.1.
To describe the properties of stationary processes, along with the correlation

function, the power spectral density (PSD) is used, which is a Fourier transform of the
correlation function:

S, (@) = [ k,(z)exp(~jor)dr. (8.3)
Inverse representation is also true:i
K (r) = 1 [ s.(@exp(jor)do. (8.4)
2 ?,
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Fig. 8.1. Correlation function k,(r) = o%e " with two correlation intervals #

Due to even nature of functions S, (w), k (), the formulas can be written as

S, () = j K (r)coswrdr =2 j k,(r)cosewrdr;
—0 0

(7)== [ S (@) cosordw =[S, (@) cos wrde
2r ?, Ty

Obviously, from the last formula, the following is derived:
L[ s (@)do-k0)=0, (5.5)
2 7

meaning that the area enclosed by S, (@) and the abscissa axis determines the process
variance o’ accurate to a constant coefficient.

4 Example 8.2. Obtain a formula for the PSD of exponentially correlated process
with correlation function (8.2) and analyze its behavior. The spectral density of this
function, as follows from Table A3.1, is given by

20’

2

Sx(a)):a +a’

(8.6)

PSD plots for two correlation intervals 7, =1/« are presented in Fig. 8.2,
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Fig. 8.2. PSD of the exponentially correlated process with various correlation intervals
The frequency area with nonzero PSD can be estimated by magnitude «, while, as

2
o varies from 0 to «, the PSD only decreases twofold from SX(O):2<7X to
(94

2
(o}

S, () =—*, critically going down with @ >« . This can be distinctly seen from the
(04

PSD plot for positive frequencies in log scale. The plots with & =1 and two values « =
1-stand « = 10-s™ are presented in Fig. 8.3.
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Fig. 8.3. PSD of the exponentially correlated process with various correlation intervals in
log scale 4

The process with constant PSD for all w, i.e., S, (@) =Q, is called white noise, and
Q is the PSD of the white noise. The correlation function for white noise has the form
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kx (T) = Q5(T)1 (87)

which follows from the following representation for delta function §(z) [21]:
L (aiorg
It follows from (8.7) that continuous white noise, unlike discrete noise, has infinite

variance. Variables x(t,) and x(t,) at any different time points t, #t, are noncorrelated,

just as for a random sequence.
Note that the dimensionality of white-noise PSD is the same as that of its variance

multiplied by the time unit, i.e.,
[Q] = units* |[time].

The above-said agrees with the formula k(z)=Qo(z): there is a parameter
measured in [units’] in the left-hand side, and a parameter measured in [Q] [time]™ in
the right-hand side. It follows from the fact that the delta function with the time
argument has a dimensionality inverse of time [5(t)]=[time ]_1 since, according to the

nature of the delta function, J o(r)dr =1.

It can be noted that white noise has properties inverse, in some sense, to those of a
process presenting a time-invariant random variable (random bias, or random constant)
with constant correlation function and PSD being a delta function:

S () =275%5(w) -

Sample plots of correlation functions and corresponding PSDs of the random

constant, white noise and the exponentially correlated process are given in Table 8.1.

Table 8.1
Correlation functions and PSDs of simple processes
Process Correlation function PSD
[ ko P,
o
Random constant I ‘
with variance o’
T 0
k(r) =0 S () = 27525 (w)

131



1k 0
A q2
White noise :
with PSD ¢? o
T
K, (r) = 025() S, (®w)=9"
4 ')
k()
26%t
Exponentially o? P
correlated process
! ‘ 2
k,(¢) = ole S, (0) =222,
o +w

8.2. Shaping filter
Consider an n-dimensional random process x(t)
x(t) = F(t)x(t) + G()w(t), (8.8)

where F(t), G(t), Q(t) are the known nxn-, nx p-and px p-matrices. Suppose that
at initial time point, x(0) is a random vector with the known mathematical expectation
x(0) and covariance matrix P(0), w(t) is a zero-mean p-dimensional white noise
independent of x(0):

E(w(t +2)wW' (1)) =Q(t)o(t—17).

As with the sequences, Equation (8.8) used to describe the processes is called a
shaping filter; white noise in the right-hand part is called generating (forcing) white
noise or the system noise; matrix F(t) is a dynamics matrix; matrix G(t) is a

generating noise matrix, and vector x(t) is a state vector.

Use formula (A3.8) from Appendix 3 and write the solutions to Equation (8.8) in
the form

X(t) = O(t, t)X(t,) + jcp(t, 2)G(o)w(z)dz, (8.9)

4

where O(t,t) is a fundamental matrix for the equation x(t) = F(t)x(t).
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It can be shown that the mathematical expectation, covariance matrix and
correlation function are given by (exercise 8.1):

X(t) = O(L 1) R () (8.10)

P(t) = O(tt,)P(t)D" (Lt,) + [©(t,7)G(r)Q()G ()P (t,7)dz; (8.11)

ty

(t) - | PP Lot 6.12)
P PO (L), L, <t '

Taking (A3.19), (A3.20) into consideration, it can be easily verified that covariance
matrix (8.11) is a solution to the differential equation

P(t) = F(t)P(t) + PO)FT (t) + G(1)Q()G (t). (8.13)

Stationary equations with constant matrices F, Q and G
X(t) = Fx(t) + Gw(t) ; (8.14)
P=FP+PF" +GQG' (8.15)

are a particular case of Equations (8.8), (8.13).
Discuss the conditions under which the output of stationary system (8.14) is a
stationary process. Obviously, that first of all, mathematical expectation x(t) at the

initial time should be zero, i.e., X(t,) =0, otherwise, the mathematical expectation of
process x(t), as follows from (8.10), will depend on time. To make the covariance

matrix (8.13) independent of time, the conditions should be met, wherein there is a
steady-state solution to this equation. It means that there exists matrix P_, such that

P=P_,and
P =FP, +P.F"+GQG" =0. (8.16)
If covariance matrix P(0) for vector x(0) is selected to coincide with the solution of
this equation P(0)=P_, process x(t) generated by Equation (8.14) becomes a
stationary process since P(t) = P(0), moreover, as follows from (8.12), the correlation
function

k() =®(7)P, ,k(-7) =P.®" (1) (8.17)
will depend only on 7. It also follows from (8.17) that
k(z) =k™ (-7) = D(2)P,. (8.18)

It should be noted that for a stationary system, the fundamental matrix is defined as
a matrix exponential, i.e.,

d(r) =e"" :ZFVT" /vl
v=0

Thus, the conditions for occurrence of a stationary process at the output of a
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stationary system to which white noise is inputted are as follows: zero-mean of the
process at the initial time point, existence of solution to Equation (8.16), and selection
of the initial covariance matrix coinciding with this solution.

If the steady-state solution to Equation (8.16) exists, but the initial covariance
matrix does not coincide with p_, then, since p(t)— P, with time, the process can be
considered stationary after the transient mode at t -« is completed.

N ote 1. If we additionally assume that x(0) and the generating noise are
Gaussian, i.e.,

f(x(0)) = N(x(0); x(0), P(0)) ; (8.19)
f(w(t)) = N(w(t);0,Q(t)) (8.20)
process x(t) will also be Gaussian. It is explained by the fact that linear
transformations of Gaussian vectors provide a Gaussian vector.

N ote 2. Using (8.9), it can be easily verified that process x(t) is a Markov
process. Actually, if we fix the time points t, >t, > t;, then, as follows from (8.9), the
process at t, with fixed values at t, and t, depends only on t, and does not depend on
t,. Then, it is significant that w(t) is white noise, which, in the statistical sense, is
independent of initial conditions x(0).

4 Example 8.3. Consider a shaping filter

X(t) = —ax(t) + \262aw(t) . (8.21)
Obtain the correlation function for this process and specify Equation (8.15).
Since F =—«a, g, =+/20’a , Equation (8.14) takes the form

P=—aP-aP+0q’.
While ®(t,t,) =e““", solution to this equation can be represented as

t
P(t) = P(t,)e ™ + 207a [e**dz.

)
Clearly, (8.16) is reduced to Eq. 2aP, =20’ Which has the following solution:
P, =o?. Thus, with P(0)=c7, the process will be stationary, and its correlation
function will take the form
k(r)=k(-7)=D(r)P=c*. ¢

8.3. Statement and general solution of the optimal linear filtering problem. Kalman-
Bucy filter

Provide the mathematical formulation and general solution to the optimal linear
filtering problem considered within the state-space approach. Recall that this solution to
the filtering problem was derived by R. Kalman for discrete time, and then jointly with
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R. Bucy, for continuous time as well [1, 18, 27]. This gave the filter its name — the
Kalman-Bucy filter.

Formulate the mathematical statement of the continuous optimal linear filtering
problem similarly to that given for the the discrete case [18, 19, 25, 28].

Let there be an n-dimensional Markov process

X(t) = F(t)x(t) + Gt)w(t), x(t,) =x, (8.22)

and m-dimensional measurements
y(t) = H(t)x(t) + v(t), (8.23)
where F(t), G(t), H(t) are generally known nxn, nxp, mxn time-dependent
matrices; X, IS zero-mean initial conditions vector with covariance matrix P;

w(t),v(t) are zero-mean white noises independent of each other and of initial
conditions X, :

E {xowT (t) } =0; E {w(t)vT (t)} =0; E {xovT (t)} =0; (8.24)
E{w(t)w' (r)}=Q(1)s(t—7), Q(t) >0; (8.25)
EQv(V' (1)} = R()S(t—7), R(t)>0. (8.26)

The filtering problem in state space for continuous time is formulated as follows.
Using measurements (8.23) Y(t)={y(r):re[0,t]} accumulated over the interval [0,t]
by time t, obtain a linear RMS optimal estimate of vector x(t), which minimizes the
criterion

(1) = E{(x() - R(O) (x() - k(1) . (8.27)

It can be shown that the estimate and its error covariance matrix are given by [18,
19, 25]:
X(t) = F(O)x(t) + K(t)(y(t) - H@®)X(1)); (8.28)
K(t)=Pt)H() R (t); (8.29)
P(t) = P(t)F(t)" + F(t)P(t) — Pt)H (t)" R (t)H (t)P(t) + G(t)Q(t)G  (t). (8.30)
These equations define the well-known continuous Kalman-Bucy filter.
It is important to notice that the measurement residual y(t)—H(t)X(t) called an

innovation, as in discrete case, is a white noise with the PSD matrix equal to R.
Using (8.8), (8.28), the filtering error equation can be easily obtained (exercise 8.3).
Covariance matrix (8.30) is called a posteriori covariance matrix.
It follows from (8.28) that the estimation formula can be written as

&(t) = (F(t) - KO H ©)R(H) + KA y(t), (8.31)
I.e., the Kalman filter is a linear generally nonstationary dynamic system, whose
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properties are defined by matrix (F(t) — K(t)H (t)), and to which the measurements,
weighted with the use of matrix K(t) , are inputted.

The block diagram of generation of the process being estimated and the
measurements is presented in Fig. 8.4, and the block diagram of the Kalman-Bucy
filter, in Fig. 8.5.

x(0) v(t)
Wa)—» G(t) x(t) H(t) y(t)

F(0)

Fig. 8.4. Block diagram of generation of the process being estimated and its measurements

")

F(t).G(1).Q(t) P(t)
H(tR) | KOP) >

l 2(0)

Q v(t
() K(t) XM s

F(t)

Fig. 8.5. Block diagram of the Kalman-Bucy filter

Comparison of these diagrams shows that the Kalman-Bucy filter contains a block
similar to the shaping filter with added single negative feedback, and instead of
generating white noise, measurement residuals z(t) = y(t) — H(t)X(t) weighted with the
use of matrix K(t) are inputted.

As in the discrete case, in this algorithm, two blocks (channels) can be
distinguished: an estimation block, corresponding to the linear differential equation for
optimal estimates (8.28), and a covariance block corresponding to nonlinear Riccati
differential equation (8.30). The latter, like the gain matrix K(t), does not depend on
measurements, rather, it depends only on matrices F(t),G(t),Q(t) and H(t),R(t)
determining the properties of the processes being estimated and measured. Both
equations should be solved to obtain the estimates; besides, the covariance matrix
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equation can be solved in advance since it is independent from the measurements.
The above given formulas and the conditions under which the problem is solved are
summarized in Table 8.2 [8, 13, 19, 20].
Table 8.2

Statement of the filtering problem
and the continuous Kalman-Bucy algorithm

Initial data
State vector equation X=F({t)x+G(t)w(t)
Measurements y=H({)x+v(t)
Initial conditions X, IS azero-mean random vector with
covariance matrix P,
Generating noise M{w(t)w" (2)}=Q(t)s(t—7), Q(t) >0
Measurement noise M{v(V' (7)}=R(t)S(t —7),R(t) >0
Cross correlation M {XOWT (t)} —0:M {W(t)VT (t)} -0
M {XOVT (t)} =0
Matrices F(t) — nxn, G() — nxp
H(t) — mxn

Statement of the filtering problem and minimized criterion
Using measurements Y (t) ={y(z):z €[0,t]}, obtain estimate X(t) which
minimizes the criterion
re(t) = M {(x(t) - R(t)" (x(t) - R(1))}
and error covariance matrix
P(t) = M {(x() - XO)X® - x®)"},  r®®)=SpP(®)

Solution of the filtering problem

Initial conditions X(0)=0, P(0)=F,
Estimate (1) = FOR() + K Oy () — HOR(D)
Gain factor K(t)=P{H)H ()R ()

P(t)=P(@t)F" (t)+ F(t)P(t) -
—PO)HT ()R (O)H ()P(t) + G(1)Q(t)G (t)

Notably, the PSD matrix of white noise measurement errors should be non-singular,
i.e., R(t) >0, because we need an inverse matrix of R(t) to calculate the covariance
matrix.

Error covariance matrix
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4 Example 8.4. Solve the problem of filtering of a constant scalar
x=0
by using the measurements with white noise errors, i.e.,
y(t) =x+v(t),
where x is a zero-mean random value with variance o,
noise noncorrelated with x with the correlation function
M{v(t)V' (2)}=r?5(t—-7).
Here, F=0, G=0, H(t)=1, P,=0/, and Equations (8.28)—(8.30) are reduced to
X(t) = KOy (®) —x(1);
K(t)=P(t)/ r*; P(t) = P(t)/ r?.
Direct substitution yields

v(t) is a zero-mean white

2,2 2
o, r O

P(t) = == and K(t) = LS
®) r’+oct ®) r2+05t

X

2
If the inequality rT<< o’ is true, meaning a low effect of a priori information,

2
approximate formulas P(t):rT, K(t)=% can be written, from which we obtain the

estimation equation

KO =0 - %),

Since the fundamental matrix in this case is given by
O(t 1) = %0
the general solution to the linear nonstationary estimation equation for this problem can
be written as
t t
. 1 1
R(t) =2x, + [ Zy(r)=dr > [ y(e)dr.
t st Tt ty
It follows herefrom that with the assumptions made in this example, as in a similar
discrete problem, the algorithm for obtaining the optimal estimate is reduced to the
calculation of the mean value of all incoming measurements. 4
Note 1. Along with the estimates, the Kalman-Bucy filter generates the covariance

matrix P(¢), whose diagonal elements characterize the current estimation accuracy,

which is extremely important in navigation data processing problems.

Note 2. While the general solution of nonstationary differential equation (8.31) is
determined by (A3.8), the Kalman-Bucy filter estimates linearly depend on the
measurements, and thus, are RMS optimal linear estimates.

Note that in this problem statement, as in the previous section, the form of PDF for

138



generating noise, white noise measurement errors, and initial conditions is not
specified. If they are additionally assumed Gaussian, the estimates obtained by the
above formulas will be optimal, in the RMS sense, without adding the term linear; in
other words, they will minimize criterion (8.27) without an assumption on the linearity
of the estimation algorithm. In this case, we speak about the Bayesian optimal filtering
problem.

Note 3. If the filtering problem is solved for a stationary system with constant
matrices F, G, Q, R, Equation (8.22) may have a steady-state solution, i.e.,

PFT+FP,—P.H'RHP, +GQG' =0.
In this case, while K=K_=PH'R™, the estimation equation also becomes

stationary, and the Kalman filter will coincide with the Wiener filter.
Note 4. In some cases, to solve Equation (8.30) without generating noise, i.e., with

P(t)=P®)F"(t) + F®P®) -POH" (RMHE)P(),
it is convenient to proceed to the equation for the inverse covariance matrix using
formula P(t)P™(t) = E. It can be easily seen that in this case

dP;(t) =—F" ()P (t)-P*)F{t)+ H  ()RE)H(t),

or, with account for (A4.20),

t
PL(t) =D (t,, )P D(t,,t) + j @' (7,t,)H'RHD (z,t,)dz.

to

8.4. Interrelation of continuous and discrete filtering algorithms

As was mentioned at the beginning of this chapter, applied filtering problems are
formulated in continuous form. However, for computers, we need a discrete statement.
To obtain this statement, first, we should design an n-dimensional random sequence
(for sampling interval At)

X =0, +I'WwW, (8.32)
with discrete p-dimensional zero-mean white noise w., with the mathematical
expectation and the covariance matrix at discrete times, coinciding with similar
parameters for the continuous process (8.8), i.e.,

m. = Mx, = Mx(t,) = X(t.), (8.33)

R =M{(x-m)(x-m) }=M {(x(ti) —X(t))(x(t,) —Y(ti))T}. (8.34)

These equalities are called conditions of stochastic (statistic) equivalence,
meaning that statistical characteristics (8.33), (8.34) of a continuous random process
and its discrete analog are the same for the same time points [8].
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Hence, it follows that we need to find such matrices ®,, I', and the covariance
matrix of discrete white noise Q, which will guarantee that conditions (8.33), (8.34) are
met. The resultant sequence is called a sequence stochastically equivalent to process
(8.8).

Taking (8.10) into consideration, note that if matrix @, in (8.32) is selected in the
form

D, =D(t , + ALt ), (8.35)
condition (8.32) will be met.

Using (8.11), write

P(t)=(t,t )Pt )0 (4t ) +

b . . (8.36)
+ j O(t,7)G(t_, +7)Q(t_, + )G (t_, + 7)dT (t,7)dr.

Gy

With account for (6.16), it can easily be seen that in calculating matrix ®, using
(8.35), to make the covariance matrices of continuous process and its discrete analog
equal, i.e., P =P(t.), matrices I', and Q. should be selected such that

FiQiFiT :Q;i’ (8.37)

where
ti_ +At

Q. = j Ot +At,7)G(0)Q(r)G (1)@ (t, +At,7)dr.  (8.38)
tig
The dimensionality of matrix Q. corresponds to that of vector w. and is equal to p,
so the dimensionality of matrix I', must be nx p.

Thus, to get a discrete representation of the process described by Equation (8.8),
formulas (8.35), (8.37), (8.38) can be used.
Assume that the continuous system is stationary, i.e., matrices F,G,Q are time-

invariant. In this case, matrix @, is determined as a matrix exponent

k
D, =@, (At) =e ™ = Y F At /v, (8. 39)
v=0
and (8.37), (8.38) take the form
QI =qQ;, (8.40)
where
At
Q, = j eF"'GQG" (eF)"d~r. (8.41)
0

Using some z* [0, At] and the mean value theorem, we can write for (8.41)
Q; =e""GQG" (e7")' At. (8.42)
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If we assume that ™ ~ E because of smallness of [t ,

Q, ~GQG'At. (8.43)

Using (8.37), (8.38), write
rQ,I" ~GQG'At. (8.44)

If
I' =GAt, (8.45)
we obtain the following for the covariance matrix of discrete white noise:
1

-—0. 8.46
Q A Q (8.46)

If we introduce white noise as a mean value of continuous white noise over the
sampling interval, i.e.,

1 At
W=~ ! w(t)dt, (8.47)

its covariance matrix will be given by M(mwf):iQ (see exercise 8.2), i.e., if the

matrices are selected using (8.45), (8.46), the covariance matrix of discrete noise
coincides with that of the continuous noise averaged over the sampling interval At.

It should be borne in mind that the given formulas are approximate. This especially
refers to matrices Q, and T',. To obtain more accurate formulas, matrix Q; should be
calculated according to (8.38) or (8.41).

To complete the formulation of the discrete form of the filtering problem, we need
to find matrices H, and R, which can be used to write down the measurements. To
determine these matrices, we assume that the measurement set over the interval
telt ,,t. . +At] is replaced by one averaged measurement, i.e.,

ti

Y= [ (HOXO +v@). (8.48)

At t+At

In this case, matrices H, and R. are given by
HO~HE)=H;; (8.49)
R(t)~R(t), telt,t,+At]; (8.50)
1

R ~ N R(t). (8.51)

The last formula follows from the fact that

1
V= j v(t)dt.

tj—At
Clearly, to receive a discrete analog of a continuous problem, a correct sampling
interval At should be chosen. Firstly, this interval should be selected based on the
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condition that matrices F(t), H(t) and the matrices in (8.38) change insignificantly
over the sampling interval te[t ,,t , +At]. In addition, it is necessary to take into
consideration possible variability of the process conditioned by internal dynamics
defined by matrix F(t) = F(t)=F assumed to be constant for telt, ,,t., +At]. This
variability is known to depend on natural frequencies, which, in turn, depend on the
matrix eigenvalues. That is why when selecting the sampling interval, it is desirable to
ensure the validity of expression

At<k/|] (8.52)

where k is taken to be 0.1-0.2, and |4| _ is the maximum module of dynamics matrix
eigenvalues.

4 Example 8.5. Obtain the discrete variant of the filtering problem for an
exponentially correlated process described by the equation

X(t) = —ax(t) + w/zafozw(t) ,

y(t) =x(t) +v(t),

where o is the process variance; t, =1/ a is the correlation interval;

w(t) is the white noise of unit PSD; v(t) is the measurement white noise independent of
w(t) and x(0) with PSD r?.
Using (8.35), (8.37), (8.38), we can write:

—alt 2 T —ar \/2050‘ —aht 1
d=e"", F—«/Zaxa.([e dr = - (1-e"), Q, = r, =N
Thus, the discrete problem is formulated as follows. Estimate the sequence

»\’2020(
—alt —aAt
X =e "%, + — (1-e")w,,

by measurements

2

by using measurements
Y. =X+V,
t+At ti+At

where ¥, =y(t)= [ y(r)dr, v, =v(t)= [ v(z)dr.

5 t;

With consideration for (8.52) and the fact that A =1, , it is recommended to account

for the condition At <0.1 in selecting the sampling interval. ¢
Tk

Exercises

Exercise 8.1. Show that the mathematical expectation, the covariance matrix and
the correlation function of the process defined by the shaping filter (8.8) will be
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determined by (8.10)—(8.12).
Exercise 8.2. Let w(t) be a zero-mean white noise with PSD Q. Introduce a

random sequence
ti+At

W= tj w(t)dt

where At is the sampling interval.
Find the correlation function for this sequence.
Exercise 8.3. Having the equations for the process

X(t) = F(t)x(t) + G(t)w(t).

and estimation equations

&(t) = FOK(®) + KOy - HORE),
write the equations for filtering errors. Is the process describing the filtering errors a
stationary and Markov one?

Exercise 8.4. Write the equations for the estimate and a posteriori variance for the
Kalman-Bucy filter in the filtering of the Wiener process described by
>'((t)=«/20-xzaw(t) using measurements y(t) = x(t) +v(t), where v(t) is measurement
white noise with PSD r? independent of w(t) and x(0). Obtain the solutions to these

equations.
Exercise 8.5. Write the equations for the estimate and a posteriori variance for the
Kalman-Bucy filter in the filtering of the Markov process (8.21) using measurements

y(t) = x(t) +v(t), where v(t) is measurement white noise with PSD r? independent of

w(t) and x(0). Obtain the solutions to these equations.
Exercise 8.6. Obtain the formulas for a posteriori variance for the continuous

problem of estimating a zero-mean random value with variance o> by measurements

y(t) = x+V(t), where v(t) is the white noise with PSD r?, independent of x. Obtain a

similar formula for discrete analog of the continuous problem and compare these
formulas.

Exercise 8.7. Formulate the problem of integrated processing of aircraft height
measurements by the measurements

y (t) = h(t) + AR (1) ;

Yy (1) =h(t) + Ah*A(t)
from the satellite and barometric systems as a problem of optimal Kalman filtering in
the form (8.1), (8.2) assuming that errors Ah'(t), | =SNS, BA can be described by

noncorrelated random processes, each being a sum of white noise v'(t) with known
PSD r? and exponentially correlated first-order Markov process ¢'(t) with known
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variance ¢ and correlation interval 7' =1/a', i.e., Ah'(t) =48'(t) +V'(t).

Consider two variants of the problem.

Variant 1. Let the aircraft height be presented as a sum of the first-order polynomial
with unknown coefficients determining the initial height h(0), constant vertical
velocity V, (0), and double integrated white noise of given PSD ¢/ .

Variant 2. There is no a priori data on height variation, and the problem is solved
in the invariant statement.

Note. To formulate these problems, use invariant and noninvariant processing
schemes.

Exercise 8.8. Write the Kalman-Bucy filter algorithm in the problem of estimating
the vehicle position and speed if

X =V;
V =0,
with only position measurements available, i.e.,
y=X+V,
where v(t) is a zero-mean white noise with PSD r? noncorrelated with X.

Obtain the formulas for error variance of position and speed estimation.

Note. To derive the solution for the covariance matrix, it is recommended to
proceed to the equation for inverse matrix (see Note 4 at the end of section 8.3).

Exercise 8.9. Show that problem 8.3 can be formulated as the problem of
estimating two constant values. Obtain the formula for the covariance matrix for this
formulation.

Test questions

1. Give the definitions of mathematical expectation, variance, and correlation function
for the random process.

2. What kind of process is called a stationary process? What is the PSD of the process?
How can the process variance be found using only its PSD?

3. Give the definitions of the shaping filter for a random process. Provide formulas for
the mathematical expectation and the covariance matrix for the random process
described by the shaping filter.

. Formulate the problem of optimal linear filtering.

. Formulate the problem of optimal Bayesian filtering.

. Write the formulas for the continuous Kalman-Bucy filter and give your comments.
. Compare the block diagrams of the shaping filter and the Kalman filter.

. Explain the procedure for proceeding from the continuous filtering problem to its
discrete variant.

coO N O O b~
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Appendices

Appendix 1

Al. Introduction to matrix analysis

This appendix is the introduction to matrix analysis, in particular, the main matrix
operations, often used in applied estimation, are considered. The materials of this
appendix is borrowed from [2, 11, 12].

A matrix is a rectangular array of numbers, symbols, or expressions, arranged in n
rows and m columns. An example of matrix A is

e I R R R T
A= a.lauaum : (Al1.1)
_anl ; anm_

The following notations are used for matrices:
A={a;}; A={AG })}; A={Ali,jl}, i=1n, j=1m.
A column vector

a=| |, (A12)

and a row vector
a=[a,.....a,] (Al.3)

are the special kind of nx1 and 1xn matrix.

A square matrix. A square matrix is a matrix with an identical number of rows and
columns of dimension n xn.

A diagonal matrix. A square matrix D of dimension n in which all the elements
outside the main diagonal are zero is called a diagonal matrix.
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D=\ | (AL4)
010 i.id,,:0
0:0:: 0 :d

nn

The diagonal matrix is often defined as D =diag{d,}, i=1n.

An identity matrix. An identity matrix is a diagonal matrix in which all the
elements on the main diagonal are equal to 1. Such matrix is usually denoted by E, or
E,, where n is the dimensions of this matrix, i.e.,
1{0{.:0

0i1/.i0]

POl O

R (A1.5)
SR

0i0:.:0:1

Transpose of a matrix. Let Az{aij},izl._n, j=1m be an nxm matrix, then
transpose A is an m xn matrix, which is defined as
A" ={a;}, j=1m,i=1n. (A1.6)
The rows of such a matrix are the columns of A, but the rows of A are the columns
of A",

An upper triangular matrix is a matrix where non-zero elements are on and above
the main diagonal

S S N N (A1-7)
6701 1% ]

0701 10

A lower triangular matrix has non-zero elements on and below the main diagonal.
Symmetric matrix. A square matrix of dimension n is a symmetric matrix if

A=A", (A1.8)
Block matrix. A block matrix is the following one:
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Avito i A

A</ Ar A A (AL9)

AGTTA,

where A, i=1n, j=1.m are matrices, i.e., the matrix formed from blocks or submatrix

Is called a block matrix.

A block diagonal matrix is a matrix in which the blocks on the main diagonal are
non-zero.

A trace of a matrix. The trace of a square matrix A is defined to be the sum of
elements on the main diagonal, i.e.,

TrA=> a;. (A1.10)
i=1
Sometimes it is denoted as
SPA=> a;. (A1.11)
i=1

This notation comes from German ‘Spur’.

Matrix addition. Let A,B,C be the matrices of nxm dimension. The elements of
C matrix, corresponding to the sum A and B ,
C=A+B, (A1.12)
are defined as

¢, =a; +b;,i=1n, j=1m. (A1.13)

1j?
Multiplication of matrix A by scalar « is the multiplication of each element of
the matrix by the scalar, i.e.,

aA={aa,}. (A1.14)

Matrix multiplication. Let A and B be nxm and mx| matrices, then the elements
of nx| matrix C, corresponding to the product AB,
C=AB, (Al.15)
are defined as ¢; = > a,hb,,i=1n, j=1l.
k=1
Therefore, the matrix multiplication is correct if the number of columns in the first
matrix is equal to the number of rows in the second, i.e.,

C=AB, (A1.16)
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and it has the following structure:

C, - - Cp a, - . . || ~

Ch - - C a, . . . oa, | |-

nm nl _|

v m
m |

In this case, we say that the matrices have consistent dimensions.

As a result of multiplication of 1xn row a' by nx1 column b, we have a scalar.
At the same time, we have a square matrix from multiplication of column b and row a:

ba, . . ba,
ba'=| | (A1.17)

ba . . ba

n=n

A vector norm is the value
la]| = Zn:af =\a'a. (A1.18)
i=1

In general, matrix multiplication is non-commutative, i.e.,
AB = BA.
If AB=BA, the matrices are called commutative.

The following equality a’a=Sp(aa") is true.

Conventional rules of matrix multiplication can be used to multiply block
matrices, i.e.,

C :|:C11 C12i| :|:A11 Ai2}|:811 BlZi| :|:A.LlBll + A12821 AllBlz + A12822i| .
C21 C:22 A21 A22 B21 BZZ AZlBll + A22 BZl A21812 + A22 BZZ
The determinant of the square matrix A= {aij} of dimension n can be calculated using
the determinants for the matrix of dimension n—1 as

det(A) =Zn: aA, (A1.19)
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where A, are cofactors, i.e., the determinants for the matrix of dimension n-1
obtained by deleting the first row and the j-th column from matrix A and multiplying by
(_1)1+j .

A similar representation can be obtained for an arbitrary i-th row:

n

det(A) = a;A;,

j=1
where A, are the determinants of order n—1 obtained by deleting the i-th row and the
j-th column and multiplying by (-1)"*!.
For example, in the case of a two-dimensional matrix, it is easy to find that
&; &
det[ azi azzj =88y, —aya,.

The determinant of the matrix is denoted as

det(A) = \A\ :
A square matrix is called non-singular if its determinant is not zero, i.e.,
det(A) =\A\ #0.

Otherwise, we have a singular matrix.

Let us introduce the following notation of the determinants formed of elements of a
rectangular nxm matrix:

Ay, iy, B,

A( [ P S ]: B, B, e By
kK, Kp . L

Qi Gk, o Wy

Such a determinant is called a minor of order p if 1<i <i,<..<i <n and
1<k <k, <..<k,<m.
If i, =k,i, =k,,..1, =k, such minors are called principal minors.

The rank of the matrix is the largest order of any non-zero minor in the matrix. If
r is a rank of rectangular nxm matrix, then, obviously, r <n,m.

An inverse matrix. Let Az{aij} be a non-singular nx n matrix. An inverse A™
matrix is the matrix satisfying
AA™ =E. (A1.20)
Let us denote the inverse matrix as A* =B ={b; }.
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For the elements of the inverse matrix, the following equality is valid [2]:

A
bij = det(JA) ’ det(A) = a:LlAil +.+ a1n'Ain’ (A121)

where A; are cofactors.

For example, in the case of a two-dimensional matrix, it is easy to find

(all a, \]1 _ 1 [ ay, _auj
Ay Ay A8y — 88, \ "8y Ay

The inverse matrix satisfies the following equality: A"A=E, i.e., the matrix and
the inverse matrix are commutative.

Orthogonal matrix. A square matrix A is orthogonal if

AA' =E. (Al.22)
A characteristic polynomial of a square matrix A is the polynomial
p(A) =det(A-AE). (Al1.23)

For example, in the case of a two-dimensional matrix, this polynomial looks as follows:

a,—A g
;21 a,, i ;\] = 7“2 - (a11 + azz)x + 8,85, — 8,3, -

The characteristic equation is defined as
p(A) =det(A—AE)=0.
Eigenvalues of a matrix. Eigenvalues of a square matrix A of dimension n are
defined as the n roots of the characteristic equation
p(A) =det(A—AE)=0. (A1.24)
A set of all eigenvalues is called a matrix spectrum.
An eigenvector of a square matrix A is vector x, such that
AX =X, (Al.25)
i.e., (A—AE)x=0, where A is the eigenvalue.

This equation means that the multiplication of the matrix by the eigenvector does
not change its direction. Since the characteristic equation of the matrix of dimension n
has n roots, every root (eigenvalue) has the eigenvector, respectively. Thereby, the
matrix has n eigenvalues and eigenvectors. It should be noted that some eigenvalues
may coincide, and but the same eigenvalues may correspond to different eigenvectors.
The problem of finding them is known as an eigenvalue problem.

Similarity transformation. Let A and C be nxn square matrices, and C is non-
degenerate. Then matrix B is defined as

B=CAC™. (A1.26)

p(A) =det(A-AE) = {
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Matrices B and A are called similar matrices, and matrix C is similarity
transformation. It is easy to see that similar matrices have the same characteristic
polynomial.

Indeed,

det(B —AE) = det(CAC ™" —ACC ™) = det(A—AE)det(C)det(C ™) =
= det(A—AE)det(CC™) = det(A—AE).
It follows that similar matrices have the same eigenvalues.

It can be easily verified that the determinant and the trace of the square matrix A
could be represented using eigenvalues, i.e.,

TrA= Zn:xi , (A1.27)
det(A) = f[xi . (A1.28)

Therefore, similar matrices have the same determinants and traces.
Diagonalization of symmetric matrices. Symmetric matrix A can always be
diagonalized by using an orthogonal matrix, i.e., there always exists an orthogonal
matrix, such that

TT=E,T'=[t, .. t; .. t], (A1.29)
where TAT' ={1;8,}, j=1n, (A1.30)
and A, t;, j =1.n are the eigenvalues and eigenvectors of matrix A, i.e.,

At =At;, (Al1.31)
moreover, t't; =3, . Here, the value §; is the Kronecker delta
1i=],
5, ={ -} (AL32)
0, 1#].

The above definition implies that there is an additional condition for norms of
eigenvalues, i.e., its norms must be equal to 1.

Note that if a matrix is not symmetric, it is not always possible to convert it into a
diagonal matrix. However, an arbitrary square matrix can be converted to other
matrices of special (normal or canonical) types, such as Jordan matrix, Frobenius
matrix, etc.

A quadratic form. Let A be a square matrix and X is a vector of dimension n. The
guadratic form is determined as

y = X"AX. (A1.33)

The quadratic form is called positive definite if for all nonzero vectors X, the
quadratic form is positive, i.e.,

y=X"Ax>0, for x#0. (Al.34)
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In this case, matrix A is called positive definite.

If the strict inequality is replaced by >, then the quadratic form and the
corresponding matrix are called nonnegative definite.

Reversing the inequality sign, we get a negative definite quadratic form and a
negative definite matrix.

Matrix inequality. If the following inequality holds

X"Ax>X"'Bx>0 (Al1.35)
or X'(A—B)x>0 and the vector x is not zero, then we can say that matrix A>B.

Similarly, you can introduce other types of inequalities.
One can show that when some inequality holds, the same inequality is valid for its
eigenvalue. So, if all eigenvalues of the square matrix A are positive or non-negative

(negative or non-positive), i.e., A;>0 or A;>0 (A; <0 or A, <0), j:ﬁ, then the
corresponding inequalities are valid for the matrix, i.e., A>0 or A>0, (A<O or
A<0).).
Farzctions of matrices. Certain functions of square matrices can be given by power
series. M matrix A" of degree m is defined as
A"=A-A.-A. (Al1.36)
- f

From the above definition, we can obtain the exponential of matrix, defined as
e? =exp(A) = Z-—A. . (A1.37)
i-o I

Functions f(A) of symmetric matrices can be obtained in different ways. Firstly,

matrix A must be diagonalized by the orthogonal matrix, i.e., we get the following
representation:
TAT" =A=diag{%;}, j=In,

from which it follows that A=T AT .

Next, f(A) is defined as

f(A=T"f(A)T, (A1.38)

where f(A)=diag{f (%)}, j=Ln.

The derivative and integral of a matrix, whose elements depend, for example, on
time, ie, At)={a;()},i=1n j=L1m, is matrix A(t)={a®)}.i=1nj=1m or

t t
j A(r)dr:{[ a; (r)dr},i =1.n,j=1m, whose elements are the derivatives or
0 0
integrals of the original matrix.

The derivative of the scalar-valued function s(x) of the vector argument is

calculated by the formula:
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ds(x) {as(x) __.as(x)}_ (AL.39)

dx’ ox,  OX,
Notation ds(x) means that
dx
0s(X)
X,
oSO _| . | (A1.40)
dx
0s(X)
0%, |
thereby,
ds(x) :[ds(x)T (AL41)
dx dx' | '

This implies that i i
0%s(x) 0%s(X)

OX0X,  OX.0OX,

d2s(x) :i‘:dS(X)} _ d?s(x) :{d-?s(X) :|T. (A1.42)

ol Rl bl PO R orworn
0%s(x)  0°s(x)

| OX, 0% OX.0X, |
The derivative of an m-vector-valued function of a vector argument
X=(X,...X,)" is defined as

S (X, X)
s(x) = ' . (A1.43)
S (X4-X,) |
Thus,
(05,(x) 0s,(%) | [ 08,(X)  38,(X) |
ox, X, ox, X
909 _| . Xl ............. cang B | X1 ............. . (Al4d)
P 5,0 85,00 " mm e,
oo, X, o ox, X,
e dsT(x):[ds(x)I
dx dx”
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In  general, if A IS a square symmetric  matrix, then
d. . dg*(x
219 00Ag (91 -2L P ag().

The derivative of scalar function s(A) of a matrix (matrix gradient) is
determined as
ds(A) | ds
dA  |da; |

For example, for square matrix A, the following formulas are valid:
ds(Sp(A)) _ ¢ ds(Sp(BAC))

; =B'C’;
dA dA
dS(SpéﬁBA ) _ AB+BY). (AL1.45)
Block matrix inversion formula. Suppose
X Xy
p_| P P (AL.46)
Py P

where P*, PY, P? are nxn, mxm and nxm matrices; moreover, there are inverse
matrices for P*, PY. In this case, inverse matrix P~ is defined as

Pt= A B Al1.47
{BT c}’ (AL4D)

where
A:[PX - PXV(PV)_leXT,
B:—[PX - PXV(PV)_lPVXTPXV(Py)_l,
C:[PV —PyX(PX)‘lpﬂ_l.
The following relations are valid:
A=(P¥) " +(P¥) PrCPY(PY) ",
B=-AP"(P¥)" =—(P*) " P*C,

-1

c=(PY)" +(P") P*APY(P") .
There are some useful matrix relations in Table A1.1.
In particular, the so-called matrix inversion lemma is

[PP+HR'H] =P—PH"(HPH"+R) HP, (AL.48)
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where P, R are the square non-singular matrices of dimension n and m, and H is an

mxn matrix.
It follows from the lemma that

[P*+R*| =P-P(P+R)"P, (A1.49)
and
[PE+qi]" :i(E— q |j. (A1.50)
r ng® +r’

The last formula is easy to get if
P'=r’E, H =[11..1], R = q°.

Table Al1.1
Some useful matrix formulas
Relation Note
(AB)" = B'A" (A1.51) A, B — matrices of consistent
B ' dimensions

Tr(ABC) =Tr(BCA) =Tr(CAB) (A1.52) A, B_, C - grbitrqry matrices of
consistent dimensions

N A — square matrix,
Tr(A) = Zﬂ:}”‘ (AL53) A, — eigenvalue of A
det(AB) = det(A) det(B) (Al54) | A B — square n-dimensional
matrices
L A — square matrix
A) = : Al : ’
det(A) 1:1[7“ (ALS5) A; —eigenvalue of A
(AB)=BA" (A1.56) A, B — square non-singular n-
' dimensional matrices
[P—l +HRH ],1 _ P, R — square non-singular
A1.57) | matrices of dimensions n and m,
( )
:p_PHT(HpHTJrR)leP H — mxn matrix

P, R — square non-singular n-

dimensional matrices

I o I - a square n-dimensional

[r2E+q2I] =r—2(E— . 2Ij(A1.59) matrix of units; r?, ¢® -
positive values

':P—l N Rfl]_l —pP- P(P + R)_1 P (Al.58)

ng’+r
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Table Al1.1 (continued)

0

(A=A, L(xAY=A"  (AL6O)
ox’ OX
E(XTAX) =2AX, _ _
OX A — square symmetric matrix,
i(XTAX) _oy'A (AL61) | X= (X,.-X,)" — n-vector
ox'
82
X"Ax) =2A Al1.62
OXoX' ( ) ( )
0. . o9" (X) A — square symmetric matrix,
— X)Ag(X)]=2——= Ag(X), .
ox19 PIAGRNT=275 = A009 009 = (G, (%X, )G (%-X,)
in particular, — m-vector valued function,
0 . X,y — n-and m-vectors
—[(y —=Hx)"A(y = Hx)] = ! ’
X Ly =F7A =] (A1.63) | H- mxn-matrix
=2H"A(y — Hx)]
W AX — X7 — A - ~ square  non-singular
. . . (A1.64) | symmetric matrix,
=(X-A"2)A(x-A"2)-7'A"Z X,Z — n-vectors
!
« pw C:[PV—PVX P* PXV}
Using P :{(PPXV)T F;y} ( )
~ -1
A B B:—[PX—PXV(Py)leX} P (PY)
find P { ) } (A1.65) L
B" C A:[PX—PXV(PV) Pyx}
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Appendix 2

A2. Random variables and vectors

A2.1. Random variables

A random variable (RV) is a variable whose value is not known in advance and you
can only introduce a numeric measure (probability) of the fact (event) that this value
belongs to a prescribed domain on real axes.

We shall assume a random variable as given if the function enabling to determine
the probability of any possible event is defined, i.e., we can calculate the probability
that a random variable will belong to some interval or sets of intervals on real axes.

Such a function defining stochastic properties of a random variable is known as a
probability distribution function or cumulative distribution function (CDF), which
is a scalar function F (x) of a real-valued argument x. This function defines the

probability that the random variable x belongs to the open interval (—oo,X) i.e., the

probability thatx < x.
Thus,
F.(X)=Pr(x:x<x). (A2.1)
Sometimes term a probability distribution or distribution function can be used
instead of a probability distribution function if it is clear from the context.
The CDF (A2.1) is a non-negative, non-decreasing, left-continuous function
satisfying the following evident equalities:
F(—0) =Pr(x:x<—«)=0; (A2.2)
F () =Pr(x:x <o) =1. (A2.3)
In addition to the probability distribution function, the properties of random variables
can be described by a probability density function (PDF), defined as
dF, (x)
px(X) = é— .
X
The lower subscript of the PDF indicates the random variable to which it
corresponds, and hereafter, it can be omitted if it does not lead to misunderstanding.
Integrating both parts of (A2.4) from —o to x and taking into account the (A2.2),
we obtain

(A2.4)

F.(0= | p(du. (A25)

The probability density function is a non-negative ( f,(x)>0) function satisfying
the normalizing condition
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T p, (u)du=1. (A2.6)

For the probability of an event, in the case when x, <x<X,, the following evident
equations are valid:
Prix <x<x,)=Pr(x:x<x,)—Pr(x:x<x)=F(x,)-F.(x) (A2.7)

or Pr(x <x<x%)="F,(%)-F(x)= [ p(u)du. (A2.8)
Using formula (A2.4) , we can write
0. (x) = lim F.(x+dx)—F, (x) _lim Pr(x<x<x+dx) ;
dx—0 dx dx—0 dx
thus, for small dx
Pr(x<x<x+dx)=F (x+dx)—F(x) = p,(x)dx. (A2.9)

A2.2. Stochastic characteristics of random variables

In addition to CDF and PDF, stochastic (statistical) properties of random variables
can be described by a set of stochastic numerical characteristics. The main ones are a
mathematic expectation (mean), moments, variance, root-mean-square value,
root-mean-square deviation (RMSD), also known as a standard deviation or
standard. Speaking about an error, we use the term a root-mean-square error
(RMSE). The relations between these characteristics and PDF are determined by
equations presented in Table A2.1.

Table A2.1
The main stochastic characteristics of a random variable
Characteristic Definition
Mathematic expectation (mean) E.(X)=X= J Xp, (X)dx (A2.10)
Moment of n order E (x")= Ix” p, (X)dx (A2.11)
Central moment of n order E.(Xx—X)"= J'(x -X)"p ,(X)dx (A2.12)
Variance D= J'(x —X)?p, (x)dx (A2.13)
(R;I\c;ltérggan-square deviation o ( ,[ (x=X)p. (X) dx)”z (A2.14)
Root-mean-square value (RMSV) m = \/JW (A2.15)

Notation. In the above equations, the limits of integration are assumed infinite.
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Further, when the limits are not denoted, they are considered to be infinite.

A random variable with a zero expected value is called a zero-mean random
variable.

Considering (A2.14), (A2.16), we can obtain the following useful formula for the
variance of an RV:

D=E,(x*)-x". (A2.16)

The variance of an RV determines the measure of PDF concentration in the the

vicinity of the expected value. This fact is reflected in P.L. Chebyshev’s inequality.

For RV x, with the mean value X and variance D, where £ >0, we can write the

following:
= D
Pr(x-X|=¢)<—=.
&

The validity of this inequality follows from the definition of the variance.

Indeed,

D={ (x-X)"p,(x)dx=> g2 [ pOodx= gZPr(\x —X|>¢).
o [x—X[>&
This implies that if the variance decreases, the probability that a random variable falls
outside the domain (X —& < X< X+ &) decreases too.
To solve the applied problems, an important characteristic of a random variable and
the corresponding CDF and PDF is a quantile.

A2.3. Gaussian random variables

Gaussian RVs are most widely used in solving applied problems. A Gaussian or
normal random variable is a variable for which CDF and PDF can be written as
follows:

1 =X .

00

1 (x=x)?
px(x) = (Zﬂ)yzanp{ 2572 }

These functions are called a Gaussian (normal) probability distribution and a
Gaussian (normal) probability density function.
Further, for Gaussian PDF, we will use the following notation:

(¥ = exp{— (H)Z} N(GXo?).  (A218)

2r) o 20°

Gaussian CDF and PDF and their dependences on expected values and RMSD are
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shown in Fig. A2.1.
It follows that when the area, in which PDF is essential nonzero, decreases, the
variance decreases too. It can be shown that

exp{—%} =0(x—X),

. 1
lim
O'—)O A f27z'o-

where () is the delta-function.
Note that for a Gaussian PDF, the median, the mean value and the mode are equal.

CDF of Gaussian RV

Fig. A2.1. Graphs of CDF and PDF of Gaussian RV at different expected values
(X=0,x=L,X=2)and RMSD 6=1;6=0.5; 6=0.25

For the Gaussian CDF corresponding to the zero-mean RV, the following formula
iIs valid:
F.(X)=1-F (-X).
The odd central moments of the Gaussian random variable are zero, i.e.,
[x=%)""p,(xdx =0,
and the following formula is valid for the even moments:
[(x=%)"p,(0)dx =1x3x..(2k ~D)o™ ,k =12... (A2.19)
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From the above formulas follows that parameters X and o of the functions
(A2.17), (A2.18) are the mathematical expectation and the variance of the Gaussian
random variable.

The probability values Pr[X —ko <x <X +ko|=Pr||x—X|<ko | of the Gaussian
RV at different k are presented in Table A2.2 and in Fig. A2.2.
Table A2.2

Probability Pr[|x—X|<ko | for the Gaussian random value for different k

K 1 2 3 4
Pr[|x—x|<ko | | 0.6827 | 0.9545 [ 0.99730.9999

Px(X)

0.4

Pr=0.6327
035r

0.3r

02F

0151

01F -
Pr=0.2999

PN

4 5 X

| |
| |
| |
| |

| | -

o | Pr=0.9973

| |
| |
0o5r | | |
A |
0 I I | |
2 1

5 -4 3

[N T .
[TA) S

]

Fig. A2.2. Probability Par—Y\ < ka] for the Gaussian RV if
p.(X) =N(x;0,6%),k=12,34

From Table A2.2 follows that for the modulus of the zero-mean Gaussian RV, i.e.,
\x—i\, the quantile of order 0.6827 equals to o, and the probability that the value of
the zero-mean Gaussian RV belongs to the interval £3o is equal to 0.997. Usually, the
value which is equal to 3o is called a three-sigma value or a three- sigma error if an

RV describes some measurement errors.
The fact that for a Gaussian RV

Pr||x— x| <30 ]=0.997 (A2.20)
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is called a three-sigma rule.
The following quantitative characteristics are often used for Gaussian RVs.

An average absolute deviation is defined as the expected value of \x — Y\, e,
E {[x-x|}=cE,ul= 2 5~0.7980 (A2.21)
X u T

A probable deviation (probable error) &, which is a quantile of order % for

x—x%], i.e.,
Pr[|x-X|<&]=05. (A2.22)
In other words, it is such a value that probability of |x—X|<e is equal to
probability of [x—X|>¢, i.e., it is a median for [x—X|. For a standard Gaussian RV

with zero mean and o =1, the probable deviation is given as £ =0.674, so that for the

zero-mean Gaussian RV with variance o2, we obtain
£~0.674c0. (A2.23)

A2.4. Random vectors

A random vector is a vector each component of which is a random variable. For a
random vectorx =(X,,...X,,)", its properties are fully given by the joint CDF or joint
PDF, defined as follows:

F.(X) =Pr(x; <X,...X, <X.); (A2.24)
_0'F(¥) .

P (X) = X, (A2.25)

F.(X) = ]T p, (u)du,...du, . (A2.26)

—00 —00

Formula (A2.24) determines the probability of an event in which inequality x; <X;,

j=1.n. holds for each component.

As in the one-dimensional case, a joint PDF is a nonnegative function which satisfies
the normalizing condition

o0 0

J‘.[ p, (x)dx,...dx, =1. (A2.27)

—00 —00

In addition, a joint PDF satisfies the consistency condition, which, at m<n, is
written as

Pr iy ix (X Koo X)) = IJ' P, (X, Xy yeeny Xy XX )AX 00X, (A2.28)
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and is a symmetric function of its arguments. The latter means that the PDF for vector
X =(X,,...X,)" does not depend on the sequence in which its components are arranged,
in particular, Py, x, (%, %;) = Py, x (X, %) -

The probability for a random vector to belong to domain Q, mathematical

expectation X and covariance matrix P, which is a generalization of the notion of
variance to the multidimensional case, has the form:

Pr(xeQ) :j p, (X)dx; (A2.29)
X :jxpx(x)dx =E, (x); (A2.30)
P=] (x=X)(x—X)"p,(x)dx=E,(xx") - XX". (A2.31)

Here and in what follows, integrals are understood as multiples. If the integration
domain is not indicated, as noted above, the limits for each component are assumed to
lie in the range from —oto +oo. The diagonal elements of the covariance matrix
determine the variances of the corresponding random vector components.

Mathematical expectation E, . {(xi —X)(X —Yj)} for two random variables x, and
x. is called a correlation coefficient. Thus, nondiagonal elements

]
Ry =B {06 =500 =X))f =[x =X =%)) Py, (%, X)), i j, i, j=1n
determine the correlation coefficients between different components.
By virtue of PDF symmetry, equality P, =P; is valid, which means that the

covariance matrix is symmetric, that is, P=P". An important property of the
covariance matrix is the fact that it is a nonnegative definite matrix, that is, the one for
which x"Px >0 for any x=0.

If the mathematical expectation of a random vector is zero, then, as in the scalar
case, such a vector is called a zero-mean vector.

If E,, {(x—%)(x;—X)}=0, then random variables are called uncorrelated or
orthogonal. Hence it follows that for a random vector whose components are not

correlated with each other, the covariance matrix has a diagonal form. If we have two
random vectors, then we can introduce a cross-correlation matrix defined as

B=| [ (x=X)(y—Y)"p,, (x, y)dxdy,
where p, (X, y) is a joint PDF. If this matrix is equal to zero, then random vectors are

defined as noncorrelated or orthogonal.

The notion of independence of random variables is also important. Random variables
are called independent if the joint PDF is equal to the PDF product for each of these
random variables, i.e.,
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px(xi"'xn) :]j pxi (Xi)'

A definition for independent random vectors is introduced in a similar way.
Independent random vectors are uncorrelated since

E, o 100 =)0 =)} = [ (6 =R =%)) P, (%%, )lxelx; =
= [0 =%) b, (x)dx [ (¢ = X;)p, (x;)x; =0.
The converse proposition is generally not valid.

The above notions defined for a two-dimensional vector x =(x;,X,)" are presented in

Table A2.3.
Table A2.3

The main notions and stochastic characteristics for a two-dimensional random

vector

Notions and characteristics

Definition

Probability distribution
function

F.(X) =Pr(x, <Xx,X, <X,);

Relationship between PDF and
CDF

X Xy

TFO k0= ] [ pdudy

oX,0%,

p(X) =

Normalizing condition

[ ] p.0dgx, -1

—00 —00

PDF symmetry

px(xl’ Xz) = px(XZ’ X1)

Consistency conditions

p,, (%) = [ P (% %,)dlx,
p,, () = [ P, (%, %),

Independence

P, (X %) = P, (X)) Py, (%)

Noncorrelatedness

Ex(xl - E)(Xz B Yz) =0

Probability for a random vector
to belong to domain Q

Pr(xe Q)= I p, (x)dx,dx,

Mathematical expectation

%= %P0 x)dxdx, = [%p, (4)dx;,
=12

| —

Correlation coefficients

P

12

1= [[ 04 = %)% = %) p, (%, %) dx,dx,

Variances of components

2
G;

Covariance matrix

PZ

I.[(Xi _Xi)z pxi (Xi)dxi ) | :1,2

P, P

P:|: 1 12:|1Pii:Gi2’i:1121PZPTZO
PZl P22
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A2.5. Gaussian random vectors

A Gaussian random vector is a vector for which PDF is defined as
P, (X)=N(X;X,P) =

1
exp—0.5(x—X)"P'(x-X)!. (A2.32
G derpyE P05 X) P ()] (A2.32)
In this formula, X andP are a mathematical expectation and a covariance matrix
which, as in the one-dimensional case, fully define the Gaussian PDF.

Vectors are called jointly Gaussian if their joint distribution density is Gaussian.

Note that situations are possible in which each vector or random variable is Gaussian
individually, but their joint density is not.

If jointly Gaussian vectors x and y are

E,,{(x=X)(y—¥) }=0, they are independent, and thus,

Pyy (X ¥) = Ry (Y) P (X) -
In particular, this is easy to verify by the example when x and y are scalars since

_n XX R O )L 1 C(x=X)° (y-9)°(_
Py (X, ¥)=N [y'{?H 0 PZZ:D_ (2n) R.?P, exp{ }—

2P11 2P22

1 (x=X)? 1 (y-9)?

- expi{— expq ———2- 1,
(2n)"2P, p{ 2P, }(Zn)”zpzz”z p{

2P,
As noted earlier, in a general case, this proposition is not true.

Let us analyze the form of a two-dimensional Gaussian PDF. Assume that the
covariance matrix is nondiagonal, i.e.,

P 012 r*
r* 03

not correlated, 1i.e.,

(A2.33)
Introducing the normalized correlation coefficient in the form
*
L (A2.34)
6,0,
it is easy to see that
_ 1 ;
62 0,0
P‘lz% ' Sy (A2.35)
@-ro)| 1
L 010, Gg i

Therefore, the PDF for a two-dimensional Gaussian vector can be written as

1 1 X 2rXX, X5
N(x;0,P) = exp- — [———2+—2 . (A2.36)
216,6,N1-? { 21-r*){ o) o0, :

G,
For different values of ¢, equation
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2O2rXX, X5
g(X,X%,) :%—L+—22=c2 (A2.37)
6; 6,6, 6
defines ellipses. It should be noted that the axes of these ellipses rotate relative to the
vertical axis at a certain angle. As an example, Fig. A2.3 shows isolines for r = 0.75.

Xo A

Fig. A2.3. PDF isolines for a zero-mean Gaussian vector for ¢, =, =1.

When navigation problems are solved on a plane, it is often assumed that the vehicle
coordinates are a Gaussian random vector with a mathematical expectation at the point
of its expected location. The uncertainty of the point location on the plane can be
described with the use of the equal probability ellipses that were introduced above, in
particular, the ellipse corresponding to equation (A2.32) for c=1.

XZA

o[ ‘
—

Fig. A2.4. Error ellipse for a two-dimensional Gaussian vector
with independent components.

Since this ellipse intersects the axes at points coinciding with the values of the
corresponding RMS, i.e., at x,=0,x =o,, and at x, =0,x, =0c,, it is called a root-
mean-square error ellipse, or a standard ellipse. In navigation applications, it is

described using the ellipse parameters: major a and minor b semiaxes and
directional angle t, which sets the orientation of the major semiaxis relative to the
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axis X, . These three parameters completely determine the covariance matrix of the two-
dimensional Gaussian PDF [24]. Figure A2.4 shows a special case when o, =D,

o, =a, t=90", and, therefore,
a®> 0
P= : A2.38
M (n2:30)
that is, the dimensions of the ellipse semiaxes determine the RMS values for each
coordinate.

When estimating the accuracy of the vehicle position, it is very important to be able
to characterize the uncertainty of position with a single value. It is for these purposes
that the values of the probability for a point on the plane to appear in specific domain

Q are used. For a two-dimensional zero-mean Gaussian vector with PDF (A2.31), this
probability is defined as

Pr(xeQ)= P— ﬂ” p{ 2 )g(xl xz)}dxldxz, (A2.39)

where g(x;,X,) is an equal probability ellipse (A2.32).
If domain Q is represented by g(x,X,), then, passing on to polar coordinates, it can
be shown that

Pr(x: g(xl,xz)SCZ):l—exp{— 2(1C_ rz)}' (A2.40)

For the case of independent random variables, at o, =c, =c, the ellipse turns into a

circle with a radius R=co and, therefore, from (A2.35) it follows that the probability
of finding a random vector within a circle with such a radius is determined by the
Rayleigh distribution:

2

2 2 2
Pr(x: *’lexz SR—ZJzPr(x:»\/xlﬁxz2 ) F(R)=1— exp{—R—} R>0. (A2.41)
C

(o) (&)

The value R, which corresponds to 50% probability of finding the Gaussian random
vector within a circle of a specified radius, i.e., the probability is 0.5, is called a
circular error probable (CEP), and correspondingly, the circle is called a circle of
equal probabilities. In the case when the ellipse is a circle, i.e., with independent
random variables and the same RMS o, =c, =5, 50% probability of getting into the
circle (Pr=0.5) is achieved if its radius is equal to 1.177c. For R = 3.4, Pr = 0.997. If
this is not the case, then the radius of the circle at which 0.5 probability of getting into
this circle is achieved, should be found using (A2.39).

Sometimes the notion of a Distance Root-Mean-Square error (DRMS) is used.

DRMS = /o’ + 2. (A2.42)

167



Depending on the values of the covariance matrix or parameters of the ellipse, this
value corresponds to 65-68% probability of getting into the circle with such a radius.
Doubled radial RMS error (2DRMS) is also often used. It corresponds to the
probability of getting into a circle with a radius equal to a doubled radial error. The
exact value of the probability depends on the specific ratios of variances and the
correlation coefficient, and its approximate value is determined as Pr = 0.95.
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Appendix 3

A3. Ordinary differential equations

An ordinary differential equation in the Cauchy form is an equation of the form
[5, 8, 12, 25]:

X(t) = F(t, x(t),u(t)), (A3.1)

where x(t) = (%, (t),...x,(t))" is an n-dimensional vector; u(t) = (u,(t)..u (t))" isa p-

dimensional input vector, which can mean both control and disturbance;

F()=(R(),...F,(.))" is an n-dimensional, in the general case, nonlinear vector-

function. Vector x(t) =(x,(t),...x,(t))" is called a phase vector or state vector.

In the cases when F(t,x(t),u(t)) = F(x(t),u(t)) does not explicitly depend on time,
the equation is called stationary. If this equation depends on time, it is called
nonstationary.

When u(t) =0, the equation is called homogeneous; when u(t) =0, it is called
inhomogeneous.

Equation

X(t) = F(t)x(t) + G(tu(t), (A3.2)
in which F(t), G(t) are matrices of the corresponding dimensions, is called a linear
differential equation.

If matrices F(t), G(t) depend on time, the equation is called a nonstationary linear
differential equation.

If matrices F, G do not depend on time, i.e.,

X(t) = Fx(t) + Gu(t), (A3.3)
the equation is called a stationary linear differential equation.

The solution of a differential equation is such a function of time x(t), x(t,) =X,
the substitution of which into the original differential equation turns it into an identity.
The value of function x(t,) = X, at the initial moment is called the initial condition.

The fundamental, or transitional, matrix of the system of equations (A3.2) is a
matrix that satisfies the equation

do(t,t,)
dt
with the initial condition of the form ®(t,,t,)=E.

The general solution to the differential equation (A3.2) satisfying the initial
condition x(t,) = x, has the form [5, 8]

= F(t)D(tt,) (A3.4)

X(t) = Dt t,)X(L,) + j@(t,t)G (t)u(r)d. (A3.5)

ty
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The first summand represents the general solution of the linear homogeneous
nonstationary differential equation

x(t) = F(t)x(t).
The second summand is a partial solution of the differential equation (A3.2) at
X(t,)=0. This solution is called partial because it corresponds to zero initial

conditions and depends on a specific type of input action u(t).
To show that (A3.5) is a solution to (A3.3), it is necessary to use the following rule

[8]:
%!g(t,r)dr:g(t,t) +£%g(t,r)dr. (A3.6)

Differentiating (A3.8) and taking into account that
d(t,t,) = F)D(L,t,),
we have

%(t) = F ()®(t,t)X(t,) + D(t, ) G(t)u(t) + j F () D(t, 7)G(t)u(t)dt =

= F () x(t) + G(t)u(t).
For stationary equations (A3.3), the fundamental matrix depends on the difference of
the arguments and is a matrix exponent for F :
1

D(t—t,) = b = iﬁF‘(t _t). (A3.7)

Since FeFt™©) = FZ%F‘(t —t,)", it is easy to see that e™*™ satisfies an equation of
i=0 '-
the type (A3.4).
Thus, the general solution of the stationary linear differential equation (A3.3) can be
written as

t
x(t) = eFx(t,) + j eFIGu(t)dr. (A3.8)
f
Consider a linear matrix differential equation
P(t)=F()P(t)+P@®)FT(t)+Q(t). (A3.9)
It is easy to verify that the general solution to this equation is matrix

t
P(t) = d(t,t,)P(t,)D" (t,t,) + jcp(t,r)Q(r)cDT (t,7)dr, (A3.10)
ty
where d(t,t,) is a fundamental matrix for equation x(t) = F(t)x(t).
Indeed, differentiating this relation, taking into account (A3.6), we derive
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P(t) = F(t)®(t,t,)P(t,)D" (t,t,) + D(t,t,)P(t,)D" (t,t,)FT (t) +

Q(t) + j F)D(t,1)Q()D" (t,t)d T+ j d(t,7)Q(1)D" (t,T)F (t) dt.

Taking into account (A3.10), we derive (A3. 9) For the stationary case, (A3.10) has
the form

t
P(t) e VP )e” Y + [e7IQe™ gt (A3.11)

to
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