
1 Äèôôåðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî

ïîðÿäêà

1.1 Îñíîâíûå ïîíÿòèÿ

Óðàâíåíèå âèäà

F(x, y, y ′) = 0, (1.1)

ñâÿçûâàþùåå íåçàâèñèìóþ ïåðåìåííóþ x, íåèçâåñòíóþ ôóíêöèþ y(x)
è åå ïðîèçâîäíóþ y ′(x), íàçûâàåòñÿ îáûêíîâåííûì äèôôåðåíöèàëüíûì
óðàâíåíèåì ïåðâîãî ïîðÿäêà.

Óðàâíåíèå âèäà

y ′ = f(x, y) (1.2)

íàçûâàåòñÿ îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèåì ïåðâîãî ïî-
ðÿäêà, ðàçðåøåííûì îòíîñèòåëüíî ïðîèçâîäíîé. Ýòî ÷àñòíûé ñëó÷àé
óðàâíåíèÿ (1.1).

Ëþáàÿ ôóíêöèÿ ϕ(x), íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà èíòåðâà-
ëå (a, b), íàçûâàåòñÿ ðåøåíèåì (÷àñòíûì ðåøåíèåì) äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ (1.1), åñëè íà ýòîì èíòåðâàëå âûïîëíÿåòñÿ òîæäåñòâî
F (x,ϕ(x), ϕ ′(x)) ≡ 0.

Ïðèìåð 1. Ïðîâåðèì, ÷òî ôóíêöèÿ y =
√

1− x2 ÿâëÿåòñÿ ðåøåíèåì
äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà y ′ = −x

y
íà èíòåðâàëå

(−1; 1).
Ðåøåíèå. Ïîäñòàâèâ y =

√
1− x2 è y ′ = − x√

1−x2
â äàííîå äèôôåðåí-

öèàëüíîå óðàâíåíèå, ïîëó÷èì òîæäåñòâî− x√
1−x2

= − x√
1−x2

, ñïðàâåäëèâîå

äëÿ ëþáîãî x èç èíòåðâàëà (−1; 1).

Ãðàôèê ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ íàçûâàåòñÿ èíòå-
ãðàëüíîé êðèâîé ýòîãî óðàâíåíèÿ.

Óðàâíåíèå Φ(x, y) = 0, çàäàþùåå íåÿâíî ðåøåíèå äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ (1.1) èëè (1.2), íàçûâàåòñÿ èíòåãðàëîì (÷àñòíûì èíòå-
ãðàëîì) ýòîãî óðàâíåíèÿ.

Ïðèìåð 2. Ïîêàæåì, ÷òî y3−3x2+3y−3x−1 = 0 ÿâëÿåòñÿ èíòåãðàëîì
äèôôåðåíöèàëüíîãî óðàâíåíèÿ y ′(1 + y2)− 2x− 1 = 0.

Ðåøåíèå. Äèôôåðåíöèðóÿ óðàâíåíèå y3 − 3x2 + 3y − 3x − 1 = 0,
çàäàþùåå íåÿâíî ôóíêöèþ y(x), ïîëó÷èì 3y2 · y ′ − 6x + 3y ′ − 3 = 0,
îòêóäà y ′(1 + y2)− 2x− 1 = 0.
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Ðàâåíñòâî
Φ(x, y, C) = 0, (1.3)

ãäå C � ïàðàìåòð, íàçûâàåòñÿ îáùèì èíòåãðàëîì äèôôåðåíöèàëüíîãî
óðàâíåíèÿ (1.1) èëè (1.2), åñëè ýòî ðàâåíñòâî îïðåäåëÿåò ìíîæåñòâî ðå-
øåíèé äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Ñîîòíîøåíèå (1.3) íåÿâíî çàäàåò
ñåìåéñòâî ôóíêöèé

y = ϕ(x,C), (1.4)

êîòîðîå íàçûâàåòñÿ îáùèì ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ
ïåðâîãî ïîðÿäêà (1.1) èëè (1.2).

Îòûñêàíèå ðåøåíèé (÷àñòíîãî èëè îáùåãî) äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ íàçûâàåòñÿ èíòåãðèðîâàíèåì ýòîãî äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ.

Ïðèìåð 3. Ðåøèòü óðàâíåíèå y ′ = cos x.
Ðåøåíèå. Ìíîæåñòâî âñåõ ðåøåíèé ýòîãî óðàâíåíèÿ åñòü ìíîæåñòâî

ïåðâîîáðàçíûõ ôóíêöèè cos x, ò.å. y =
∫

cos x dx. Òàêèì îáðàçîì, y =
= sin x+C, ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, åñòü îáùåå ðåøåíèå äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ y ′ = cos x.

Çàäà÷à, â êîòîðîé òðåáóåòñÿ íàéòè ðåøåíèå äèôôåðåíöèàëüíîãî
óðàâíåíèÿ (1.2), óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ

y(x0) = y0, (1.5)

ãäå x0, y0 � çàäàííûå ÷èñëà, íàçûâàåòñÿ çàäà÷åé Êîøè äëÿ äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ (1.2).

Ïðèìåð 4. Íàéòè ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ y ′ = cos x,
óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ y

(
π
2

)
= 2.

Ðåøåíèå. Äàííîå äèôôåðåíöèàëüíîå óðàâíåíèå èìååò îáùåå ðåøåíèå
y = sin x+C (ñì. ïðèìåð 3). Ïîäñòàâëÿÿ â ýòî ðàâåíñòâî çíà÷åíèÿ x = π

2

è y = 2, ïîëó÷èì sinπ
2

+ C = 2, îòêóäà C = 1. Èòàê, ðåøåíèåì äàííîé
çàäà÷è Êîøè ÿâëÿåòñÿ ôóíêöèÿ y = sin x + 1.
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1.2 Äèôôåðåíöèàëüíûå óðàâíåíèÿ

ñ ðàçäåëåííûìè ïåðåìåííûìè

Óðàâíåíèå âèäà
P(x) + Q(y)y ′ = 0 (1.6)

íàçûâàåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì ñ ðàçäåëåííûìè ïåðåìåííû-
ìè.

Ñ ó÷åòîì òîãî, ÷òî y ′ = dy
dx
, óðàâíåíèå (1.6) ìîæåò áûòü çàïèñàíî â

âèäå
P(x) dx + Q(y) dy = 0. (1.7)

Îáùèì èíòåãðàëîì óðàâíåíèÿ (1.7) ÿâëÿåòñÿ ðàâåíñòâî∫
P(x) dx +

∫
Q(y) dy = 0 (1.8)

Ïðèìåð 5. Íàéòè îáùèé èíòåãðàë óðàâíåíèÿ x3 dx + y2 dy = 0.
Ðåøåíèå. Ñîãëàñíî (1.8), îáùèì èíòåãðàëîì äàííîãî óðàâíåíèÿ ÿâ-

ëÿåòñÿ ðàâåíñòâî
∫

x3 dx +
∫

y2 dy = 0, ò.å. x4

4
+ y3

3
+ C = 0, ãäå C �

ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Ïðèìåð 6. Íàéòè îáùèé èíòåãðàë óðàâíåíèÿ sin y · y ′ = e2x.
Ðåøåíèå. Òàê êàê y ′ = dy

dx
, óðàâíåíèå ïðèâîäèòñÿ ê âèäó sin y dy −

− e2x dx = 0. Ñîãëàñíî (1.8), åãî îáùèé èíòåãðàë èìååò âèä
∫

sin y dy −
−

∫
e2x dx = 0, ò.å. − cos x − 1

2
e2x + C1 = 0 èëè 2 cos y + e2x = C (çäåñü

ìû çàìåíèëè 2C1 íà C, ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ).

1.3 Äèôôåðåíöèàëüíûå óðàâíåíèÿ

ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

Óðàâíåíèå âèäà
y ′ = P(x)Q(y) (1.9)

íàçûâàåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì ñ ðàçäåëÿþùèìèñÿ ïåðåìåí-
íûìè.

Äîìíîæèâ îáå ÷àñòè óðàâíåíèÿ (1.9) íà dx è ðàçäåëèâ íà Q(y), ïðè
óñëîâèè, ÷òî Q(y) 6= 0, ïîëó÷èì óðàâíåíèå ñ ðàçäåëåííûìè ïåðåìåííû-
ìè

dy

Q(y)
= P(x) dx. (1.10)
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Îáùèì èíòåãðàëîì óðàâíåíèÿ (1.10), à ñëåäîâàòåëüíî, è (1.9) ÿâëÿåòñÿ
ðàâåíñòâî ∫

dy

Q(y)
=

∫
P(x) dx (1.11)

Åñëè Q(y) = 0 ïðè y = y0, òî ïîñòîÿííàÿ ôóíêöèÿ y(x) = y0 òîæå
ÿâëÿåòñÿ ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1.9).

Ïðèìåð 7. Ðåøèòü óðàâíåíèå y ′ − x(y2 + 1) = 0.

Ðåøåíèå. Äîìíîæèâ îáå ÷àñòè äàííîãî óðàâíåíèÿ íà dx è ðàçäåëèâ
íà y2+1, ïîëó÷èì óðàâíåíèå ñ ðàçäåëåííûìè ïåðåìåííûìè dy

y2+1
−x dx =

= 0, îòêóäà
∫ dy

y2+1
−

∫
x dx = 0. Òàêèì îáðàçîì, îáùèé èíòåãðàë äàííîãî

äèôôåðåíöèàëüíîãî óðàâíåíèÿ èìååò âèä arctg y− x2

2
+ C = 0, ãäå C �

ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Ïðèìåð 8. Ðåøèòü óðàâíåíèå y ′ = x
√

y− 1.

Ðåøåíèå. Ïåðåïèøåì ýòî óðàâíåíèå â âèäå dy = x
√

y− 1 dx. Ðàç-
äåëèâ ïåðåìåííûå, ñ÷èòàÿ, ÷òî y 6= 1, ïîëó÷èì dy√

y−1
= x dx, îòêóäà∫ dy√

y−1
=

∫
x dx, ò.å. 2

√
y− 1 = x2

2
+C1. Ïîëîæèâ

C1

2
= C, ãäå C � ïðîèç-

âîëüíàÿ ïîñòîÿííàÿ, ïîëó÷èì, ÷òî
√

y− 1 = x2

4
+C èëè y =

(
x2

4
+ C

)2

+1.

Ôóíêöèÿ y = 1 òàêæå ÿâëÿåòñÿ ðåøåíèåì èñõîäíîãî óðàâíåíèÿ. Èòàê,
â êà÷åñòâå ìíîæåñòâà ðåøåíèé äàííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ïîëó÷àåì ñåìåéñòâî ôóíêöèé y =
(

x2

4
+ C

)2

+ 1, ãäå C � ïðîèçâîëüíàÿ

ïîñòîÿííàÿ, è ôóíêöèþ y = 1.

Ïðèìåð 9. Ðåøèòü óðàâíåíèå y ′ = −2y.

Ðåøåíèå. Çàïèøåì óðàâíåíèå â âèäå dy = −2y dx. Ðàçäåëÿÿ ïåðå-
ìåííûå ïðè óñëîâèè, ÷òî y 6= 0, ïîëó÷èì óðàâíåíèå dy

y
= −2 dx, îòêóäà∫ dy

y
= −2

∫
dx, ò.å. ln |y| = −2x+C1. Äëÿ óäîáñòâà ïîëîæèì C1 = ln |C|,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, íå ðàâíàÿ íóëþ. Òîãäà èìååì ln |y| =
= −2x+ln |C|, îòêóäà, ïîòåíöèðóÿ, ïîëó÷èì |y| = |C|e−2x, ò.å. y = Ce−2x,
ãäå C � íåðàâíàÿ íóëþ ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Êðîìå òîãî, ôóíêöèÿ
y = 0 òàêæå ÿâëÿåòñÿ ðåøåíèåì èñõîäíîãî óðàâíåíèÿ. Òàêèì îáðàçîì,
â êà÷åñòâå ìíîæåñòâà ðåøåíèé äàííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
ïîëó÷àåì ñåìåéñòâî ôóíêöèé y = Ce−2x, ãäå C 6= 0, è ôóíêöèþ y = 0.
Î÷åâèäíî, ÷òî ýòî ìíîæåñòâî ðåøåíèé ìîæíî çàïèñàòü â âèäå y = Ce−2x,
ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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Ïðèìåð 10. Ðåøèòü óðàâíåíèå (xy2 + y2) dx + (x2y− x2) dy = 0.
Ðåøåíèå. Îòìåòèì, ÷òî äàííîå óðàâíåíèå ìîæíî ðàññìàòðèâàòü êàê

äèôôåðåíöèàëüíîå îòíîñèòåëüíî ôóíêöèè y(x) ëèáî îòíîñèòåëüíî
ôóíêöèè x(y).

Ïðåîáðàçóåì ëåâóþ ÷àñòü óðàâíåíèÿ: y2(x + 1) dx + x2(y − 1) dy =
= 0. Ðàçäåëÿÿ ïåðåìåííûå ïðè óñëîâèè, ÷òî x 6= 0, y 6= 0, ïîëó÷èì
x+1
x2 dx + y−1

y2 dy = 0, îòêóäà
∫

x+1
x2 dx +

∫
y−1
y2 dy = 0 èëè

∫ (
1
x

+ 1
x2

)
dx +

+
∫ (

1
y
− 1

y2

)
dy = 0. Ñëåäîâàòåëüíî, ln |x|− 1

x
+ln |y|+ 1

y
= C, ò.å. ln |xy|−

− y−x
xy

= C, ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
Êðîìå ðåøåíèé, îïðåäåëÿåìûõ ïîëó÷åííûì óðàâíåíèåì, èñõîäíîå

äèôôåðåíöèàëüíîå óðàâíåíèå èìååò åùå äâà ðåøåíèÿ: x = 0 è y = 0.

Ïðèìåð 11. Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ xy ′ + y = 0, óäîâëå-
òâîðÿþùåå íà÷àëüíîìó óñëîâèþ y(−2) = 3.

Ðåøåíèå. Ïåðåïèøåì óðàâíåíèå â âèäå x dy + y dx = 0. Äàëåå, ðàç-
äåëÿÿ ïåðåìåííûå, ïîëó÷èì dy

y
+ dx

x
= 0, îòêóäà

∫ dy
y

+
∫ dx

x
= 0, ò.å.

ln |y| + ln |x| = ln C. Ñëåäîâàòåëüíî, xy = C. Èñïîëüçóÿ íà÷àëüíîå óñëî-
âèå, ïîëó÷èì (−2) · 3 = C, ò.å. C = −6. Èòàê, èñêîìîå ðåøåíèå çàäà÷è
Êîøè èìååò âèä y = −6

x
.

Óïðàæíåíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

Ðåøèòü äèôôåðåíöèàëüíûå óðàâíåíèÿ:

1.1. y ′ cos x− (1 + y2) sin x = 0.

1.2. xy dy− (1 + y2) dx = 0.

1.3. tg y · y ′ + cos y
x

= 0.

1.4. y ′ + xey

y
= 0.

1.5. y ′ = 1+2x
y2 .

1.6. x
y

dy− (x3 + 1) ln y dx = 0.

1.7. y ′ = 2xy sin x
1+y2 .

Íàéòè ÷àñòíûå ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, óäîâëåòâî-
ðÿþùèå íà÷àëüíûì óñëîâèÿì:
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1.8. y dy + (1− y2) sin x dx = 0, y
(

π
2

)
= 0.

1.9. y ′ = x ln xey, y(1) = −2.

1.10. y3y ′ + xex = 0, y(1) = 2.

1.11. y ′ tg x− y = 3, y
(

π
6

)
= −1

2
.

1.4 Îäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ

Äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

y ′ = f
(y

x

)
, (1.12)

ãäå f
(

y
x

)
� çàäàííàÿ ôóíêöèÿ, íàçûâàåòñÿ îäíîðîäíûì. Â ðåçóëüòàòå çà-

ìåíû y
x

= u, äèôôåðåíöèàëüíîå óðàâíåíèå (1.12) ïðèâîäèòñÿ ê óðàâíå-
íèþ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè îòíîñèòåëüíî íîâîé èñêîìîé ôóíê-
öèè u(x). Äåéñòâèòåëüíî, ïîëîæèâ y

x
= u, èìååì y = ux è y ′ = u ′x + u;

òîãäà (1.12) ïðèíèìàåò âèä u ′x + u = f(u), à ýòî óðàâíåíèå ñ ðàçäåëÿþ-
ùèìèñÿ ïåðåìåííûìè.

Ïðèìåð 12. Ðåøèòü óðàâíåíèå y ′ = y
x

+
(
sin y

x

)−1
.

Ðåøåíèå. Ââåäåì íîâóþ èñêîìóþ ôóíêöèþ u = y
x
. Òîãäà, ïîäñòàâèâ â

èñõîäíîå óðàâíåíèå y = ux è y ′ = u ′x+u, ïîëó÷èì óðàâíåíèå ñ ðàçäåëÿ-
þùèìèñÿ ïåðåìåííûìè: u ′x + u = u + (sin u)−1 èëè u ′x = 1

sinu
. Çàìåíèâ

u ′ íà du
dx
, ðàçäåëèì ïåðåìåííûå: sin u du = dx

x
. Îòñþäà

∫
sin u du =

∫ dx
x
,

ò.å. − cos u = ln |x| + ln |C| èëè cos u = − ln |Cx|. Âåðíåìñÿ ê èñõîäíîé
ôóíêöèè y, ïîäñòàâèâ â ïîñëåäíåå ðàâåíñòâî u = y

x
. Òàêèì îáðàçîì,

îáùèé èíòåãðàë èñõîäíîãî óðàâíåíèÿ cos y
x

= − ln |Cx|.

Ïðèìåð 13. Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ y ln y
x
dx = x dy, óäî-

âëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ y(−1) = −1.
Ðåøåíèå. Çàïèøåì äàííîå óðàâíåíèå â âèäå y ′ = y

x
ln y

x
. Çàòåì ñäåëàåì

çàìåíó y
x

= u, îòêóäà y = ux è y ′ = u ′x+u. Òîãäà óðàâíåíèå ïðèìåò âèä
u ′x + u = u ln u èëè u ′x = u(ln u − 1). Ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì

du
u(lnu−1)

= dx
x
. Òîãäà

∫ du
u(lnu−1)

=
∫ dx

x
, ò.å. ln | ln u− 1| = ln |x| + ln |C|.

Ïîòåíöèðóÿ, èìååì ln u− 1 = Cx. Âîçâðàùàÿñü ê ïðåæíåé íåèçâåñòíîé
ôóíêöèè, ïîëó÷èì ln y

x
− 1 = Cx, îòêóäà y

x
= eCx+1 èëè y = xeCx+1.

Ïîäñòàâëÿÿ íà÷àëüíûå äàííûå x = −1, y = −1, íàéäåì, ÷òî −e−C+1 =
= −1, ñëåäîâàòåëüíî, C = 1. Èòàê, èñêîìîå ÷àñòíîå ðåøåíèå y = xex+1.
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Óïðàæíåíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

Ðåøèòü äèôôåðåíöèàëüíûå óðàâíåíèÿ:

1.12. y ′ = y
x
− x

y
e−

y
x .

1.13. (x + y) dx + (y− x) dy = 0.

1.14. dy + (ctg y
x
− y

x
) dx = 0.

1.15. (2
√

xy− x) dy + y dx = 0.

1.16. xy ′ cos y
x

= y cos y
x
− x.

Íàéòè ÷àñòíûå ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, óäîâëåòâî-
ðÿþùèå íà÷àëüíûì óñëîâèÿì:

1.17. (y2 − 3x2) dx + 2xy dy = 0, y(−1) = 2.

1.18. xy ′ = y ln y
x
, y(1) = 1.

1.19. y ′ = xy+y2

x2 , y(1) = 1.

1.20. xy ′ + x
√

y
x
− 1− y = 0, y(−1) = −5.

1.21. xy2 dy = (x3 + y3) dx, y(e) = e.

1.22. xy ′ = y +
√

y2 − x2, y(4) = 5.

1.5 Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ

ïåðâîãî ïîðÿäêà

Óðàâíåíèÿ âèäà
y ′ + P(x)y = f(x), (1.13)

ãäå P(x) è f(x) � çàäàííûå ôóíêöèè, ïðè÷åì f(x) 6= 0, íàçûâàåòñÿ ëèíåé-
íûì íåîäíîðîäíûì äèôôåðåíöèàëüíûì óðàâíåíèåì ïåðâîãî ïîðÿäêà.

Óðàâíåíèå âèäà
y ′ + P(x)y = 0 (1.14)

íàçûâàåòñÿ ëèíåéíûì îäíîðîäíûì äèôôåðåíöèàëüíûì óðàâíåíèåì ïåð-
âîãî ïîðÿäêà.
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Çàìåòèì, ÷òî óðàâíåíèå (1.14) ÿâëÿåòñÿ óðàâíåíèåì ñ ðàçäåëÿþùè-
ìèñÿ ïåðåìåííûìè.

Ïðèìåð 14. Ðåøèòü óðàâíåíèå y ′ − y tg x = 0.
Ðåøåíèå. Â äàííîì ëèíåéíîì îäíîðîäíîì äèôôåðåíöèàëüíîì óðàâ-

íåíèè çàìåíèì y ′ íà dy
dx
. Òîãäà ïîëó÷èì dy

dx
− y tg x = 0, îòêóäà, ðàçäå-

ëèâ ïåðåìåííûå, áóäåì èìåòü dy
y
− tg x dx = 0. Ñëåäîâàòåëüíî,

∫ dy
y
−

−
∫

tg x dx = 0, ò.å. ln |y| + ln | cos x| = ln |C|. Ïîòåíöèðóÿ, ïîëó÷èì y =
= C

cos x
, ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ýòî è åñòü îáùåå ðåøåíèå

èñõîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Îáùåå ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ ïåðâîãî ïîðÿäêà ìîæåò áûòü íàéäåíî ìåòîäîì âàðèàöèè ïðîèç-
âîëüíîé ïîñòîÿííîé (ìåòîäîì Ëàãðàíæà) èëè ìåòîäîì Áåðíóëëè.

Ìåòîä âàðèàöèè ïðîèçâîëüíîé ïîñòîÿííîé (ìåòîä Ëàãðàíæà)
Èùåì ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâ-

íåíèÿ ïåðâîãî ïîðÿäêà (1.13) â âèäå

y = C(x)Z(x), (1.15)

ãäå C(x) � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ, à Z(x) � êàêîå-ëèáî ÷àñòíîå
ðåøåíèå ñîîòâåòñòâóþùåãî ëèíåéíîãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ Z ′ + P(x)Z = 0. Ïîäñòàâëÿÿ y = C(x)Z(x) è
y ′ = C ′(x)Z(x) + C(x)Z ′(x) â óðàâíåíèå (1.13), ïîëó÷èì
C ′(x)Z(x)+C(x)Z ′(x)+P(x)C(x)Z(x) = f(x), èëèC ′(x)Z(x)+C(x)(Z ′(x)+
+P(x)Z(x)) = f(x). Òàê êàê Z(x) � ðåøåíèå ëèíåéíîãî îäíîðîäíîãî äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ Z ′ + P(x)Z = 0, òî ôóíêöèÿ C(x) óäîâëåòâî-
ðÿåò ïðîñòåéøåìó äèôôåðåíöèàëüíîìó óðàâíåíèþ C ′(x)Z(x) = f(x) èëè

C ′(x) = f(x)
Z(x)

. Íàêîíåö, ïîäñòàâëÿÿ C(x) =
∫ f(x)

Z(x)
dx â óðàâíåíèå (1.15),

ïîëó÷èì îáùåå ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ (1.13).

Ïðèìåð 15. Ðåøèòü óðàâíåíèå y ′ − y tg x = 3x2

cos x
.

Ðåøåíèå. Ïðèìåíèì ìåòîä Ëàãðàíæà. Ñîñòàâèì ñíà÷àëà ëèíåéíîå îä-
íîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå Z ′−Z tg x = 0, ñîîòâåòñòâóþùåå
äàííîìó ëèíåéíîìó íåîäíîðîäíîìó óðàâíåíèþ. Îáùåå ðåøåíèå ýòîãî ëè-
íåéíîãî îäíîðîäíîãî óðàâíåíèÿ (ñì. ïðèìåð 14) èìååò âèä Z = C

cos x
,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Èùåì ðåøåíèå èñõîäíîãî ëèíåéíî-

ãî íåîäíîðîäíîãî óðàâíåíèÿ â âèäå y = C(x)
cos x

. Ïîäñòàâèâ y = C(x)
cos x

è

y ′(x) = C ′(x) 1
cos x

+ C(x) sin x
cos x

â íåîäíîðîäíîå óðàâíåíèå, ïîëó÷èì C ′(x)
cos x

+

+ C(x) sin x
cos2 x

− C(x)
cos x

tg x = 3x2

cos x
, ò.å. C ′(x)

cos x
= 3x2

cos x
, îòêóäà C ′(x) = 3x2, ñëå-
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äîâàòåëüíî, C(x) = x3 + C, ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Èòàê,

y = x3+C
cos x

� îáùåå ðåøåíèå èñõîäíîãî ëèíåéíîãî íåîäíîðîäíîãî äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ.

Ìåòîä Áåðíóëëè
Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (1.13) â âèäå ïðîèçâåäåíèÿ äâóõ

ôóíêöèé, ò.å. ïîëîæèì y = u(x)v(x). Òîãäà y ′ = u ′(x)v(x) + u(x)v ′(x).
Ïîäñòàâëÿÿ y è y ′ â óðàâíåíèå (1.13), ïîëó÷èì u ′v + uv ′ + P(x)uv =
= f(x), ò.å. v(u ′+P(x)u)+uv ′ = f(x). Òàê êàê y åñòü ïðîèçâåäåíèå äâóõ
ôóíêöèé, òî îäíà èç íèõ ìîæåò áûòü âûáðàíà ïðîèçâîëüíî. Âûáåðåì
ôóíêöèþ u(x) òàê, ÷òîáû îíà óäîâëåòâîðÿëà ëèíåéíîìó îäíîðîäíîìó
óðàâíåíèþ u ′ + P(x)u = 0. Òîãäà ôóíêöèÿ v(x) äîëæíà óäîâëåòâîðÿòü

äèôôåðåíöèàëüíîìó óðàâíåíèþ uv ′ = f(x) èëè v ′ = f(x)
u(x)

. Ñëåäîâàòåëü-

íî, v =
∫ f(x)

u(x)
dx, ãäå u(x) � êàêîå-ëèáî ÷àñòíîå ðåøåíèå óðàâíåíèÿ u ′ +

+ P(x)u = 0. Òàêèì îáðàçîì, îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ èìååò

âèä y = u(x)
∫ f(x)

u(x)
dx.

Ïðèìåð 16. Ðåøèòü óðàâíåíèå y ′ − y tg x = 3x2

cos x
.

Ðåøåíèå. Ïðèìåíèì ìåòîä Áåðíóëëè. Ïîëîæèì y = uv, òîãäà y ′ =
= u ′v + uv ′; äàííîå óðàâíåíèå ïðèâîäèòñÿ ê âèäó u ′v + uv ′ − uv tg x =
= 3x2

cos x
èëè v(u ′ − u tg x) + uv ′ = 3x2

cos x
. Ïîëîæèì u ′ − u tg x = 0. Íàéäåì

êàêîå-ëèáî îòëè÷íîå îò íóëÿ ÷àñòíîå ðåøåíèå ýòîãî óðàâíåíèÿ, íàïðèìåð
u = 1

cos x
(ñì. ïðèìåð 14). Äëÿ îòûñêàíèÿ äðóãîé íåèçâåñòíîé ôóíêöèè

v(x) èìååì óðàâíåíèå uv ′ = 3x2

cos x
, ò.å. 1

cos x
v ′ = 3x2

cos x
, îòñþäà v ′ = 3x2 è

ïîýòîìó v = x3 + C, ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Òàêèì îáðàçîì,
y = x3+C

cos x
� îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ.

Ïðèìåð 17. Ðåøèòü óðàâíåíèå y ′ + 1
y2+x

= 0.
Ðåøåíèå. Ýòî óðàâíåíèå íå ÿâëÿåòñÿ ëèíåéíûì îòíîñèòåëüíî ôóíê-

öèè y(x), îäíàêî îòíîñèòåëüíî ôóíêöèè x(y) îíî ÿâëÿåòñÿ ëèíåéíûì. Â
ñàìîì äåëå, dy

dx
+ 1

y2+x
= 0, îòêóäà (y2+x) dy+ dx = 0 èëè dx

dy
+x+y2 = 0,

ò.å. x ′y +x = −y2. Ðåøèì ýòî óðàâíåíèå ìåòîäîì Áåðíóëëè, ïîëîæèâ x =

= u(y)v(y). Ïîäñòàâëÿÿ x = uv è x ′ = u ′v+uv ′ â óðàâíåíèå x ′+x = iy2,
ïîëó÷èì, ÷òî u ′v + uv ′ + uv = −y2 èëè v(u ′ + u) + uv ′ = −y2.

Âûáåðåì ôóíêöèþ u(y) òàê, ÷òîáû u ′ + u = 0. Òîãäà ôóíêöèÿ v(y)
óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ u(v ′) = −y2. Ïåðåïèøåì
óðàâíåíèå u ′ + u = 0 â âèäå du

dy
+ u = 0. Ðàçäåëèâ ïåðåìåííûå, ïîëó÷èì

du
u

+ dy = 0, îòêóäà
∫ du

u
+

∫
dy = 0, ò.å. ln |u| + y = ln |C|. Òàêèì

îáðàçîì, u = Ce−y. Òàê êàê íàñ èíòåðåñóåò êàêîå-ëèáî ÷àñòíîå ðåøåíèå,
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ïîëîæèì C = 1. Òîãäà u = e−y. Ïîäñòàâèâ u = e−y â óðàâíåíèå u(v ′) =
= −y2, ïîëó÷èì e−yv ′ = −y2, ò.å. v ′ = −y2ey, îòêóäà v = −

∫
y2ey dy =

= −ey(y2 − 2y + 2) + C (ïðè íàõîæäåíèè ïîñëåäíåãî èíòåãðàëà áûëà
äâàæäû ïðèìåíåíà ôîðìóëà èíòåãðèðîâàíèÿ ïî ÷àñòÿì). Èòàê, èìååì
u = e−y, v = −ey(y2 − 2y + 2) + C. Òàêèì îáðàçîì, îáùåå ðåøåíèå
èñõîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ x = uv = e−y(−ey(y2 − 2y +
+2)+C), ò.å. x = −y2+2y−2+Ce−y, ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Óïðàæíåíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

Ðåøèòü äèôôåðåíöèàëüíûå óðàâíåíèÿ:

1.23. y ′ − y tg x = x2

cos x
.

1.24. (x2 + 3)y ′ + 2xy = x.

1.25. y ′ + 2
sin 2x

y = cos x.

1.26. y ′ − 2y
x+1

= (x + 1)3.

1.27. x2y ′ + 2xy = ln x.

1.28. y ′ sin x− y = 1− cos x.

Íàéòè ÷àñòíûå ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, óäîâëåòâî-
ðÿþùèå íà÷àëüíûì óñëîâèÿì:

1.29. ex(y + y ′) = 1, y(0) = 0.

1.30. y ′ − 3y
x

= exx3, y(1) = e.

1.31. cos x dy + y sin x dx = 0, y(0) = 1.

1.32. y ′ + 2xy = 2x2e−x2

, y(0) = 0.

1.33. y ′ + 1
x+y2 = 0, y(−1) = 0.
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2 Äèôôåðåíöèàëüíûå óðàâíåíèÿ âûñøèõ

ïîðÿäêîâ, äîïóñêàþùèå ïîíèæåíèå

ïîðÿäêà

2.1 Îñíîâíûå ïîíÿòèÿ

Óðàâíåíèå âèäà

F(x, y, y ′, . . . , y(n)) = 0, (2.1)

ñâÿçûâàþùåå íåçàâèñèìóþ ïåðåìåííóþ x, íåèçâåñòíóþ ôóíêöèþ y(x)
è åå ïðîèçâîäíûå y ′(x), y ′′(x), . . . , y(n)(x) äî ïîðÿäêà n âêëþ÷èòåëüíî,
íàçûâàåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì n-ãî ïîðÿäêà.

Óðàâíåíèå âèäà

y(n) = f(x, y, y ′, . . . , y(n−1)) (2.2)

íàçûâàåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì n-ãî ïîðÿäêà, ðàçðåøåííûì
îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé.

Ëþáàÿ ôóíêöèÿ ϕ(x), n ðàç íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà èí-
òåðâàëå (a, b), íàçûâàåòñÿ ðåøåíèåì (÷àñòíûì ðåøåíèåì) äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ (2.1), åñëè íà ýòîì èíòåðâàëå âûïîëíÿåòñÿ òîæäåñòâî
F(x,ϕ(x), ϕ ′(x), . . . , ϕ(n)(x)) ≡ 0.

Óðàâíåíèå Φ(x, y) = 0, çàäàþùåå íåÿâíî ðåøåíèå äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ (2.1) èëè( 2.2), íàçûâàåòñÿ èíòåãðàëîì (÷àñòíûì èíòå-
ãðàëîì) ýòîãî óðàâíåíèÿ.

Ðàâåíñòâî

Φ(x, y, C1, C2, . . . , Cn) = 0, (2.3)

ãäå C1, C2, . . . , Cn � ïàðàìåòðû, íàçûâàåòñÿ îáùèì èíòåãðàëîì óðàâíå-
íèÿ (2.1) èëè (2.2), åñëè ýòî ðàâåíñòâî îïðåäåëÿåò âñå ìíîæåñòâî ðåøåíèé
äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Ñîîòíîøåíèå (2.3) íåÿâíî çàäàåò n -ïàðàìåòðè÷åñêîå ñåìåéñòâî
ôóíêöèé

y = ϕ(x,C1, C2, . . . , Cn), (2.4)

êîòîðîå íàçûâàåòñÿ îáùèì ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ n-
ãî ïîðÿäêà (2.1) èëè (2.2).

Çàäà÷åé Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ n-ãî ïîðÿäêà (2.2)
íàçûâàåòñÿ çàäà÷à, â êîòîðîé òðåáóåòñÿ íàéòè ðåøåíèå ýòîãî óðàâíåíèÿ,
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óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

y(x0) = y0, y ′(x0) = y1, y ′′(x0) = y2, . . . , y(n−1)(x0) = y(n−1),
(2.5)

ãäå x0, y0, y1, y2, . . . , y(n−1) � çàäàííûå ÷èñëà.

2.2 Äèôôåðåíöèàëüíûå óðàâíåíèÿ âèäà y(n) = f(x)

Äëÿ íàõîæäåíèÿ îáùåãî ðåøåíèÿ óðàâíåíèÿ âèäà

y(n) = f(x) (2.6)

äîñòàòî÷íî ïðîèíòåãðèðîâàòü åãî ïîñëåäîâàòåëüíî n ðàç.

Ïðèìåð 18. Ðåøèòü óðàâíåíèå y ′′′ = cos 2x.
Ðåøåíèå. Òàê êàê y ′′ =

∫
y ′′′(x) dx, òî y ′′ =

∫
cos 2x dx = 1

2
sin 2x +

+ C1. Äàëåå, y ′ =
∫

1
2
sin 2x + C1 dx = −1

4
cos 2x + C1x + C2. È, íàêîíåö,

y =
∫
−1

4
cos 2x + C1x + C2 dx = −1

8
sin 2x + C1

x2

2
+ C2x + C3, ãäå C1,

C2, C3 � ïðîèçâîëüíûå ïîñòîÿííûå. Çàìåíèâ C1

2
íà C1, çàïèøåì îáùåå

ðåøåíèå èñõîäíîãî óðàâíåíèÿ â âèäå y = −1
8
sin 2x + C1x

2 + C2x + C3.

Ïðèìåð 19. Íàéòè ðåøåíèå óðàâíåíèÿ y ′′ = e−5x, óäîâëåòâîðÿþùåå
íà÷àëüíûì óñëîâèÿì y(0) = 1

25
, y ′(0) = 4

5
.

Ðåøåíèå. Òàê êàê y ′ =
∫

y ′′(x) dx, òî y ′ =
∫

e−5x dx, ò.å. y ′ = −1
5
e−5x+

+C1. Ïîäñòàâèâ â ýòî ðàâåíñòâî x = 0, y ′ = 4
5
, íàéäåì, ÷òî C1 = 1. Èòàê,

èìååì y ′ = −1
5
e−5x + 1, îòêóäà y =

∫ (
−1

5
e−5x + 1

)
dx, ò.å. y = 1

25
e−5x +

+ x + C2. Èñïîëüçóÿ íà÷àëüíîå óñëîâèå y(0) = 1
25
, ïîëó÷èì, ÷òî C2 = 0.

Èòàê, èñêîìîå ðåøåíèå çàäà÷è Êîøè èìååò âèä y = 1
25

e−5x + x.

2.3 Äèôôåðåíöèàëüíûå óðàâíåíèÿ âèäà

F(x, y(k), . . . , y(n)) = 0

Äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

F(x, y(k), . . . , y(n)) = 0, (2.7)

êîòîðîå íå ñîäåðæèò íåèçâåñòíóþ ôóíêöèþ y(x) è åå ïðîèçâîäíûå äî ïî-
ðÿäêà k−1 âêëþ÷èòåëüíî, ãäå 1 6 k 6 n, äîïóñêàåò ïîíèæåíèå ïîðÿäêà
ñëåäóþùèì îáðàçîì. Ââåäåì íîâóþ íåèçâåñòíóþ ôóíêöèþ

z(x) = y(k)(x). (2.8)
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Òîãäà z ′ = y(k+1)(x), z ′′ = y(k+2)(x), . . . , z(n−k) = y(n)(x). Â ðåçóëüòàòå
çàìåíû (2.6) óðàâíåíèå (2.7) ïåðåõîäèò â äèôôåðåíöèàëüíîå óðàâíåíèå
ïîðÿäêà (n− k)

F(x, z, z ′, . . . , z(n−k)) = 0 (2.9)

îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè z(x).

Ïóñòü z = ϕ(x,C1, C2, . . . , Cn−k) � îáùåå ðåøåíèå óðàâíåíèÿ (2.9).
Òîãäà, ïîäñòàâèâ ýòî ðåøåíèå â óðàâíåíèå (2.8), ïîëó÷èì äèôôåðåíöè-
àëüíîå óðàâíåíèå ïîðÿäêà k y(k)(x) = ϕ(x,C1, C2, . . . , Cn−k) ðàññìîòðåí-
íîãî â ïóíêòå 2.2 òèïà.

Ïðèìåð 20. Ðåøèòü óðàâíåíèå xy ′′′ − y ′′ = 0.

Ðåøåíèå. Äàííîå óðàâíåíèå íå ñîäåðæèò èñêîìóþ ôóíêöèþ y è åå
ïåðâóþ ïðîèçâîäíóþ y ′. Ïðèìåì y ′′ çà íîâóþ íåèçâåñòíóþ ôóíêöèþ,
ò.å. ïîëîæèì y ′′ = z, òîãäà y ′′′ = z ′, è óðàâíåíèå ïðèìåò âèä xz ′− z = 0.
Ïîëó÷èëè äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùè-
ìèñÿ ïåðåìåííûìè. Íàéäåì åãî îáùåå ðåøåíèå: x dz

dx
− z = 0, dz

z
− dx

x
= 0,

ln |z| − ln |x| = ln |C1|, z = C1x, ãäå C1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Òàê
êàê y ′′ = z, òî ôóíêöèÿ y(x) óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâ-

íåíèþ y ′′ = C1x. Ñëåäîâàòåëüíî, y ′ =
∫

C1x dx = C1
x2

2
+ C2 è, íàêîíåö,

y =
∫ (

C1

2
x2 + C2

)
dx = C1

6
x3 + C2x + C3, ãäå C1, C2, C3 � ïðîèçâîëü-

íûå ïîñòîÿííûå. Çàìåíèâ C1

6
íà C1, ïîëó÷èì îáùåå ðåøåíèå èñõîäíîãî

äèôôåðåíöèàëüíîãî óðàâíåíèÿ y = C1x
3 + C2x + C3.

Ïðèìåð 21. Íàéòè ðåøåíèå óðàâíåíèÿ 1 + (y ′)2 = 2xy ′y ′′, óäîâëåòâî-
ðÿþùåå íà÷àëüíûì óñëîâèÿì y(1) = −83, y ′(1) = −5.

Ðåøåíèå. Äàííîå óðàâíåíèå íå ñîäåðæèò èñêîìóþ ôóíêöèþ y. Ïî-
ëîæèì y ′ = z, òîãäà y ′′ = z ′, è óðàâíåíèå ïðèíèìàåò âèä 1 + z2 =
= 2xzz ′. Ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì 2zdz

1+z2 = dx
x
, òîãäà

∫
2zdz
1+z2 =

∫ dx
x
,

ò.å. ln |1 + z2| = ln |x| + ln |C1|, îòêóäà 1 + z2 = C1x, è ïîýòîìó z =
= ±

√
C1x− 1. Ó÷èòûâàÿ äàëåå, ÷òî z = y ′, èìååì y ′ = ±

√
C1x− 1.

Èñïîëüçóÿ òåïåðü íà÷àëüíîå óñëîâèå y ′(1) = −5, ïîëó÷èì −
√

C1 − 1 =
= −5, îòêóäà C1 = 26. Èòàê, èìååì y ′ = −

√
26x− 1. Ñëåäîâàòåëüíî,

y = −
∫√

26x− 1 dx, ò.å. y = −2
3
(26x − 1)

3
2 + C2. Âîñïîëüçîâàâøèñü

íà÷àëüíûì óñëîâèåì y(1) = −83, íàéäåì, ÷òî C2 = 1
3
. Èòàê, èñêîìîå

ðåøåíèå çàäà÷è Êîøè èìååò âèä y = −2
3
(26x− 1)

3
2 + 1

3
.
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2.4 Äèôôåðåíöèàëüíûå óðàâíåíèÿ âèäà

F(y, y ′, . . . , y(n)) = 0

Äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

F(y, y ′, . . . , y(n)) = 0 (2.10)

íå ñîäåðæèò ÿâíî íåçàâèñèìóþ ïåðåìåííóþ x. Ïîëîæèì y ′
x = P(y). Òî-

ãäà
y ′′

x2 = (y ′
x)

′
x = (P(y)) ′x = P ′

y · y ′
x = P ′

y · P;
y ′′′

x3 = (y ′′
x2)

′
x = (P ′

y ·P) ′x = (P ′
y ·P) ′y ·y ′

x = (P ′′
y2 ·P + (P ′

y)
2) ·P è ò.ä. Çàìåíèâ

â (2.10) y ′, y ′′, . . . , y(n) ÷åðåç ôóíêöèþ P(y) è åå ïðîèçâîäíûå, ïîëó÷èì
îòíîñèòåëüíî ôóíêöèè P(y) äèôôåðåíöèàëüíîå óðàâíåíèå ïîðÿäêà n−1

G(y, P, P ′, . . . , P(n−1)) = 0. (2.11)

Ïóñòü P = ϕ(y,C1, C2, . . . , Cn−1) � îáùåå ðåøåíèå óðàâíåíèÿ (2.11).
Èñïîëüçóÿ òîò ôàêò, ÷òî y ′

x = P(y), ïîëó÷èì äèôôåðåíöèàëüíîå óðàâíå-
íèå ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè
dy
dx

= ϕ(y,C1, C2, . . . , Cn−1).

Ïðèìåð 22. Ðåøèòü óðàâíåíèå y · y ′′ + (y ′)2 = 0.
Ðåøåíèå. Òàê êàê óðàâíåíèå íå ñîäåðæèò ÿâíî íåçàâèñèìóþ ïåðåìåí-

íóþ x, òî óäîáíî ñäåëàòü çàìåíó y ′ = P(y); òîãäà y ′′ = P ′
y ·P, è óðàâíåíèå

ïðèìåò âèä y · P ′
y · P + P2 = 0, îòêóäà P = 0 èëè y · P ′

y + P = 0. Åñëè
P = 0, ò.å. y ′ = 0, òî y = C. Ïðîèíòåãðèðóåì äàëåå óðàâíåíèå y · P ′

y +

+ P = 0: y dP
dy

+ P = 0, îòêóäà dP
P

+ dy
y

= 0, ïîýòîìó
∫ dP

P
+

∫ dy
y

= 0,

ò.å. ln |P| + ln |y| = ln |C1|. Ñëåäîâàòåëüíî P = C1

y
, ãäå C1 � ïðîèçâîëü-

íàÿ ïîñòîÿííàÿ. Ó÷èòûâàÿ òåïåðü, ÷òî y ′ = P(y), ïîëó÷èì y ′ = C1

y
, ò.å.

y dy = C1 dx, îòêóäà
∫

y dy =
∫

C1 dx. Ñëåäîâàòåëüíî, y2

2
= C1x + C2 �

îáùèé èíòåãðàë èñõîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Ïðèìåð 23. Íàéòè ðåøåíèå óðàâíåíèÿ y ′′ = e4y, óäîâëåòâîðÿþùåå
íà÷àëüíûì óñëîâèÿì y(0) = 0, y ′(0) = 1√

2
.

Ðåøåíèå. Ïîëîæèì y ′ = P(y), òîãäà y ′′ = P ′
y ·P, çíà÷èò, äàííîå óðàâ-

íåíèå ïðèâîäèòñÿ ê âèäó P ′
y · P = e4y. Ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì

P · dP = e4y dy, îòêóäà
∫

P dP =
∫

e4y dy, ò.å. P2

2
= 1

4
e4y + 1

2
C1. Ñëåäî-

âàòåëüíî, ôóíêöèÿ y(x) óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ
(y ′)2 = 1

2
e4y + C1. Èñïîëüçóÿ íà÷àëüíîå óñëîâèå y ′(0) = 1√

2
, íàéäåì, ÷òî
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C1 = 0. Çíà÷èò, y ′ = 1√
2
e2y. Ðàçäåëÿÿ ïåðåìåííûå â ýòîì óðàâíåíèè, ïî-

ëó÷èì e−2y dy = 1√
2
dx, îòêóäà

∫
e−2y dy =

∫ dx√
2
, ò.å. −1

2
e−2y = x√

2
+ C2.

Ó÷èòûâàÿ òåïåðü, ÷òî y(0) = 0, íàéäåì C2 = −1
2
. Èòàê, èìååì −1

2
e−2y =

= x√
2
− 1

2
, îòêóäà y = −1

2
ln (1− x

√
2). Ýòà ôóíêöèÿ ÿâëÿåòñÿ èñêîìûì

ðåøåíèåì çàäà÷è Êîøè.

Óïðàæíåíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

Ðåøèòü äèôôåðåíöèàëüíûå óðàâíåíèÿ:

2.1. y ′′ = ex + 1.

2.2. y ′′ · tg x = y ′ + 1.

2.3. (1 + x2)y ′′ + 2xy ′ = x3.

2.4. y · y ′′ = (y ′)3.

2.5. 1 + (y ′)2 = 2y · y ′′.

2.6. y ′ · (1 + (y ′)2) = y ′′.

Íàéòè ÷àñòíûå ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, óäîâëåòâî-
ðÿþùèå íà÷àëüíûì óñëîâèÿì:

2.7. y ′′ = 1
cos2 x

, y(π
4
) = ln 2

2
, y ′(π

4
) = 1.

2.8. y ′′ + y ′ · tg x = sin 2x, y(0) = 0, y ′(0) = 1.

2.9. xy ′′′ + y ′′ − x− 1 = 0, y(1) = 1
2
, y ′(1) = 9

4
, y ′′(1) = 5

2
.

2.10. (1 + x2)y ′′ + (y ′)2 + 1 = 0, y(0) = 2, y ′(0) = 1.

2.11. y3 · y ′′ = −1, y(1) = 1, y ′(1) = 0.

2.12. y ′′ = (y ′)2, y(0) = 1, y ′(0) = 0.

2.13. 2(y ′)2 = (y− 1)y ′′, y(0) = 2, y ′(0) = −1.

2.14. y · y ′′ = (y ′)2, y(0) = 2, y ′(0) = 2.
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3 Ëèíåéíûå îäíîðîäíûå äèôôåðåíöèàëüíûå

óðàâíåíèÿ n-ãî ïîðÿäêà

3.1 Îñíîâíûå ïîíÿòèÿ

Ëèíåéíûì äèôôåðåíöèàëüíûì óðàâíåíèåì n-ãî ïîðÿäêà íàçûâàåòñÿ
óðàâíåíèå âèäà

y(n) + P1(x)y(n−1) + P2(x)y(n−2) + . . . + Pn−1(x)y ′ + Pn(x)y = f(x), (3.1)

ãäå y(x)� íåèçâåñòíàÿ ôóíêöèÿ; P1(x), P2(x), . . . , Pn(x), f(x)� çàäàííûå
ôóíêöèè.

Åñëè â óðàâíåíèè (3.1) ïðàâàÿ ÷àñòü f(x) 6≡ 0, òî óðàâíåíèå íàçûâàåò-
ñÿ ëèíåéíûì íåîäíîðîäíûì, åñëè æå f(x) ≡ 0, òî óðàâíåíèå íàçûâàåòñÿ
ëèíåéíûì îäíîðîäíûì.

3.2 Îáùåå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî

äèôôåðåíöèàëüíîãî óðàâíåíèÿ

Ðàññìîòðèì ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå n-ãî
ïîðÿäêà:

z(n) + P1(x)z(n−1) + P2(x)z(n−2) + . . . + Pn−1(x)z ′ + Pn(x)z = 0. (3.2)

Åñëè ôóíêöèè z1(x), z2(x), . . . , zm(x) � ðåøåíèÿ óðàâíåíèÿ (3.2), òî èõ
ëèíåéíàÿ êîìáèíàöèÿ ñ ïðîèçâîëüíûìè ïîñòîÿííûìè C1, C2, . . . , Cm,
ò.å. âûðàæåíèå C1z1(x) + C2z2(x) + . . . + Cmzm(x), òàêæå ÿâëÿåòñÿ ðå-
øåíèåì ýòîãî óðàâíåíèÿ. Ôóíêöèè ϕ1(x), ϕ2(x), . . . , ϕk(x) íàçûâàþòñÿ
ëèíåéíî íåçàâèñèìûìè íà èíòåðâàëå (a, b), åñëè èç òîãî, ÷òî èõ ëèíåé-
íàÿ êîìáèíàöèÿ òîæäåñòâåííî ðàâíà íóëþ, ò.å. α1ϕ1(x)+α2ϕ2(x)+ . . .+
+ αkϕk(x) ≡ 0, ñëåäóåò, ÷òî α1 = 0, α2 = 0, . . . , αk = 0.

Ñîâîêóïíîñòü n ëèíåéíî íåçàâèñèìûõ ðåøåíèé ëèíåéíîãî îäíîðîä-
íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ n-ãî ïîðÿäêà íàçûâàåòñÿ ôóíäàìåí-
òàëüíîé ñèñòåìîé ðåøåíèé ýòîãî óðàâíåíèÿ.

Îáùåå ðåøåíèå z(x) ëèíåéíîãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ n-ãî ïîðÿäêà (3.2) èìååò âèä

z = C1z1(x) + C2z2(x) + . . . + Cnzn(x), (3.3)

ãäå z1(x), z2(x), . . . , zn(x) � ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé óðàâíå-
íèÿ (3.2), C1, C2, . . . , Cn � ïðîèçâîëüíûå ïîñòîÿííûå.
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3.3 Îáùåå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî äèôôå-

ðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè êîýô-

ôèöèåíòàìè

Óðàâíåíèå âèäà

z(n) + a1z
(n−1) + a2z

(n−2) + . . . + an−1z
′ + anz = 0, (3.4)

ãäå a1, a2, . . . , an � çàäàííûå ÷èñëà, íàçûâàåòñÿ ëèíåéíûì îäíîðîäíûì
äèôôåðåíöèàëüíûì óðàâíåíèåì n-ãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôè-
öèåíòàìè.

Ðàññìîòðèì ñíà÷àëà ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâ-
íåíèå âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

z ′′ + a1z
′ + a2z = 0. (3.5)

Àëãåáðàè÷åñêîå óðàâíåíèå âòîðîé ñòåïåíè

λ2 + a1λ + a2 = 0 (3.6)

íàçûâàåòñÿ õàðàêòåðèñòè÷åñêèì óðàâíåíèåì äëÿ äèôôåðåíöèàëüíîãî
óðàâíåíèÿ (3.5).

Íàéäåì êîðíè λ1 è λ2 õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (3.6). Ïðè ýòîì
âîçìîæíû òðè ñëó÷àÿ:

à) êîðíè λ1, λ2 õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (3.6) � ðàçëè÷íûå
äåéñòâèòåëüíûå ÷èñëà.

Òîãäà ôóíêöèè eλ1x è eλ2x îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó ðå-
øåíèé óðàâíåíèÿ (3.5), è ïîòîìó îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ èìååò
âèä

z = C1e
λ1x + C2e

λ2x, (3.7)

ãäå C1, C2 � ïðîèçâîëüíûå ïîñòîÿííûå.

Ïðèìåð 24. Ðåøèòü óðàâíåíèå z ′′ − 5z ′ + 6z = 0.
Ðåøåíèå. Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå λ2−5λ+6 = 0. Ýòî

óðàâíåíèå èìååò äâà ðàçëè÷íûõ äåéñòâèòåëüíûõ êîðíÿ λ1 = 2, λ2 = 3.
Ñëåäîâàòåëüíî, ôóíêöèè e2x è e3x îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó
ðåøåíèé äàííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, è ïîýòîìó, â ñèëó (3.7),
z = C1e

2x + C2e
3x � îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ.

Ïðèìåð 25. Íàéòè ðåøåíèå óðàâíåíèÿ z ′′ + 5z ′ = 0, óäîâëåòâîðÿþùåå
íà÷àëüíûì óñëîâèÿì z(0) = 6, z ′(0) = −10.

Ðåøåíèå. Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå λ2 + 5λ = 0. Îíî
èìååò äâà ðàçëè÷íûõ äåéñòâèòåëüíûõ êîðíÿ λ1 = −5, λ2 = 0, è ïîýòîìó
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ôóíêöèè e−5x è 1 ñîñòàâëÿþò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé äàí-
íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Òîãäà z = C1e

−5x + C2 � îáùåå
ðåøåíèå ýòîãî óðàâíåíèÿ. Íàéäåì z ′ = −5C1e

−5x. Èñïîëüçóÿ íà÷àëüíûå
óñëîâèÿ, ñîñòàâèì ñèñòåìó óðàâíåíèé îòíîñèòåëüíî C1 è C2:{

C1 + C2 = 6

−5C1 = −10,
îòêóäà C1 = 2, C2 = 4.

Èòàê, z = 2e−5x + 4 � èñêîìîå ðåøåíèå çàäà÷è Êîøè.

á) êîðíè λ1, λ2 õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (3.6) � ðàâíûå äåé-
ñòâèòåëüíûå ÷èñëà.

Òîãäà ôóíêöèè xeλ1x è eλ1x îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó ðå-
øåíèé óðàâíåíèÿ (3.5). Ñëåäîâàòåëüíî, îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ
èìååò âèä

z = eλ1x(C1x + C2), (3.8)

ãäå C1, C2 � ïðîèçâîëüíûå ïîñòîÿííûå.

Ïðèìåð 26. Ðåøèòü óðàâíåíèå z ′′ + 4z ′ + 4z = 0.
Ðåøåíèå. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå λ2 + 4λ + 4 = 0 èìååò äâà

ðàâíûõ äåéñòâèòåëüíûõ êîðíÿ λ1 = λ2 = −2. Òîãäà ôóíêöèè x · e−2x è
e−2x îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé äàííîãî äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ. Â ñèëó (3.8), z = e−2x(C1x + C2) � îáùåå ðåøåíèå
èñõîäíîãî óðàâíåíèÿ.

â) êîðíè λ1, λ2 õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (3.6) � êîìïëåêñíî-
ñîïðÿæåííûå ÷èñëà (ïðåäïîëàãàåòñÿ, ÷òî êîýôôèöèåíòû a1 è a2 óðàâ-
íåíèÿ (3.5) ÿâëÿþòñÿ äåéñòâèòåëüíûìè ÷èñëàìè). Ïóñòü λ1 = α + iβ,
λ2 = α − iβ. Â ýòîì ñëó÷àå ôóíêöèè eαx cos βx è eαx sin βx îáðàçóþò
ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé óðàâíåíèÿ (3.5), è ïîòîìó îáùåå ðå-
øåíèå ýòîãî óðàâíåíèÿ

z = eαx(C1 cos βx + C2 sin βx), (3.9)

ãäå C1, C2 � ïðîèçâîëüíûå ïîñòîÿííûå.

Ïðèìåð 27. Ðåøèòü óðàâíåíèå z ′′ + 4z ′ + 20z = 0.
Ðåøåíèå. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå λ2 + 4λ + 20 = 0 èìååò

êîìïëåêñíî-ñîïðÿæåííûå êîðíè λ1 = −2 + 4i, λ2 = −2 − 4i. Òîãäà
ôóíêöèè e−2x cos 4x è e−2x sin 4x îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó
ðåøåíèé äàííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ; ñîãëàñíî (3.9), z =
= e−2x(C1 cos 4x + C2 sin 4x) � îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ.

20



Ïðèìåð 28. Íàéòè ðåøåíèå óðàâíåíèÿ z ′′ + 9z = 0, óäîâëåòâîðÿþùåå
íà÷àëüíûì óñëîâèÿì z(π

3
) = 4, z ′(π

3
) = −3.

Ðåøåíèå. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå λ2 +9 = 0 èìååò êîðíè λ1 =
= 3i, λ2 = −3i. Òîãäà ôóíêöèè cos 3x è sin 3x îáðàçóþò ôóíäàìåí-
òàëüíóþ ñèñòåìó ðåøåíèé, à îáùåå ðåøåíèå äàííîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ èìååò âèä z = C1 cos 3x+C2 sin 3x. Íàéäåì z ′ = −3C1 sin 3x+
+ 3C2 cos 3x è, âîñïîëüçîâàâøèñü íà÷àëüíûìè äàííûìè, ñîñòàâèì ñèñòå-
ìó óðàâíåíèé:{

C1 cos π + C2 sin π = 4

−2C1 sin π + 3C2 cos π = −3
, ò.å.

{
−C1 = 4

−3C2 = −3
, èëè

{
C1 = −4

C2 = 1
.

Èòàê, z = −4 cos 3x + sin 3x � èñêîìîå ðåøåíèå çàäà÷è Êîøè.

Ðàññìîòðèì òåïåðü ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíå-
íèå n-ãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè (3.4).

Àëãåáðàè÷åñêîå óðàâíåíèå n-é ñòåïåíè

λn + a1λ
n−1 + a2λ

n−2 + . . . + an−1λ + an = 0 (3.10)

íàçûâàåòñÿ õàðàêòåðèñòè÷åñêèì óðàâíåíèåì äëÿ äèôôåðåíöèàëüíîãî
óðàâíåíèÿ (3.4). Óðàâíåíèå (3.10) èìååò ñ ó÷åòîì êðàòíîñòè n êîðíåé.
Ïðè ýòîì âîçìîæíû ñëåäóþùèå ñëó÷àè:

à) âñå êîðíè λ1, λ2, . . . , λn õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (3.10) �
ðàçëè÷íûå äåéñòâèòåëüíûå ÷èñëà.

Òîãäà ôóíêöèè eλ1x, eλ2x, . . . , eλnx îáðàçóþò ôóíäàìåíòàëüíóþ ñè-
ñòåìó ðåøåíèé óðàâíåíèÿ (3.4), è ïîòîìó åãî îáùåå ðåøåíèå èìååò âèä
z = C1e

λ1x + C2e
λ2x + . . . + Cneλnx, ãäå C1, C2, . . . , Cn � ïðîèçâîëüíûå

ïîñòîÿííûå.
á) õàðàêòåðèñòè÷åñêîå óðàâíåíèå (3.10) èìååò êðàòíûå äåéñòâèòåëü-

íûå êîðíè. Ïóñòü λ1, λ2, . . . , λm, ãäå m < n, � ðàçëè÷íûå êîðíè óðàâíå-
íèÿ (3.10) êðàòíîñòè k1, k2, . . . , km ñîîòâåòñòâåííî (

∑m
i=1 ki = n). Òîãäà

êàæäîìó êîðíþλi, ãäå i = 1, 2, . . . ,m, ñîîòâåòñòâóåò ki ëèíåéíî íåçàâè-
ñèìûõ ðåøåíèé

eλix, xeλix, . . . , xki−1eλix (3.11)

óðàâíåíèÿ (3.4). Ôóíêöèè âèäà (3.11), ãäå i = 1, 2, . . . ,m, îáðàçóþò ôóí-
äàìåíòàëüíóþ ñèñòåìó ðåøåíèé óðàâíåíèÿ (3.4).

â) ñðåäè êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (3.10) èìåþòñÿ
êîìïëåêñíî-ñîïðÿæåííûå. Ïðè ýòîì åñëè α±iβ � êîìïëåêñíî-ñîïðÿæåí-
íûå êîðíè êðàòíîñòè k = 1, òî èì ñîîòâåòñòâóþò äâà ëèíåéíî íåçàâè-
ñèìûõ ðåøåíèÿ eαx cos βx è eαx sin βx. Åñëè æå α ± iβ � êîìïëåêñíî-
ñîïðÿæåííûå êîðíè êðàòíîñòè k > 1, òî èì ñîîòâåòñòâóþò 2k ëèíåéíî
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íåçàâèñèìûõ ðåøåíèé

eαx cos βx, xeαx cos βx, x2eαx cos βx, . . . , xk−1eαx cos βx,

eαx sin βx, xeαx sin βx, x2eαx sin βx, . . . , xk−1eαx sin βx
(3.12)

äèôôåðåíöèàëüíîãî óðàâíåíèÿ (3.4).

Ïðèìåð 29. Ðåøèòü óðàâíåíèå z(4) − 5z ′′ + 4z = 0.
Ðåøåíèå. Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå λ4 − 5λ2 + 4 = 0.

Äëÿ ðåøåíèÿ ýòîãî áèêâàäðàòíîãî óðàâíåíèÿ ñäåëàåì çàìåíó λ2 = µ.
Òîãäà ïîëó÷èì êâàäðàòíîå óðàâíåíèå µ2 − 5µ + 4 = 0, êîðíè êîòîðîãî
µ1 = 1, µ2 = 4. Çíà÷èò, êîðíÿìè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ÿâëÿ-
þòñÿ ðàçëè÷íûå äåéñòâèòåëüíûå ÷èñëà λ1 = 1, λ2 = −1, λ3 = 2, λ4 = −2.
Ñëåäîâàòåëüíî, ôóíêöèè ex, e−x, e2x, e−2x ñîñòàâëÿþò ôóíäàìåíòàëüíóþ
ñèñòåìó ðåøåíèé äàííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, è ïîýòîìó z =
= C1e

x +C2e
−x +C3e

2x +C4e
−2x � îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ.

Ïðèìåð 30. Íàéòè ðåøåíèå óðàâíåíèÿ z ′′′ − 6z ′′ + 8z ′ = 0, óäîâëåòâî-
ðÿþùåå íà÷àëüíûì óñëîâèÿì z(0) = 2, z ′(0) = −2, z ′′(0) = 4.

Ðåøåíèå. Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå λ3 − 6λ2 + 8λ = 0

èëè λ(λ2 − 6λ + 8) = 0. Îíî èìååò ðàçëè÷íûå äåéñòâèòåëüíûå êîðíè
λ1 = 0, λ2 = 2, λ3 = 4. Ñëåäîâàòåëüíî, ôóíêöèè 1, e2x, e4x îáðàçóþò
ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé äàííîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ. Òàêèì îáðàçîì, z = C1+C2e

2x+C3e
4x � îáùåå ðåøåíèå èñõîäíîãî

óðàâíåíèÿ.
Íàéäåì z ′ = 2C2e

2x + 4C3e
4x è z ′′ = 4C2e

2x + 16C3e
4x. Èñïîëüçóÿ

íà÷àëüíûå óñëîâèÿ, ñîñòàâèì ñèñòåìó óðàâíåíèé îòíîñèòåëüíî ÷èñåë C1,
C2, C3: C1 + C2 + C3 = 2

2C2 + 4C3 = −2

4C2 + 16C3 = 4,

îòêóäà C1 = 4, C2 = −3, C3 = 1. Ñëåäîâàòåëüíî, z = 4 − 3e2x + e4x �
èñêîìîå ðåøåíèå çàäà÷è Êîøè.

Ïðèìåð 31. Ðåøèòü óðàâíåíèå z(4) − 3z ′′′ + 3z ′′ − z ′ = 0.
Ðåøåíèå. Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå λ4 − 3λ3 + 3λ2 −

−λ = 0. Ðàçëîæèâ ëåâóþ ÷àñòü ýòîãî óðàâíåíèÿ íà ìíîæèòåëè, ïîëó÷èì
λ(λ − 1)3 = 0. Ñëåäîâàòåëüíî, λ = 0 � îäíîêðàòíûé êîðåíü õàðàêòåðè-
ñòè÷åñêîãî óðàâíåíèÿ, à λ = 1 � êîðåíü êðàòíîñòè 3 ýòîãî óðàâíåíèÿ,
ïîýòîìó ôóíêöèè 1, ex, xex, x2ex îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó
ðåøåíèé, à z = C1 + C2e

x + C3xex + C4x
2ex � îáùåå ðåøåíèå èñõîäíîãî

äèôôåðåíöèàëüíîãî óðàâíåíèÿ.
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Ïðèìåð 32. Ðåøèòü óðàâíåíèå z(4) + 4z ′′′ + 9z ′′ = 0.
Ðåøåíèå. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå λ4+4λ3+9λ2 = 0 èëè λ2(λ2+

+ 4λ + 9) = 0 èìååò äåéñòâèòåëüíûé êîðåíü λ = 0 êðàòíîñòè 2 è
êîìïëåêñíî-ñîïðÿæåííûå êîðíè λ = −2 ± i

√
5. Ýòèì êîðíÿì ñîîòâåò-

ñòâóþò ëèíåéíî íåçàâèñèìûå ðåøåíèÿ 1, x, e−2x cos x
√

5, e−2x sin x
√

5.
Ñëåäîâàòåëüíî, z = C1 + C2x + e−2x(C3 cos x

√
5 + C4 sin x

√
5) � îáùåå

ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Ïðèìåð 33. Ðåøèòü óðàâíåíèå z(4) + 8z ′′ + 16z = 0.
Ðåøåíèå. Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå λ4 + 8λ2 + 16 = 0

èëè λ2(λ2 + 4)2 = 0. Ýòî óðàâíåíèå èìååò êîìïëåêñíî-ñîïðÿæåííûå êîð-
íè λ = ±2i êðàòíîñòè 2. Ñîãëàñíî (3.12) ôóíêöèè cos 2x, x cos 2x, sin 2x,
x sin 2x îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé, à z = C1 cos 2x +
+ C2x cos 2x + C3 sin 2x + C4x sin 2x � îáùåå ðåøåíèå èñõîäíîãî äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ.

Óïðàæíåíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

Ðåøèòü äèôôåðåíöèàëüíûå óðàâíåíèÿ:

3.1. y ′′ − 2y ′ − 3y = 0.

3.2. 2y ′′ + 3y ′ − 2y = 0.

3.3. y ′′ − 6y ′ + 9y = 0.

3.4. 4y ′′ + 4y ′ + y = 0.

3.5. y ′′ + 4y = 0.

3.6. y ′′ + 2y ′ + 2y = 0.

3.7. y ′′ − 2y ′ + y = 0.

3.8. y ′′ + 4y ′ − 5y = 0.

3.9. 4y ′′ − 12y ′ + 9y = 0.

3.10. 4y ′′ + 25y = 0.

3.11. y ′′ − 4y ′ + 5y = 0.

3.12. y ′′ + 3y ′ = 0.
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3.13. 25y ′′ + y = 0.

3.14. 2y ′′ + y ′ − 3y = 0.

3.15. y ′′ + 10y ′ + 25y = 0.

3.16. y ′′′ − 3y ′′ + 2y ′ = 0.

3.17. 4y ′′′ + 4y ′′ + y ′ = 0.

3.18. y ′′′ − 3y ′′ + 3y ′ − y = 0.

3.19. y(4) − y ′′ = 0.

3.20. y ′′′ + y ′ = 0.

3.21. y ′′′ + y ′′ = 0.

3.22. y(4) − y = 0.

3.23. y ′′′ − 2y ′′ + y ′ = 0.

3.24. y(4) − y ′′′ = 0.

3.25. y(4) − y ′ = 0.

3.26. y(4) + 16y = 0.

3.27. y(6) + y ′′ = 0.

3.28. y(6) − y = 0.

3.29. y(7) − 3y(6) + 2y(5) = 0.

3.30. y(8) − 5y(6) + 4y(4) = 0.

3.31. y(12) − 2y(8) + y(4) = 0.

3.32. y(10) + 2y(6) + y ′′ = 0.
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Íàéòè ÷àñòíûå ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, óäîâëåòâî-
ðÿþùèå íà÷àëüíûì óñëîâèÿì:

3.33. y ′′ + 3y ′ − 4y = 0, y(0) = 2, y ′(0) = −3.

3.34. 2y ′′ − y ′ = 0, y(0) = 3, y ′(0) = 1.

3.35. y ′′ + 9y = 0, y(0) = 1, y ′(0) = 0.

3.36. y ′′ + 4y ′ + 3y = 0, y(0) = 1, y ′(0) = −3.

3.37. y ′′ + 2y ′ + y = 0, y(1) = 3
e
, y ′(1) = −1

e
.

3.38. 4y ′′ + 9y = 0, y(0) = 1, y ′(0) = 1.

3.39. y ′′ + y ′ − 2y = 0, y(0) = 0, y ′(0) = 3.

3.40. 9y ′′ + 4y = 0, y(3π
2
) = −1, y ′(3π

2
) = −2.

3.41. y ′′ + 3y ′ − 4y = 0, y(0) = 3, y ′(0) = −2.

3.42. 4y ′′ − 4y ′ + y = 0, y(2) = 2e, y ′(2) = 2e.

3.43. 2y ′′ + y ′ − 3y = 0, y(0) = 1, y ′(0) = 1.

3.44. y ′′ + 4y ′ + 13y = 0, y(0) = 1, y ′(0) = −8.

3.45. y ′′′ − 5y ′′ = 0, y(0) = 0, y ′(0) = 4, y ′′(0) = 25.

3.46. y ′′′ − 2y ′′ − y ′ + 2y = 0, y(0) = 0, y ′(0) = 2, y ′′(0) = 0.

3.47. y(4) − 2y ′′ + y = 0, y(0) = −1, y ′(0) = 2, y ′′(0) = 1,

y ′′′(0) = 2.
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4 Ëèíåéíûå íåîäíîðîäíûå äèôôåðåíöèàëü-

íûå óðàâíåíèÿ n-ãî ïîðÿäêà

4.1 Îñíîâíûå ïîíÿòèÿ

Ëèíåéíîå íåîäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå n-ãî ïîðÿäêà
èìååò âèä

y(n) + P1(x)y(n−1) + P2(x)y(n−2) + . . . + Pn−1(x)y ′ + Pn(x)y = f(x), (4.1)

ãäå P1(x), P2(x), . . . , Pn(x), f(x) � çàäàííûå ôóíêöèè, ïðè÷åì f(x) 6≡ 0.
Ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå n-ãî ïîðÿäêà, ñî-

îòâåòñòâóþùåå íåîäíîðîäíîìó óðàâíåíèþ (4.1), èìååò âèä

z(n) + P1(x)z(n−1) + P2(x)z(n−2) + . . . + Pn−1(x)z ′ + Pn(x)z = 0. (4.2)

4.2 Îáùåå ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî

äèôôåðåíöèàëüíîãî óðàâíåíèÿ

Îáùåå ðåøåíèå y(x) ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ (4.1) ðàâíî ñóììå êàêîãî-ëèáî ÷àñòíîãî ðåøåíèÿ ỹ(x) ýòîãî
óðàâíåíèÿ è îáùåãî ðåøåíèÿ z(x) ñîîòâåòñòâóþùåãî ëèíåéíîãî îäíîðîä-
íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.2), ò.å.

y(x) = ỹ(x) + z(x). (4.3)

4.3 Ëèíåéíûå íåîäíîðîäíûå äèôôåðåíöèàëüíûå

óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

Óðàâíåíèå âèäà

y(n) + a1y
(n−1) + a2y

(n−2) + . . . + an−1y
′ + any = f(x), (4.4)

ãäå a1, a2, . . . , an � çàäàííûå ÷èñëà, íàçûâàåòñÿ ëèíåéíûì íåîäíîðîä-
íûì äèôôåðåíöèàëüíûì óðàâíåíèåì n-ãî ïîðÿäêà ñ ïîñòîÿííûìè êîýô-
ôèöèåíòàìè.

Îáùåå ðåøåíèå óðàâíåíèÿ (4.4) èìååò âèä (4.3), ò.å. äëÿ íàõîæäåíèÿ
îáùåãî ðåøåíèÿ ýòîãî óðàâíåíèÿ äîñòàòî÷íî îïðåäåëèòü îáùåå ðåøå-
íèå ñîîòâåòñòâóþùåãî ëèíåéíîãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ è êàêîå-ëèáî ÷àñòíîå ðåøåíèå äàííîãî ëèíåéíîãî íåîäíîðîäíîãî
óðàâíåíèÿ (4.4).
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Îòìåòèì, ÷òî íàõîæäåíèå îáùåãî ðåøåíèÿ ëèíåéíîãî îäíîðîäíîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè
ðàññìîòðåíî â ðàçäåëå 3. Ðàññìîòðèì ìåòîäû íàõîæäåíèÿ ÷àñòíîãî ðå-
øåíèÿ ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

4.4 Ìåòîä âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ

(ìåòîä Ëàãðàíæà)

Ïóñòü ôóíêöèè z1(x), z2(x), . . . , zn(x) îáðàçóþò ôóíäàìåíòàëüíóþ
ñèñòåìó ðåøåíèé ëèíåéíîãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ (4.2).

×àñòíîå ðåøåíèå ỹ(x) ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ (4.1) ìîæåò áûòü íàéäåíî â âèäå

ỹ(x) = C1(x)z1(x) + C2(x)z2(x) + . . . + Cn(x)zn(x), (4.5)

ãäå C1(x), C2(x), . . . , Cn(x) � íåêîòîðûå ôóíêöèè, ïðîèçâîäíûå êîòîðûõ
óäîâëåòâîðÿþò ñèñòåìå óðàâíåíèé

C ′
1(x)z1(x) + C ′

2(x)z2(x) + . . . + C ′
n(x)zn(x) = 0

C ′
1(x)z ′1(x) + C ′

2(x)z ′2(x) + . . . + C ′
n(x)z ′n(x) = 0

. . . . . . . . . . . . . . . . .

C ′
1(x)z

(n−1)
1 (x) + C ′

2(x)z
(n−1)
2 (x) + . . . + C ′

n(x)z
(n−1)
n (x) = f(x)

(4.6)

Ïîä÷åðêíåì, ÷òî ôóíêöèè C ′
1(x), C ′

2(x), . . . , C ′
n(x) îïðåäåëÿþòñÿ èç

ñèñòåìû (4.6) åäèíñòâåííûì îáðàçîì. Â ÷àñòíîñòè, äëÿ ëèíåéíîãî óðàâ-
íåíèÿ âòîðîãî ïîðÿäêà ñèñòåìà (4.6) èìååò âèä{

C ′
1(x)z1(x) + C ′

2(x)z2(x) = 0

C ′
1(x)z ′1(x) + C ′

2(x)z ′2(x) = f(x)
(4.7)

Ïðèìåð 34. Ðåøèòü óðàâíåíèå y ′′ + y = 1
cos x

.
Ðåøåíèå. Ñîñòàâèì ñîîòâåòñòâóþùåå ëèíåéíîå îäíîðîäíîå óðàâíåíèå

z ′′+z = 0. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå λ2 +1 = 0 èìååò êîðíè λ1 = i,
λ2 = −i; çíà÷èò, ôóíêöèè z1 = cos x è z2 = sin x îáðàçóþò ôóíäàìåí-
òàëüíóþ ñèñòåìó ðåøåíèé ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ, è ïîòîìó
z = C1 cos x + C2 sin x, ãäå C1, C2 � ïðîèçâîëüíûå ïîñòîÿííûå, � îáùåå
ðåøåíèå ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ z ′′ + z = 0.

×àñòíîå ðåøåíèå ỹ(x) èñõîäíîãî íåîäíîðîäíîãî óðàâíåíèÿ èùåì â
âèäå ỹ(x) = C1(x) cos x + C2(x) sin x, ãäå C1(x) è C2(x) � íåèçâåñòíûå

27



ôóíêöèè, ïðîèçâîäíûå êîòîðûõ ñîãëàñíî (4.7) óäîâëåòâîðÿþò ñèñòåìå
óðàâíåíèé{

C ′
1(x) cos x + C ′

2(x) sin x = 0

−C ′
1(x) sin x + C ′

2(x) cos x = 1
cos x

.
Ýòà ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå C ′

1(x) = − tg x, C ′
2(x) = 1.

Âûáðàâ ïåðâîîáðàçíûå C1(x) = ln | cos x| è C2(x) = x, ïîëó÷èì ÷àñòíîå
ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ ỹ(x) = ln | cos x| · cos x + x sin x. Â
ñèëó (4.3) y(x) = ln | cos x| · cos x + x sin x + (C1 cos x + C2 sin x) � îáùåå
ðåøåíèå èñõîäíîãî ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ.

Ïðèìåð 35. Íàéòè ðåøåíèå óðàâíåíèÿ y ′′ + 4y ′ + 4y = e−2x ln x, óäî-
âëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì y(1) = 0, y ′(1) = 0.

Ðåøåíèå. Ñîñòàâèì ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå z ′′+4z ′+
+4z = 0. Îòâå÷àþùåå åìó õàðàêòåðèñòè÷åñêîå óðàâíåíèå λ2 +4λ+4 = 0

èìååò ðàâíûå êîðíè λ1 = λ2 = −2, ñëåäîâàòåëüíî, ôóíêöèè z1(x) =
= e−2x è z2(x) = xe−2x îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé
îäíîðîäíîãî óðàâíåíèÿ. ×àñòíîå ðåøåíèå ỹ(x) èñõîäíîãî íåîäíîðîäíîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ èùåì â âèäå ỹ(x) = C1(x)e−2x + C2(x) ·
· xe−2x. Ïðîèçâîäíûå C ′

1(x) è C ′
2(x) óäîâëåòâîðÿþò ñèñòåìå óðàâíåíèé{

C ′
1(x)e−2x + C ′

2(x) · xe−2x = 0

C ′
1(x)(−2e−2x) + C ′

2(x) ·
(
e−2x − 2xe−2x

)
= e−2x ln x,

èëè, ÷òî òî æå ñàìîå, ñèñòåìå{
C ′

1(x) + C ′
2(x) · x = 0

−2C ′
1(x) + C ′

2(x) · (1− 2x) = ln x,
îòêóäà C ′

1(x) = −x ln x, C ′
2(x) = ln x. Òîãäà C1(x) =

∫
−x ln x dx è

C2(x) =
∫

ln x dx. Èíòåãðèðóÿ ïî ÷àñòÿì, èìååì C1(x) = −1
2
x2 ln x+ 1

4
x2+

+ C̃1 è C2(x) = x ln x−x+ C̃2. Âûáðàâ C̃1 = C̃2 = 0, ïîëó÷èì ÷àñòíîå ðå-
øåíèå íåîäíîðîäíîãî óðàâíåíèÿ ỹ(x) =

(
−1

2
x2 ln x + 1

4
x2

)
e−2x + (x ln x−

− x)xe−2x. Â ñèëó (4.3) îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ èìååò âèä
y(x) =

(
−1

2
x2 ln x + 1

4
x2

)
e−2x + (x ln x− x)xe−2x + C1e

−2x + C2xe−2x, ãäå
C1, C2 � ïðîèçâîëüíûå ïîñòîÿííûå.

Äëÿ îòûñêàíèÿ ðåøåíèÿ, óäîâëåòâîðÿþùåãî çàäàííûì íà÷àëüíûì
óñëîâèÿì, íàéäåì y ′ =

[
(x− x2) ln x− x(1 + 2C2) + 3

2
x2 − 2C1 + C2

]
e−2x.

Èñïîëüçóÿ íà÷àëüíûå äàííûå y(1) = 0, y ′(1) = 0, ïîëó÷èì îòíîñèòåëüíî
ïîñòîÿííûõ C1 è C2 àëãåáðàè÷åñêóþ ñèñòåìó óðàâíåíèé{ (

1
4
− 1 + C1 + C2

)
e−2 = 0[

−(1 + 2C2) + 3
2
− 2C1 + C2

]
e−2 = 0

, ò.å.

{
C1 + C2 = 3

4

−2C1 − C2 = −1
2
,

îòêóäà C1 = −1
4
, C2 = 1. Ñëåäîâàòåëüíî, y = 1

4
e−2x(2x2 ln x− 3x2 + 4x−

− 1) � èñêîìîå ðåøåíèå çàäà÷è Êîøè.
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4.5 Ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ

Ýòîò ìåòîä ïðèìåíèì äëÿ íàõîæäåíèÿ ÷àñòíîãî ðåøåíèÿ ëèíåéíîãî
íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôè-
öèåíòàìè (4.4), ïðàâàÿ ÷àñòü êîòîðîãî f(x) èìååò ñïåöèàëüíûé âèä:

f(x) = eαxPe(x) (4.8)

èëè

f(x) = eαx [Pl(x) cos βx + Qm(x) sin βx] , (4.9)

ãäå α, β � äåéñòâèòåëüíûå ÷èñëà, à Pl(x) è Qm(x) � íåêîòîðûå ìíîãî-
÷ëåíû ñòåïåíè l è m ñîîòâåòñòâåííî.

Ðàññìîòðèì ñëåäóþùèå ñëó÷àè:
à) ïóñòü ïðàâàÿ ÷àñòü äèôôåðåíöèàëüíîãî óðàâíåíèÿ èìååò

âèä (4.8), ïðè÷åì ÷èñëî α íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâ-
íåíèÿ (3.10).

Òîãäà íåîäíîðîäíîå óðàâíåíèå (4.4) èìååò ÷àñòíîå ðåøåíèå âèäà

ỹ(x) = eαx ·Ml(x). (4.10)

ãäå Ml(x) � íåêîòîðûé ìíîãî÷ëåí ñòåïåíè l.

Ïðèìåð 36. Ðåøèòü óðàâíåíèå y ′′ + 5y ′ + 6y = ex(12x− 5).
Ðåøåíèå. Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå λ2+5λ+6 = 0, êîð-

íè êîòîðîãî ñóòü λ1 = −2, λ2 = −3, ïîýòîìó ñîîòâåòñòâóþùåå îäíîðîä-
íîå óðàâíåíèå z ′′+5z ′+6z = 0 èìååò îáùåå ðåøåíèå z = C1e

−2x+C2e
−3x,

ãäå C1, C2 � ïðîèçâîëüíûå ïîñòîÿííûå. Òàê êàê ïðàâàÿ ÷àñòü èñõîäíîãî
íåîäíîðîäíîãî óðàâíåíèÿ èìååò âèä (4.8), è ÷èñëî α = 1 íå ÿâëÿåò-
ñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, òî, ñîãëàñíî (4.10), äàííîå
óðàâíåíèå èìååò ðåøåíèå ỹ = ex(Ax + B), ãäå A è B � íåîïðåäåëåííûå
êîýôôèöèåíòû. Äëÿ íàõîæäåíèÿ ÷èñåë A è B ïîäñòàâèì ỹ = ex(Ax+B),
ỹ ′ = ex(Ax + A + B) è ỹ ′′ = ex(Ax + 2A + B) â äàííîå óðàâíåíèå. Òîãäà
ïîëó÷èì ex(Ax + 2A + B) + 5ex(Ax + A + B) + 6ex(Ax + B) = ex(12x−
− 5), èëè ïîñëå ñîêðàùåíèÿ íà ex è ïðèâåäåíèÿ ïîäîáíûõ ÷ëåíîâ áóäåì
èìåòü 12Ax + (7A + 12B) = 12x − 5. Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè
îäèíàêîâûõ ñòåïåíÿõ ïåðåìåííîé x, ïîëó÷èì ëèíåéíóþ îòíîñèòåëüíî A

è B ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé{
12A = 12

7A + 12B = −5,
îòêóäà A = 1, B = −1. Çíà÷èò, ÷àñòíîå ðåøåíèå ỹ = ex(x− 1). Íàêîíåö,
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â ñèëó (4.3), y = C1e
−2x +C2e

−3x � îáùåå ðåøåíèå èñõîäíîãî íåîäíîðîä-
íîãî óðàâíåíèÿ.

Ïðèìåð 37. Ðåøèòü óðàâíåíèå y ′′′ − 6y ′′ + 8y ′ = 3e
3
2x.

Ðåøåíèå. Îáùåå ðåøåíèå ñîîòâåòñòâóþùåãî ëèíåéíîãî îäíîðîäíîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ z ′′′ − 6z ′′ + 8z ′ = 0 èìååò âèä z = C1 +
+ C2e

2x + C3e
4x (ñì. ïðèìåð 30). Ïðàâàÿ ÷àñòü äàííîãî ëèíåéíîãî íåîä-

íîðîäíîãî óðàâíåíèÿ èìååò âèä (4.8), ãäå l = 0 è α = 3
2
íå ÿâëÿåòñÿ

êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Ñîãëàñíî (4.10), ÷àñòíîå ðåøå-

íèå èñõîäíîãî óðàâíåíèÿ áóäåì èñêàòü â âèäå ỹ = Ae
3
2x, ãäå A � íåêîòî-

ðàÿ ïîñòîÿííàÿ. Ïîäñòàâëÿÿ â äàííîå óðàâíåíèå ỹ = Ae
3
2x, ỹ ′ = 3

2
Ae

3
2x,

ỹ ′′ = 9
4
Ae

3
2x, ỹ ′′′ = 27

8
Ae

3
2x, ïîëó÷èì Ae

3
2x

(
27
8
− 6 · 9

4
+ 8 · 3

2

)
= 3e

3
2x, ò.å.

15
8
A = 3, îòêóäà A = 8

5
. Çíà÷èò, ëèíåéíîå íåîäíîðîäíîå óðàâíåíèå èìååò

÷àñòíîå ðåøåíèå ỹ = 8
5
e

3
2x, à y = C1 + C2e

2x + C3e
4x + 8

5
e

3
2x � îáùåå

ðåøåíèå èñõîäíîãî óðàâíåíèÿ.

á) ïóñòü ïðàâàÿ ÷àñòü äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.4) èìååò
âèä (4.8), ïðè÷åì ÷èñëî α ÿâëÿåòñÿ êîðíåì êðàòíîñòè k õàðàêòåðèñòè-
÷åñêîãî óðàâíåíèÿ (3.10).

Òîãäà íåîäíîðîäíîå óðàâíåíèå (4.4) èìååò ÷àñòíîå ðåøåíèå âèäà

ỹ = xkeαxMl(x), (4.11)

ãäå Ml(x) � íåêîòîðûé ìíîãî÷ëåí ñòåïåíè l.

Ïðèìåð 38. Ðåøèòü óðàâíåíèå y ′′ − y ′ − 2y = (9x2 − 5)e−x.

Ðåøåíèå. Ïðàâàÿ ÷àñòü ýòîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ èìååò
âèä (4.8). Êîðíÿìè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ λ2 − λ − 2 = 0 ÿâ-
ëÿþòñÿ ÷èñëà λ1 = 2, λ2 = −1. Òàêèì îáðàçîì, α = −1 ÿâëÿåòñÿ êîð-
íåì êðàòíîñòè k = 1 õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Ñîãëàñíî (4.11),
÷àñòíîå ðåøåíèå èñõîäíîãî óðàâíåíèÿ ìîæíî íàéòè â âèäå ỹ = x(Ax2 +
+ Bx + C)e−x, ãäå A, B, C � íåîïðåäåëåííûå êîýôôèöèåíòû. Ïîäñòàâèâ
ỹ = (Ax3 + Bx2 + Cx)e−x, ỹ ′ = (−Ax3 + (3A−B)x2 + (2B−C)x + C)e−x

è ỹ ′′ = (Ax3 + (B− 6A)x2 + (6A− 4B + C)x + (2B− 2C))e−x â èñõîäíîå
äèôôåðåíöèàëüíîå óðàâíåíèå, ïîëó÷èì (−9Ax2 + (6A − 6B)x + (2B −
− 3C))e−x = (9x2− 5)e−x, îòêóäà, ñîêðàòèâ íà e−x è ïðèðàâíÿâ êîýôôè-
öèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ ïåðåìåííîé x, ïîëó÷èì îòíîñèòåëüíî
íåîïðåäåëåííûõ êîýôôèöèåíòîâ A, B, C ñèñòåìó óðàâíåíèé
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 −9A = 9

6A− 6B = 0

2B− 3C = −5.
Òàê êàêA = −1, B = −1,C = 1� ðåøåíèå ýòîé àëãåáðàè÷åñêîé ñèñòåìû,
òî ỹ = x(x2 − x + 1)e−x � ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ. Íàêîíåö, y = x(−x2 − x + 1)e−x + C1e

2x + C2e
−x �

îáùåå ðåøåíèå èñõîäíîãî íåîäíîðîäíîãî óðàâíåíèÿ, èáî ôóíêöèè e2x è
e−x îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé ñîîòâåòñòâóþùåãî îä-
íîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Ïðèìåð 39. Ðåøèòü óðàâíåíèå y(4) + 4y ′′′ + 9y ′′ = −180x3 − 24x2 +
+ 72x− 6.

Ðåøåíèå. Îáùåå ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ
èìååò âèä z = C1 + C2x + e−2x(C3 cos x

√
5 + C4 sin x

√
5) (ñì. ïðèìåð 32).

Ïðàâàÿ ÷àñòü äàííîãî íåîäíîðîäíîãî óðàâíåíèÿ èìååò âèä (4.8), ãäå α =
= 0 ÿâëÿåòñÿ êîðíåì êðàòíîñòè k = 2 õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ.
Ñîãëàñíî (4.11), ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ ìîæíî íàéòè
â âèäå ỹ = x2(Ax3+Bx2+Dx+ε). Íàéäåì ỹ ′ = 5Ax4+4Bx3+3Dx2+2εx,
ỹ ′′ = 20Ax3 + 12Bx2 + 6Dx + 2ε, ỹ ′′′ = 60Ax2 + 24Bx + 6D è, íàêîíåö,
ỹ(4) = 120Ax + 24B. Ïîäñòàâëÿÿ ýòè ïðîèçâîäíûå â äàííîå óðàâíåíèå,
ïîëó÷èì (120Ax + 24B) + 4(60Ax2 + 24Bx + 6D) + 9(20Ax3 + 12Bx2 +
+ 6Dx+ 2ε) = −180x3− 24x2 + 72x− 6, èëè 180Ax3 + (240A+ 108B)x2 +
+ (120A + 96B + 54D)x + (24B + 24D + 18ε) = −180x3 − 24x2 + 72x− 6.
Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ ïåðåìåííîé x,
ñîñòàâèì ñèñòåìó óðàâíåíèé

180A = −180

240A + 108B = −24

120A + 96B + 54D = 72

24B + 24D + 18ε = −6

, îòêóäà


A = −1

B = 2

D = 0

ε = −3.

Òîãäà ỹ = x2(−x3+2x2−3) � ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ.
Èòàê, y = C1 + C2x + e−2x(C3 cos x

√
5 + C4 sin x

√
5) + (x3 + 2x2 − 3)x2 �

îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ.

â) ïóñòü ïðàâàÿ ÷àñòü äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.4) èìååò
âèä (4.9), ïðè÷åì êîìïëåêñíî-ñîïðÿæåííûå ÷èñëà α ± iβ íå ÿâëÿþòñÿ
êîðíÿìè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (3.10).

Òîãäà íåîäíîðîäíîå óðàâíåíèå (4.4) èìååò ÷àñòíîå ðåøåíèå âèäà

ỹ = eαx [Mr(x) cos βx + Nr(x) sin βx] , (4.12)

ãäå Mr(x) è Nr(x) � íåêîòîðûå ìíîãî÷ëåíû ñòåïåíè r = max {l; m}.
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Ïðèìåð 40. Ðåøèòü óðàâíåíèå y ′′ − 5y ′ + 6y = 52 cos 2x.

Ðåøåíèå. Ñîîòâåòñòâóþùåå ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå
óðàâíåíèå èìååò îáùåå ðåøåíèå z = C1e

2x + C2e
3x (ñì. ïðèìåð 24). Ïðà-

âàÿ ÷àñòü èñõîäíîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ èìå-
åò âèä (4.9), ãäå α = 0, β = 2, Pl(x) = 52, Qm(x) = 0, ò.å. l = m = 0,
ïðè÷åì ÷èñëà α ± βi = ±2i íå ÿâëÿþòñÿ êîðíÿìè õàðàêòåðèñòè÷åñêî-
ãî óðàâíåíèÿ. Òîãäà, ñîãëàñíî (4.12), ÷àñòíîå ðåøåíèå ðàññìàòðèâàåìîãî
óðàâíåíèÿ ñëåäóåò èñêàòü â âèäå ỹ = A cos 2x + B sin 2x, ãäå A, B �
íåêîòîðûå ïîñòîÿííûå. Íàéäåì ỹ ′ = −2A sin 2x + 2B cos 2x è ỹ ′′ = −
−4A cos 2x−4B sin 2x. Ïîñëå ïîäñòàíîâêè ỹ, ỹ ′, ỹ ′′ â èñõîäíîå óðàâíåíèå
ïîëó÷èì òîæäåñòâî −4A cos 2x− 4B sin 2x− 5(−2A sin 2x + 2B cos 2x) +
+6(A cos 2x+B sin 2x) = cos 2x, ò.å. (2A−10B) cos 2x+(10A+2B) sin 2x =
= 52 cos 2x. Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè cos 2x è sin 2x, ñîñòàâèì
ñèñòåìó óðàâíåíèé{

2A− 10B = 52

10A− 2B = 0,
îòêóäà A = 1, B = −5. Çíà÷èò, ÷àñòíîå ðåøåíèå äàííîãî íåîäíîðîäíîãî
óðàâíåíèÿ ỹ = cos 2x− 5 sin 2x, à y = C1e

2x + C2e
3x + cos 2x− 5 sin 2x �

îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ.

Ïðèìåð 41. Ðåøèòü óðàâíåíèå y ′′′+10y ′′+25y ′ = ex(47 cos x+23 sin x).

Ðåøåíèå. Òàê êàê õàðàêòåðèñòè÷åñêîå óðàâíåíèå λ3 + 10λ2 + 25λ = 0

èìååò êîðíè λ1 = 0 êðàòíîñòè k1 = 1 è λ2 = −5 êðàòíîñòè k2 = 2,
òî z = C1 + e−5x(C2x + C3) � îáùåå ðåøåíèå ñîîòâåòñòâóþùåãî îäíî-
ðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Ïðàâàÿ ÷àñòü èñõîäíîãî óðàâ-
íåíèÿ èìååò âèä (4.9), ãäå α = 1, β = 1, P0(x) = 47, Q0(x) = 23, ïðè-
÷åì ÷èñëà α ± βi = 1 ± i íå ÿâëÿþòñÿ êîðíÿìè õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ. Ñîãëàñíî (4.12), ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ ñëåäóåò èñêàòü â âèäå ỹ = ex(A cos x + B sin x).
Òîãäà ỹ ′ = ex [(A + B) cos x + (B−A) sin x], ỹ ′′ = ex [2B cos x− 2A sin x]
è ỹ ′′′ = ex [(2B− 2A) cos x− (2A + 2B) sin x]. Ïîäñòàâèâ ỹ ′, ỹ ′′, ỹ ′′′ â èñ-
õîäíîå óðàâíåíèå è ñîêðàòèâ íà ex, ïîëó÷èì (23A + 47B) cos x + (23B−
− 47A) sin x = 47 cos x + 23 sin x. Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè cos x

è sin x, ñîñòàâèì ñèñòåìó óðàâíåíèé{
23A + 47B = 47

−47A + 23B = 23
, îòêóäà

{
A = 0

B = 1
.

Èòàê, ỹ = ex sin x� ÷àñòíîå ðåøåíèå, à y = C1+e−5x(C2x+C3)+ex sin x�
îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ.
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Ïðèìåð 42. Ðåøèòü óðàâíåíèå y ′′ + 4y ′ + 20y = 51 cos 3x + (265x +
+ 80) sin 3x.

Ðåøåíèå. Ñîîòâåòñòâóþùåå ëèíåéíîå îäíîðîäíîå óðàâíåíèå èìååò îá-
ùåå ðåøåíèå z = e−2x(C1 cos 4x + C2 sin 4x) (ñì. ïðèìåð 27). Ïðàâàÿ
÷àñòü äàííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ èìååò âèä (4.9), ãäå α =
= 0, β = 3, P0(x) = 51, Q1(x) = 256x + 80, ïðè÷åì ÷èñëà α ± βi =
= ±3i íå ÿâëÿþòñÿ êîðíÿìè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Ñîãëàñ-
íî (4.12), ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ ñëåäóåò èñêàòü â
âèäå ỹ = (Ax + B) cos 3x + (Dx + ε) sin 3x. Òîãäà ỹ ′ = (3Dx + A +
+3ε) cos 3x+(−3Ax−3B+D) sin 3x è ỹ ′′ = (−9Ax−9B+6D) cos 3x+(−
−9Dx−6A−9ε) sin 3x. Ïîäñòàâèâ ỹ, ỹ ′, ỹ ′′ â èñõîäíûå óðàâíåíèÿ, ïîëó-
÷èì [(11A + 12D)x + (4A + 11B + 6D + 12ε)] cos 3x+ [(−12A + 11D)x+
+(−6A− 12B + 4D + 11ε)] sin 3x = 51 cos 3x + (265x + 80) sin 3x. Ïðè-
ðàâíèâàÿ â îáåèõ ÷àñòÿõ ðàâåíñòâà êîýôôèöèåíòû ïðè ôóíêöèÿõ cos x,
sin 3x, x cos 3x, x sin 3x, ïîëó÷àåì ñèñòåìó óðàâíåíèé

11A + 12D = 0

4A + 11B + 6D + 12ε = 51

−12A + 11D = 265

−6A− 12B + 4D + 11ε = 80,
îòêóäà A = −12, B = 3, D = 11, ε = 0. Èòàê, ỹ = (−12x + 3) cos 3x +
+11 sin 3x � ÷àñòíîå ðåøåíèå, à y = e−2x(C1 cos 4x+C2 sin 4x)+(−12x+
+ 3) cos 3x + 11 sin 3x � îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ.

ã) ïóñòü ïðàâàÿ ÷àñòü äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.4)
èìååò âèä (4.9), ïðè÷åì êîìïëåêñíî-ñîïðÿæåííûå ÷èñëà α±iβ ÿâëÿþòñÿ
êîðíÿìè êðàòíîñòè k õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (3.10).

Òîãäà íåîäíîðîäíîå óðàâíåíèå (4.10) èìååò ÷àñòíîå ðåøåíèå âèäà

ỹ = xkeαx [Mr(x) cos βx + Nr(x) sin βx] , (4.13)

ãäå Mr(x) è Nr(x) � íåêîòîðûå ìíîãî÷ëåíû ñòåïåíè r = max {l; m}.

Ïðèìåð 43. Ðåøèòü óðàâíåíèå y ′′ − 2y ′ + 2y = 4ex sin x.
Ðåøåíèå. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå λ2 − 2λ + 2 = 0 èìååò êîð-

íè λ1 = 1 + i è λ2 = 1 − i è ïîòîìó z = ex(C1 cos x + C2 sin x) � îáùåå
ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ.
Ïðàâàÿ ÷àñòü èñõîäíîãî íåîäíîðîäíîãî óðàâíåíèÿ èìååò âèä (4.9), ïðè-
÷åì ÷èñëà α±βi = 1± i ÿâëÿþòñÿ êîðíÿìè êðàòíîñòè k = 1 õàðàêòåðè-
ñòè÷åñêîãî óðàâíåíèÿ. Ñîãëàñíî (4.13), ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñëåäóåò èñêàòü â âèäå ỹ = xex(A cos x +
+ B sin x). Òîãäà ỹ ′ = ex [(Ax + Bx + A) cos x + (Bx−Ax + B) sin x] è
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ỹ ′′ = 2ex [(Bx + A + B) cos x + (−Ax−A + B) sin x]. Ïîäñòàâèâ ỹ, ỹ ′, ỹ ′′

â èñõîäíîå óðàâíåíèå è ñîêðàòèâ íà ex, ïîëó÷èì, ÷òî 2B cos x−2A sin x =
= 4 sin x. Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè cos x è sin x, ñîñòàâèì ñèñòåìó
óðàâíåíèé{

2B = 0

−2A = 4,
îòêóäà A = −2, B = 0. Èòàê, ỹ = −2xex cos x � ÷àñòíîå ðåøåíèå, à
y = ex(C1 cos x + C2 sin x)− 2xex cos x � îáùåå ðåøåíèå èñõîäíîãî íåîä-
íîðîäíîãî óðàâíåíèÿ.

Ïðèìåð 44. Ðåøèòü óðàâíåíèå y ′′ + 9y = (3x + 6) cos 3x + sin 3x.
Ðåøåíèå. Ôóíêöèÿ z = C1 cos 3x + C2 sin 3x ÿâëÿåòñÿ îáùèì ðåøå-

íèåì ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ (ñì. ïðèìåð 28). Ïðàâàÿ
÷àñòü èñõîäíîãî íåîäíîðîäíîãî óðàâíåíèÿ èìååò âèä (4.9), ïðè÷åì ÷èñëà
α ± βi = ±3i ÿâëÿþòñÿ êîðíÿìè êðàòíîñòè k = 1 õàðàêòåðèñòè÷åñêî-
ãî óðàâíåíèÿ. Ñîãëàñíî (4.13), ÷àñòíîå ðåøåíèå äàííîãî íåîäíîðîäíîãî
óðàâíåíèÿ áóäåì èñêàòü â âèäå ỹ = x [(Ax + B) cos 3x + (Cx + D) sin 3x].
Òîãäà ỹ ′ = (3Cx2+2Ax+3Dx+B) cos 3x+(−3Ax2−3Bx+2Cx+D) sin 3x

è ỹ ′′ = (−9Ax2−9Bx+12Cx+2A+6D) cos 3x+ (−9Cx2−12Ax−9Dx−
− 6B + 2C) sin 3x. Ïîäñòàâèâ ỹ, ỹ ′, ỹ ′′ â èñõîäíîå óðàâíåíèå, ïîëó÷èì
(12Cx+2A+6D) cos 3x+(−12Ax−6B+2C) sin 3x = (3x+6) cos 3x+sin 3x.
Ïðèðàâíèâàÿ äàëåå êîýôôèöèåíòû ïðè ôóíêöèÿõ cos 3x, x cos 3x, sin 3x,
x sin 3x, ñîñòàâèì ñèñòåìó óðàâíåíèé

12C = 3

−12A = 0

2A + 6D = 6

2C− 6B = 1

, îòêóäà


A = 0

B = − 1
12

C = 1
4

D = 1

.

Èòàê, ỹ = x
[
− 1

12
cos 3x +

(
1
4
x + 1

)
sin 3x

]
� ÷àñòíîå ðåøåíèå, à y =

= C1 cos 3x+C2 sin 3x+x
[
− 1

12
cos 3x +

(
1
4
x + 1

)
sin 3x

]
� îáùåå ðåøåíèå

èñõîäíîãî íåîäíîðîäíîãî óðàâíåíèÿ.

4.6 Ïðèíöèï ñóïåðïîçèöèè (ïðèíöèï íàëîæåíèÿ)

Åñëè ïðàâàÿ ÷àñòü f(x) ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíî-
ãî óðàâíåíèÿ (4.1) åñòü ñóììà íåñêîëüêèõ ôóíêöèé, ò.å.

f(x) = f1(x) + f2(x) + . . . + fm(x), (4.14)

òî óðàâíåíèå èìååò ÷àñòíîå ðåøåíèå

ỹ(x) = ỹ1(x) + ỹ2(x) + . . . + ỹm(x), (4.15)
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ãäå ỹi(x) � ÷àñòíîå ðåøåíèå óðàâíåíèÿ

y(n) +P1(x)y(n−1) +P2(x)y(n−2) + . . .+Pn−1(x)y ′ +Pn(x)y = fi(x) (4.16)

(i = 1, 2, . . . ,m).

Ïðèìåð 45. Ðåøèòü óðàâíåíèå y ′′ − 5y ′ = 10x + 41 cos 4x.
Ðåøåíèå. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå λ2−5λ = 0 èìååò êîðíè λ1 =

= 0, λ2 = 5. Ñëåäîâàòåëüíî, z = C1 + C2e
5x � îáùåå ðåøåíèå ëèíåéíîãî

îäíîðîäíîãî óðàâíåíèÿ. Òàê êàê ïðàâàÿ ÷àñòü èñõîäíîãî óðàâíåíèÿ åñòü
ñóììà äâóõ ôóíêöèé, òî ýòî óðàâíåíèå èìååò ÷àñòíîå ðåøåíèå ỹ = ỹ1 +
+ ỹ2, ãäå ỹ1 � ÷àñòíîå ðåøåíèå óðàâíåíèÿ y ′′− 5y ′ = 10x, ỹ2 � ÷àñòíîå
ðåøåíèå óðàâíåíèÿ y ′′ − 5y ′ = 41 cos 4x. Íàéäåì ỹ1 è ỹ2. Ïðàâàÿ ÷àñòü
óðàâíåíèÿ y ′′ − 5y ′ = 10x èìååò âèä (4.8), ïðè÷åì ÷èñëî α = 0 ÿâëÿ-
åòñÿ êîðíåì êðàòíîñòè k = 1 õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Ñîãëàñ-
íî (4.10), ỹ1 ñëåäóåò èñêàòü â âèäå ỹ1 = x · (Ax+B). Òîãäà ỹ ′

1 = 2Ax+B,
ỹ ′′

1 = 2A. Ïîñëå ïîäñòàíîâêè ỹ ′
1 è ỹ ′′

1 â óðàâíåíèå y ′′−5y ′ = 10x ïîëó÷èì
2A− 5(2Ax + B) = 10x. Ñîñòàâèì ñèñòåìó{

−10A = 10

2A− 5B = 0,
îòêóäà A = −1, B = −2

5
. Èòàê, ỹ1 = −x2− 2

5
x. Çàòåì

íàéäåì ðåøåíèå ỹ2 óðàâíåíèÿ y ′′ − 5y ′ = 41 cos 4x. Ïðàâàÿ ÷àñòü ýòîãî
óðàâíåíèÿ èìååò âèä (4.9), ïðè÷åì ÷èñëà α±βi = ±4i íå ÿâëÿþòñÿ êîð-
íÿìè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ è ïîòîìó, ñîãëàñíî (4.12), ÷àñòíîå
ðåøåíèå ỹ2 ñëåäóåò èñêàòü â âèäå ỹ2 = A cos 4x + B sin 4x. Òîãäà ỹ ′

2 = −
−4A sin 4x + 4B cos 4x, ỹ ′′

2 = −16A cos 4x − 16B sin 4x. Ïîäñòàâëÿÿ ỹ ′
2 è

ỹ ′′
2 â óðàâíåíèå y ′′−5y ′ = 41 cos 4x, ïîëó÷àåì −16A cos 4x−16B sin 4x−
− 5(−4A sin 4xB cos 4x) = 41 cos 4x. Ñîñòàâèì ñèñòåìó{

−16A− 20B = 41

−16B + 20A = 0,

îòêóäà A = −1, B = −5
4
, çíà÷èò, ỹ2 = − cos 4x− 5

4
sin 4x.

Òàê êàê ỹ = ỹ1 + ỹ2, òî ỹ = −x2 − 2
5
x − cos 4x − 5

4
sin 4x. Èòàê, y =

= C1 + C2e
5x − x2 − 2

5
x − cos 4x − 5

4
sin 4x � îáùåå ðåøåíèå ëèíåéíîãî

íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Óïðàæíåíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

Ðåøèòü äèôôåðåíöèàëüíûå óðàâíåíèÿ ìåòîäîì âàðèàöèè ïðîèçâîëü-
íûõ ïîñòîÿííûõ:

4.1. y ′′ − y ′ = 1
1+ex .

35



4.2. y ′′ + 2y ′ + y = e−x

x
.

4.3. y ′′ + y = ctg2 x.

4.4. y ′′ + 4y = 1
cos 2x

.

4.5. y ′′ + 4y ′ + 4y = e−2x ln x.

4.6. y ′′ − y ′ = e2x sin ex.

4.7. y ′′ − 2y ′ + y = ex

x2+1
.

4.8. y ′′′ − 2y ′′ − y ′ + 2y = 2x3+x2−4x−6
x4 .

Ðåøèòü äèôôåðåíöèàëüíûå óðàâíåíèÿ ìåòîäîì íåîïðåäåëåííûõ êî-
ýôôèöèåíòîâ:

4.9. y ′′ − 2y ′ + y = x3.

4.10. 2y ′′ − y ′ − y = 4e−x.

4.11. y ′′ + 4y ′ + 13y = 3x + 1.

4.12. y ′′ − 6y ′ + 9y = x2 + 2
9
.

4.13. y ′′ − y ′ = x.

4.14. y ′′ + 2y ′ + y = −2.

4.15. y ′′′ + y ′′ = 1.

4.16. y ′′ − 2y ′ + 4y = (x + 2)e3x.

4.17. y ′′ + 5y ′ + 6y = (1− x)e−2x.

4.18. 2y ′′ + y ′ = 2x− 1.

4.19. y ′′ + y = 10e−2x.

4.20. y ′′ + 3y ′ = 3xe−3x.

4.21. y ′′ + y ′ + y = (x2 + x)ex.

4.22. y ′′′ + y = x3.
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4.23. y(4) + y ′′ = x2 + x.

4.24. y ′′ + y ′ = 5 cos 2x.

4.25. y ′′ − 5y ′ + 6y = 13 sin 3x.

4.26. y ′′ + y = sin 2x.

4.27. y ′′ + 4y = − sin 2x.

4.28. y ′′ − y ′ = ex sin x.

4.29. y ′′ + 2y ′ = 4ex(sin x + cos x).

4.30. y ′′ + 2y = x cos x− 2 sin x.

4.31. y ′′ + 2y ′ + y = (2x + 2) cos x + 2 sin x.

4.32. y ′′ + y = −2 sin x.

4.33. y ′′ + 9y = −6 sin 3x.

4.34. 2y ′′ + 4y ′ = 5x sin x.

4.35. y ′′ + 2y ′ + 2y = 2e−x sin x.

4.36. y ′′′ − y = sin x.

4.37. y ′′ + y = sin x− 2e−x.

4.38. y ′′ + 5y ′ + 6y = e−x + e−2x.

4.39. y ′′ − 3y ′ + 2y = 3x + 5 sin 2x.

Íàéòè ÷àñòíûå ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, óäîâëåòâî-
ðÿþùèå íà÷àëüíûì óñëîâèÿì:

4.40. y ′′ + 2y = 2x, y(0) = 0, y ′(0) = 1
2
.

4.41. y ′′ − y = 2 sin x, y(0) = 1, y ′(0) = 0.

4.42. y ′′ − 2y ′ = ex(x2 + x− 3), y(0) = 2, y ′(0) = 2.

4.43. y ′′ − 4y ′ + 5y = 2x2ex, y(0) = 2, y ′(0) = 3.

4.44. y ′′′ − y ′ = −2x, y(0) = 0, y ′(0) = 1, y ′′(0) = 2.
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Îòâåòû ê óïðàæíåíèÿì

äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

1.1. y = tg C− ln | cos x|.

1.2. y2 − Cx2 + 1 = 0.

1.3. cos y ln |Cx| + 1 = 0.

1.4. 2e−y(y + 1)− x2 = 0.

1.5. y = 3
√

3x2 + 3x + C.

1.6. C ln y = Cxe
x3

3 .

1.7. ln y2 + y2 + 4(x cos x− sin x) = C, y = 0.

1.8. y =
√

1− e−2 cos x.

1.9. y = − ln
(

x2

4
− x2

2
ln x + e2 − 1

4

)
.

1.10. y = (16 + 4ex(1− x))
1
4 .

1.11. y = sin x− 3.

1.12. e
y
x

(
y
x
− 1

)
+ ln |x| = C.

1.13. ln (x2 + y2)− 2 arctg y
x

= C.

1.14. x = C cos y
x
.

1.15. ye
√

x
y = C.

1.16. sin yx + ln |x| = C.

1.17. y =
√

x2 − 3
x
.

1.18. y = xe1−x.

1.19. y = x
1−ln x

.

1.20. y = x2+4
x
.
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1.21. y = x(2 ln |x|− 2)
1
3 .

1.22. y +
√

y2 − x2 = x2

2
.

1.23. y = x3+C
3 cos x

.

1.24. y = x2+C
2(x2+3)

.

1.25. y = (C− cos x) ctg x.

1.26. y = (x+1)4

2
+ C(x + 1)2.

1.27. y = x(ln x−1)+C

x2 .

1.28. y = (x + C) tg x
2
.

1.29. y = xe−x.

1.30. y = x3ex.

1.31. y = sin x + cos x.

1.32. y = 2
3
x3e−x2

.

1.33. x = 2y− y2 − 2 + e−y.

2.1. y = ex + x2

2
+ C1x + C2.

2.2. y = C2 − C1 cos x− x.

2.3. y = x3

12
− x

4
+ C1 arctg x + C2.

2.4. y ln |y| + x + C1y + C2 = 0.

2.5. 2C1y = (±C1x + C2)
2 + 1.

2.6. x− C1 = ln| sin (y− C2)|.

2.7. y = − ln | cos x|.

2.8. y = 3 sin x− 1
2
sin 2x− x.

2.9. y = x3

12
+ x2

2
+ x ln x− 1

12
.
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2.10. y = 2 ln (x + 1) + 2− x.

2.11. y =
√

2x− x2.

2.12. y = 2− cos x.

2.13. y = x+2
x+1

.

2.14. y = 2ex.

3.1. y = C1e
3x + C2e

−x.

3.2. y = C1e
x
2 + C2e

−2x.

3.3. y = (C1x + C2)e
3x.

3.4. y = (C1x + C2)e
−x

2 .

3.5. y = C1 cos 2x + C2 sin 2x.

3.6. y = e−x(C1 cos x + C2 sin x).

3.7. y = (C1x + C2)e
x.

3.8. y = C1e
x + C2e

−5x.

3.9. y = (C1x + C2)e
3x
2 .

3.10. y = C1 cos 5x
2

+ C2 sin 5x
2
.

3.11. y = e2x(C1 cos x + C2 sin x).

3.12. y = C1e
−3x + C2.

3.13. y = C1 cos x
5

+ C2 sin x
5
.

3.14. y = C1e
x + C2e

−3x
2 .

3.15. y = (C1x + C2)e
−5x.

3.16. y = C1e
x + C2e

2x + C3.

3.17. y = (C1x + C2)e
−x

2 + C3.

3.18. y = (C1x
2 + C2x + C3)e

x.
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3.19. y = C1e
x + C2e

−x + C3x + C4.

3.20. y = C1 cos x + C2 sin x + C3.

3.21. y = C1e
−x + C2x + C3.

3.22. y = C1e
x + C2e

−x + C3 cos x + C4 sin x.

3.23. y = (C1x + C2)e
x + C3.

3.24. y = C1e
x + C2x

2 + C3x + C4.

3.25. y = C1e
x + C2 + e−

x
2 (C3 cos x

√
3

2
+ C4 sin x

√
3

2
).

3.26. y =
(
C1 cos x

√
2 + C2 sin x

√
2
)

ex
√

2+

+
(
C3 cos x

√
2 + C4 sin x

√
2
)

e−x
√

2.

3.27. y = C1 + C2x +
(
C3 cos x

√
2

2
+ C4 sin x

√
2

2

)
ex

√
2

2 +

+
(
C5 cos x

√
2

2
+ C6 sin x

√
2

2

)
e−x

√
2

2 .

3.28. y = C1e
x + C2e

−x +
(
C3 cos x

√
3

2
+ C4 sin x

√
3

2

)
e

x
2 +

+
(
C5 cos x

√
3

2
+ C6 sin x

√
3

2

)
e−

x
2 .

3.29. y = C1 + C2x + C3x
2 + C4x

3 + C5x
4 + C6e

x + C7e
2x.

3.30. y = C1 + C2x + C3x
2 + C4x

3 + C5e
−x + C6e

x + C7e
−2x + C8e

2x.

3.31. y = C1 + C2x + C3x
2 + C4x

3 + (C5 + C6x) ex + (C7 + C8x) e−x+
+ (C9 + C10x) cos x + (C11 + C12x) sin x.

3.32. y = C1 + C2x +
(
(C3 + C4x) cos x

√
2

2
+ (C5 + C6x) sin x

√
2

2

)
ex

√
2

2 +

+
(
(C7 + C8x) cos x

√
2

2
+ (C9 + C10x) sin x

√
2

2

)
e−x

√
2

2 .

3.33. y = ex + e−4x.

3.34. y = 2e
x
2 + 1.

3.35. y = cos 3x.

3.36. y = e−3x.
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3.37. y = e−x(2x + 1).

3.38. y = cos 3x
2

+ 2
3
sin 3x

2
.

3.39. y = ex − e−2x.

3.40. y = cos 2x
3

+ 3 sin 2x
3
.

3.41. y = 2ex + e−4x.

3.42. y = xe
x
2 .

3.43. y = ex.

3.44. y = e−2x(cos 3x− 2 sin 3x).

3.45. y = e5x − x.

3.46. y = ex + e−x.

3.47. y = xex − e−x.

4.1. y = −x + ex(C2 − x) + (1 + ex) ln (1 + ex) + C3.

4.2. y = (C1 + C2x)e−x + xe−x ln |x|.

4.3. y = C1 cos x + C2 sin x + cos x · ln
∣∣tg x

2

∣∣.
4.4. y = C1 cos 2x + C2 sin 2x + 1

4
cos 2x · ln | cos 2x| + x

2
sin 2x.

4.5. y =
(

x2 ln x
2

− 3x2

4
+ C1 + C2x

)
e−2x.

4.6. y = C1e
x + C2 − sin ex.

4.7. y =
(
C1 + C2x− 1

2
ln (1 + x2) + x arctg x

)
ex.

4.8. y = 1
x

+ C1e
x + C2e

−x + C3e
2x.

4.9. y = (C1 + C2x)ex + x3 + 6x2 + 18x + 24.

4.10. y = C1e
x + C2e

−x
2 + 2e−x.

4.11. y = (C1 cos 3x + C2 sin 3x)e−2x + 3
13

x + 1
169

.

4.12. y = (C1x + C2)e
3x + 1

9
x2 + 4

27
x + 8

81
.
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4.13. y = C1 + C2e
x − 1

2
x2 − x.

4.14. y = (C1 + C2x)e−x − 2.

4.15. y = C1 + C2x + C3e
−x + 1

2
x2.

4.16. y = ex(C1 cos x
√

3 + C2 sin x
√

3) + e3x
(

1
7
x + 10

49

)
.

4.17. y = C1e
−3x + C2e

−2x +
(

1
3
x− x2

2

)
e−2x.

4.18. y = C1 + C2e
−x

2 + x2 − 5x.

4.19. y = C1 cos x + C2 sin x + 2e−2x.

4.20. y = C1 + C2e
−3x −

(
1
2
x2 + 1

3
x
)
e−3x.

4.21. y =
(
C1 cos x

√
3

2
+ C2 sin x

√
3

2

)
e

x
2 +

(
x2

3
− x

3
+ 1

3

)
ex.

4.22. y = C1e
−x +

(
C2 cos x

√
3

2
+ C3 sin x

√
3

2

)
e

x
2 + x3 − 6.

4.23. y = C1 + C2x + C3 cos x + C1 sin x + x4

12
+ x3

6
− x2.

4.24. y = C1 + C2e
−x − cos 2x + 1

2
sin 2x.

4.25. y = C1e
3x + C2e

2x + 5
6
cos 3x− 1

6
sin 3x.

4.26. y = C1 cos x + C2 sin x− 1
3
sin 2x.

4.27. y = C1 cos 2x + C2 sin 2x + 1
4
x cos 2x.

4.28. y = C1 + C2e
x − 1

2
ex(sin x + cos x).

4.29. y = C1 + C2e
−2x + 1

5
ex(6 sin x− 2 cos x).

4.30. y = C1 sin x
√

2 + C2 cos x
√

2 + x cos x.

4.31. y = (C1x + C2)e
−x + x sin x.

4.32. y = C1 cos x + C2 sin x + x cos x.

4.33. y = C1 cos 3x + C2 sin 3x + (x− 1) cos 3x + 4 sin 3x.

4.34. y = C1 + C2e
−2x −

(
x
2

+ 9
5

)
sin x−

(
x + 33

5

)
cos x.
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4.35. y = (C1 cos x + C2 sin x)e−x − xe−x cos x.

4.36. y = C1e
x +

(
C2 cos

√
3

2
x + C3 sin

√
3

2
x
)

e−
x
2 + 1

2
(cos x− sin x).

4.37. y = C1 cos x + C2 sin x− 1
2
x cos x− e−x.

4.38. y = C1e
−2x + C2e

−3x + xe−2x + 1
2
e−x.

4.39. y = C1e
x + C2e

2x + 3
2
x + 9

4
+ 3

4
cos 2x− 1

4
sin 2x.

4.40. y = 1
2
(x− 1 + cos x

√
2).

4.41. y = ex − sin x.

4.42. y = e2x − ex(x2 + x− 1).

4.43. y = e2x(cos x− 2 sin x) + ex(x + 1)2.

4.44. y = 1
2
ex − 1

2
e−x + x2.
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