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Beeaenue

JlanHoe mocoOue ABIseTCs nepepadoTaHHBIM U JOMOJHEHHBIM BAPUAHTOM
paHee U3ITaHHON METOIMIKH, TI0O3TOMY sI TIO3BOJIAJI Ce€0O€ TTOBTOPUTH C
HEOOJTBIITUMHU U3MEHEHHUSIMH BCTYTUTENBHBIC CJI0BA W3 TIPEKHETO M3aHUS.
[Tocobwre He coBceM 0OBIYHO, TTIOATOMY 51 OCMEITIOCH MPEANOCATh (PopMaTbHOMY
W3JI0KECHHIO HE CTOJTh (hOPMATbHOE BBEJICHHUE, /1a IPOCTAT MEHSA 32 3TO WICHBI
MYJAPBIX METOANYECKUX KoMmuccHid. [Ipenmomaraemele “MeTonnueckne yKazaHus
MpeHA3HAYCHBI HE /TS BCEX CTyACHTOB. OHM HUKOMY HE TIOMOTYT HalncaTh
KOHTPOJIbHYIO PAabOTy WJTH BBITIOJIHATH TUITOBOM pacuéT, He OyAyT MOJIE3HBI TIPH
MOATOTOBKH K 9K3aMEHY. ITO MOCOOME HAMMCAHO AJIsl CTYJICHTOB BIIFOOJICHHBIX, a
TOYHEE BITIOOJIEHHBIX B MaTeMaTHKy. OHO TTOCBAIIEHO CTYJACHUCCKAM
onmumnrazaMm. M XoTs mogo0HbIe OMMMITHAABI TTPOBOATCS YKE OKOJIO TPUAIATH
JIET, COOTBETCTBYIOITHE 3aJAUHIUKHA MOYXHO TTEPECUNTATH 1O TAIBIIAM, B TO BpEMS
KaK KHUT, TIOCBSIIICHHBIM MITKOJIBHBIM OJTMMITHAJIAM, CYIIECTBYET OTPOMHOE
konudecTBO. M3BeCcTHO, uTO 3amauHuky JensaTcsa Ha ““CoOCTBEHHO 3aJaYHUKN U
“pemreOHuKH” ( K KOTOPBIM, B YaCTHOCTH OTHOCSTCS BCE METOMWYKH ). [laHHOE
nocodue oTHOCUTCS K “pemeOHrkam . [Ipoiiieaiinee TpUANATUIETHE CTYAEHYECKUX
OJTUMIIHA/T TIO3BOJIHIIO HAKOTTUTh OMPEICIEHHBIA ONBIT PEIICHUS OJTUMITAATHBIX
3amad. [losTomMy 1 BO3HHMKIIA MBICITE CHCTEMATHU3UPOBATH 3Ty HH(POPMAITHIO,
BBIJICITATH TUTIOBBIC preMbl. CHauaa 3Ta ues BhI3Bajia y aBTopa OypHBIH
nportecT. Benp onmuMnuaaHbIe 3a1a9M TEM W XOPOIITH, YTO OHW HECTAHJAAPTHHIE, U
WX PEIIeHUE — 3TO HE Mepedop TUMOBBIX IPUEMOB, a CO3/IaHUE YETO-TO HOBOTO,
CBOETO, M B 3TOM OJIMMITHATHBIE 33/1a9N CPOTHU UCKYCCTBY, a KaK MOYKHO
MOJXOIATH ¢ APKYJIEM U InHEeHKoH K “‘Manonne” Padasna?!

OpnHako 3aTeM aBTOP MEPEMEHMI CBOE€ MHEHHE. JIeHCTBUTEIBHO, JTH000H
JIOCTAaTOYHO OOJIBIITON MAaCCHB HECTAHAAPTHBIX 33729 MOXKHO
MPOKJIACCU(UITUPOBATD, BHIJICIMB B HEM TUITUYHBIC YepTHI. [lombITKa c/ienaTh 3TO
Y TIPEANPUHATA B JAHHBIX METOAMUCCKUX YKA3aHUAX.

ABTOpP OTHOCHTCS K OJIAMITHA/IAM ¢ HCKPCHHUM YBKEHUEM U JIFOOOBBIO U
MO3TOMY HH B KO Mepe HE CTPEMUTCSI CUCTEMATH3UPOBATh PEIICHUE
OJTMMITAATHBIX 32/1a49 U TEM CaMBIM, JIUIITUTh YUTATENS YOBOJIBCTBYS HAUTH CBOE
KPacWBOE PEIICHUE TPYTHOU 3aa4H.

K sTomy mocoOuio Hal0 OTHOCUTHCS, KakK K Ae0I0TaM B IIIaxmarax.
JlelficTBUTENBHO, pa3padOTKa TeOpUHU N€0I0TOB BOBCE HE yOUIa UCKYCCTBO
IAXMATHOM UTPbI, a MPOCTO MO3BOJIWIIA OBICTPO, ““HE N300peTas BEJIOCUIIEe,
MPOXOIATH HAYAIBHYIO CTaant0 mapTur. K 310 mocoOre — MOMbBITKA 3aJT0KHUTh
KaMEHb B OCHOBAHUE 3/1aHUS “T€OPUH AEOIOTOB B PEIICHUH OJUMITHAAHBIX 33134 .
[ToaToMy 1 pa3bueHHe 3aJaUHNKa HA PA3CITbl OCYIIECTBICHO HE TIO CTAHIaPTHBIM
MPOTrPAMMHBIM TEMaM, a TI0 UM B PEIICHUAN 3a/1a4.

ABTOp MPOCTO MOMBITAJICA MOHATH, KaK OH CaM HaXOJIUT PEIICHAE, U
oT0Opa3uTh 310 HA Oymare. Korma MareMaTuk CTaIKMBAETCS ¢ KAaKOW-TO 3aadei,
CKa)KeM, JIOKa3aTh HEPABEHCTBO, Y HETO cpa3y BO3HHUKAET MBICIH: “‘Hamo
MonpoOoBaTh TO-TO, BOH TO, U, TIOXKAIYH, e1e 3T0 . M TOIbKO €CJIu ATOT HAbop
NeOIOTHBIX UCH HE TOMOTAET, OH HAUMHAET U300pETaTh UTO-TO HOBOE. BOT 3TH-TO
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rpynmsl uaeH (T.€. 4TO Hal0 UCTIPOOOBATh B TIEPBYIO OUEPEIb) U IPUBEACHBI B
HauyaJbHBIX pazjenax 3aaauHnka. Ho, KOHEUHO ke, JaJeKO HE BO BCEX
MPUBE/ICHHBIX 33/1aUaxX 3TH UJEU CpadaThIBAIOT, KOO XOpoIlas OJIMMIUAIHAS
3a/1aua HE YKJIQIbIBACTCS B 3TU KAHOHBI, U B 3TOM-TO U COCTOUT €€ TpeiecTh. B
Hauajax pas/esioB MPUBEACHBI TAK)KE HEKOTOPHIE TEOPETUUECKUE CBEACHUA. DTO
COBCEM HE 003aTEIFHO CaMbI€ BAXXKHBIC TEOPEMBI WTH (hOPMYJIBI, a TIPOCTO TE,
KOTOPbIE Yallle BCErO BCTPEUAIOTCSA B OJMMIMAAHBIX 337a4ax.

Hctounuku npeanojaraeMbix 3a7a4 pa3anuHbl. [IpuBeeHbl TpaKTHUECKU
BCE 33/1a4M CTyAcHUYeckux onumnuan Jiennarpana 3a 1978-2008 r.r., psan 3agau
MesxxayHapoansix, Bcecoro3nbix 1 BeepocCuicKuX oIMMITHA, OJIAMITAA]
pasnuunbx By308 (JIMTMO, JITTU, JIDTH, JIT'Y, MI'Y), uacts 3ama4 B3sTa U3
TPYIHOAOCTYITHBIX 33TAYHUKOB, HEKOTOPHIE U3 MaTeMaTHIECKOTO (POJThKIIOpA,
HaKOHEII, €CTh 3aJIa4¥, MPUHAICIKAIINAE aBTOPY (TaKOE TOXKE WHOTAa ObIBACT).
BonbMHCTBO 3a/1a4 JAHO C PEIICHUSAMHU WK yKa3aHUAMU. OTCYTCTBUE PELICHUM
y psiaa 3a1au 00bACHAETCS HECKOJbKUMU NTpuuruHaMu. OCHOBHAs — 3TO
OTPaHUYEHHOCTh 00BbEMA pyKonucH. Bo3MOKHO, pellieHUE HE TPUBOIUTCS,
MOTOMY YTO 33/1a4a CJIMIITKOM MPOocTa (U OJTMMITHAIB, KOHEYHO), a BO3MOXHO,
Ha00OpOT, aBTOP HE CMOT MPUIYMATh IOCTATOYHO CUMIATUYHOTO PEUICHUA
3a7a4M, JOCTOMHOIO AEMOHCTPAIIMH B ““TIPHIMIHOM MaTEMaTHUECKOM OOIIECTBE
K KOTOPOMY, HECOMHEHHO, TPUHAJIEKAT YMTaTeNIk 3TOro nocodud. [lostomy
aBTOpP OyJET MPU3HATENIECH YUTATENSAM, KOTOPBIC MPEJIOKAT CBOU PEIICHUS.

3a NOMOIIlb B CO3JaHUU 3TOTO MOCOOUS aBTOP OJIaroJapeH COTpyAHUKAM

kacdenpsl Beicirei matematuku JIMTMO — CII6I'Y UTMO, nipeacenatensaM >KiopH
ropoackux cryaeHueckux onumnuan Harancony I'.U. u [llupokosy H.A.,
cTyneHTam (OOJBIIMHCTBO W3 KOTOPHIX YKE TIEPEILIO B KATETOPHIO YUCHBIX):
A Kucenesy, B.bapen6aymy, JI.IlIknosckomy, KO .I'yremo, B.MbI3HUKOBY,
A.Conynuny, C.Yctunony, C.Ilepkosckoii, A.Mapuunkosckomy, WU.11eB3Hepy,
A ITonosy, C.Ilonoy, A . Kynasuky (Ilomema), M. Togoposy (bonrapus),
K.IIntocauny, M. Jlyounosckomy, A.CtankeBuuy, A KypacoBy, E. TecoBckoi,
JL.T'optunckoii, P.CattokoBy, /[.I1aBioBy 1 MHOTUM APYTUM, NPEASIOAKUBITAM
ABTOPY MHTEPECHBIC 3aJ]a4M WIN KpacuBbie peieHus. CaeayeT Takke OTMETUTD
BEJIMKOJIEITHBIN Y YPE3BBIYANHO MOJIE3HBIM €KETOAHBIN CEMUHAP IO MTOATOTOBKE K
CTYACHUYECKUM OoJinMIraaam, opranuzoBandsii B BUTY B./[.JIykpsHOBBIM.
HuTepecHbie nen 1Mo UCTOb30BaHAI0 (DYHKIIMOHATBHBIX U TEOMETPHICCKUX
METOJIOB IIPH pellicHUM ypaBHeHuH pa3suBaeT .M. UyuaeB B CapaHcke
(HEKOTOPBIC U3 HUX OTPAKEHHI B TIOCIIEAHEM TTaparpade TaHnHoro mocooust).
OrpoMHyt0 NOMOIIlb B TOATOTOBKE MOC/eAHETO n3Aanusa oka3an A.b.IlnaueHos.
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§ 1. IIpenennl.
Ilepeuucnum oCcHOBHbIE NPUEMBL, UCNONBIYEMbIE NPU BLIYUCTEHUU NPEOEIOE.

0 00
Ecnu umeemces neonpedeiennocms mund 5w — (HeonpedeneHHoCme Qe
o0

: 1 1.
CE00UMCSL K NePEHUCTEHHBIM. 0s00 = Qs— = c0s— ).

a) evinecmu 6 yuciumere u 3HameHamene MHONICUMeNU, Nopoxcoaiouue
HeonpeoeseHHOCHb, U COKPAMUMb UX;

0) npumenums npasuio Jlonumans (603MOHCHO, HECKOIBLKO paA3):

it SO . Sx)
M Mg

NPOU3EOOHBIX Clledyem CYyuecmeosanue npeoeia OmHouLeHus: (PyHKyut, Ho He

Haobopom;

8) ucnonvzoeamse gopmyny Teiiopa 00 nepeoco HeCoOKpauaionecocs Clazaemozo:

N (n)
f@ =3 oy,
_ f(NH)(xo +0(x - Xo )

, Npu 5mMomM U3 CYyuecmeosdHusl npeaeﬂa OMHOULEHUA

r x—x) " =o((x-—x)"),0<0<1.
v (V1) (x—x,) ((x—x,)")
N n
s _NX
e _;n!—i_r]\”
N 2n+l

N n
(14 x)° = Z a(a—1)(a—-2)..(a—n+1)x
re n!
2) UCNONB308AMb 3AMEHY OECKOHEYHO MANbIX (U OeCKOHEYHO OONbULUX) HA
SKBUBANCHMHbIE:

"y,

a~y, B~ hmﬂ—hmg

X—>X, X—>X,

a~pf<shna=Ing+o(l), a=p+o(f),



: : 1
a ~sina ~ tga ~ arctga ~ arcsina ~ e” —1~In(l1+a) ~ —((1+ a)” —1).
7

2
1—cosa~%, log,(1+a)~alog, e, b* -1~ alnb.

Jlna nenpepwisnoini pynxyuu: f(x+o0(1)) = f(x)+o(l), oonaro, ecnu umeemes
NOCTIe008AMENLHOCD X, , U HEM PASHOMEPHOI HENPEPLIBHOCMU QYHKYUU HA

MHOJICECMBE, 20€ NPUHUMAECH 3HAYEHUS NOCIe008AMeNbHOCHb, NOOOOHOE
pasercmeo 015 cex moyex nanucame neawssi: f(x, +o(1)) = f(x, )+ o(1).

Hnozoa npowe naiimu ne limx,, a lim f(x, ) ons nexomopoii nenpepwisnoii f .
st neonpeoenennocmu muna 1° - 1im _f(x)* = "m0,

Jlisi neonpedenennocmu muna 17,0 wm 00°: lim f(x)* = g"me/00),

3aoaua o npedene pexyppenmuo 3a0anHoii nocieoosamenvriocmu (a, ., = f(a,))

00BLIYHO CBOOUMCSL K OOKA3AMEILCMB) CYULeCMBO8ANHUS Npedeid U €20
giyuCIeHuio. /s nepeoeo smana daue 8ce2o UCNOAb3yI0m 06e meopemvl.

a) eciu nocued08amelbHOCMs MOHOMOHHO YObledem (803pacmaem) u 02paHudenda
CHU3Y (c8epxy), mo oHa umeem npeoei, 02PaAHUYEHHbIH MOl Jce KOHCIMAHMOT,

6) eciu umeromcest 0se nocneoosamenviocmu b, | ¢, . cxooswuecs Kk 00HOMY
npeoeny a, makue, ymo b <a <c  mo a, —>a.

Jlna evivucnenus npedena a =lima, mooxcno nepeiimu k npeoeny 8 pexkyppeHmHom
COOmMHOUleHUY U Hatimu a u3 ypasHenus a = f(a).

B pekyppenmuoi nociedosamensnocmu Oviaem noiesna samena 3 =a, —a,

eoe @ - npeonoazaemviti npeoest (4mobsl NOMOM OOKAZbIBAMb CHIPEMIIEHUE K
HYIO (4o mexHuyecku npouge).

Ecnu npeoen cooepacum Oonvutue cymmul wil NPOU3EEOCHUS, MO MOJICHO
pacnucams u nonpobo8aMv COKPAUAmMs (HAcmo noMo2aem pasiodceHue
payuonansHoti Opoou na npocmetiuiue). Ce53b CyMMbL U NPOU3EEOCHUSL:

lnl Iyn :Zlnyn.
n n
Ananoe npasuna Jlonumans o5 nocieoosamenviocmeii — meopemda

& yn+1 B y

= lim L npudem us
X X 1 xn

n n

LImonvya: nycms X, —> 0, X, ., > X . moeoa lim

CYWeCcmeosanisi BMopo2o npeoesia ciedyem Cyuecmeosanue nepeoco, Ho He
Haobopom.

Ecnu npeoen cooepacum napamemp, mo HA0o GblACHUMb, NPU KAKUX €20
SHAYEeHUsIX Hem HeOnpeoesleHHOCU (U Halimu npeoe), Npu KaKux 3HA4eHUsIX
KAaKOU Mun HeonpeoelieHHoCmU (1 Haumu CoOmeemcmeayouue npeoeJivi).

Buecmo moeo, umobwl uckame npeoei, uHo2oa jecye 00Ka3ams, 4mo oH paceH
yemy-mo (eciu yoaemcs 002a0amuvCs, Yemy, Haubosuee yacmo eCmpedaemcs



omeem 0 ). Umobwi ooxazame, umo lima, =0, mooxcno paccmompems pﬂOZa

n—w
n=1

U QOKA3aMb, YMO OH CXOOUMCS, YMO NPUBOOUM K MpedyemMomy YmMEepICOeHUIO.
Mooicno nonpobosame nepetimu om nocie0o8amenbHocmu d, K

nociedosamenviocmu b, =a, —a, , (ww b, = f(a,)— f(a, ))

> b, =lima, (limf(a,)).
=1 n—>®© n—>®0

1.1. Iim

2’1 3-1 n-1
3

n—>o 23+1 341 w341

1.3.

1.4.

1.5.

1.6.

1.7.

1.8.

1.9.

1.10.

n—)OO = On +7

lim — Z\/n —r?

n—)OOn p
—n/H(n+p) llmyn =7
1-3- 5 (2n )
= =9
4= A 6. - ama, =
n C¢JIUHHUI
—N—
o1+ 11+ 111+ +111..1
lim =9
n—>w 10"
lim S

n—0 «/n +1 «/n +2 \/n2+n

K nyre okpy>XHOCTH MPOBEJEHbBI KacaTeIbHbIE B €€ KOHILIAX U B CEPEAUHE.
ITycte A - mjomazns TpeyroibHUKa, 00Pa3OBAaHHOTO XOPHON IYrH U JBYMs
KacaTeJlbHBIMH K €€ KOHIaMm, a A’ - [UIomaas TPEeyroJibHHKa,

00pa30BaHHOTO TpeMs KacaresbHbIMU. K ueMy ctpemutcsa apodb ——, Koraa

A’
JUTMHA OyTy cTpeMutcs K 0 ?

[Tycte S - mronans obmactu [ = {(x;y) X7 + y2 < Rz;xy < 1} Haiitu
S(R)

lim ——

R—>w R

O6si3ama 71 CXOOUTHCA ~ HEOTPWIATENIbHAS  MOCAEAOBATEIEHOCTS,
X + Xk-1 9

HOAYMHEHHAS YCIOBHMIO: IS JIIOOOr0 HATYypambHOro K: X, < ———=—— 1

2
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L.11. Tyere  po(X)=x, pr(x)= ps_y (x(l — x)), (k=12,...). Tlokasars,

X
YTO IIPH ITOJOKHUTCIBHBIX X IIOCIICOOBATCIBHOCTDH kpk (zj CXOOUTCA H

HAWTH €€ TIPEAET.
1.12.Jlanbl  mBE TOCHMENOBATENBHOCTH V., X,. X,.1 = axX, +bY,, Y, =CV,,
n=0,1,.. . Tpu kakux a, b, ¢ mna MobHIX X,, V. limx, = 0; lim y, = 0.
n—>0 n—>0

1.13. Haiitu npeaen MOCJIEA0BATEIBHOCTH
nz
a, = 2 2 2 2 2 2"
W+ 1) +20). ()
1.14. Haiitu npeaen MOCJIEA0BATEIBHOCTH
=1 =2 -Lu=R 3-vV2)A3-DR2 -1 u, = [ [m-Vk).
m>k
m.k=1

1.15. BepHo y, uto f(x) :)OOO = f'(x)> 0 ?

X—>0
n-1
: n—k kr
1.16. lim 5—COS——.
n—>0 =0 n n

1.17. Iyers B(x) = a,, +a,,x+..+a,,x" mocnenoBarelbHOCTs MHOTOUICHOB,
CTENEHb KOTOPHIX HE MPEBOCXOMUT (DMKCHPOBAHHOTO umcnia #1. JloKas3ar,

1
uTOo ecnu lim J.(Pn (x))2 dx =0, TO s OBOTO
n—>o

k,OSkSmlillgan,k:O.

1.18. Haiiti Bce TPOMKM MOJNOKUTENLHBIX uucen d,b,C Takue, 4TO CYIIECTBYET

n
. . [ Ya+b
KOHEUHBIN npeaen lim | ————
n—>o0 c

W HAUTH 3TOT MPEEII.

n+p
1.19. Ilyets a,, = (1 + j , Tae p - ¢ukcupoBaHHOe uucio. JlokazaTh, 4TO
n

MOCJIEA0BATENbHOCTh {a }, MOHOTOHHO YOBbIBas, CTPEMHUTCS K UHUCIY €

TOrJIa U TOJIBKO TOTJa, KOraa p = .

2

V4 2
. cos“ (x)dx
1.20. Iim (x)

n—o 41+ cos? (nx)



1.21.

1.22.

1.23.

1.24.

1.25.

1.26.

1.27.

1.28.

1.29.

1.30.

1.31.

1.32.

1.33.

1.34.

11

1

—=1 npu
y
N —> 0,
[pu KaKHX x €[0; 1] MOCJIEIOBATENBHOCTD KOMITO3U I
sinx, cos(sinx), sin(Ccos(Sinx)),... cXoauTes.
ITokazars, qTOo Pa3HOCTh MOCJICAOBATEIILHOCTECH

n cos(sinn)
=2y p = 1. y
an — — , U, = ncos ESIHI’Z CXOOUTCA U HAUTH €C ITPCACIL.

Hccnmemosath Ha CXOAMMOCTh mocnenoBatensHocts d, = 0; a; =1;... ecim
=
npu k > 1 ee uieHBI CBA3AHBI 3aBUCUMOCTBIO (), = %Zai.

2 n
: X
[Moctpouts rpaduk Gpyakmuu Y = lim »|1+ x" + (7j npu x > 0.

n—>w0

1

1 f
lim| [(bx+a(1-x)Ydx |, ecruO<a<b.
0

1/2

Haiitu npenen lim Z 1+

n—>x0

32 1

CYH_[GCTByeT JJM TaKad OrpaHuucHHaA IMOCJIICAOBATCIbHOCTh {xn }, qTo

.1
x.—X,—0, 80 ll_I)nE(xl-l—...—l-xn) HE CyIIEeCcTBYeT?
H—>0

o 2
nlE)noolgl(l " (k + 1)(k + 2))

hmtz k2 —

[—>w®

lim. ¢ ZZH]
27 nm

: T
limz/cos coS ...C0OS=———: neN.
H—>o0 2n+1 2n+1 2n+1°

2n X
lim n3 J. dax |.
n—>o 7 1+ x°

[Tycts {an }n cN - OrPaHHYEHHAs TIOCNENOBATEIBHOCTE HATYPATBHEIX

a +ar+.. +a,
qHCel, llmw/al — 1. Haiiru lim 4™ %

n—>0 n
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i n”
1.35. hm@.
n—w (")

1 36, Haiten lim tgltg2 +tg2tg3+...+ tg(n—l)tgn‘
n—>e0 tgn—ntgl

1.37. B paBHOCTOPOHHUI TPEYTOJbHUK BIUCAHBI OKPYXKHOCTHU TaK,

~r L] S
KakK MoKa3aHo Ha pucyHke. Halitu hmgn ,Tae S - mnomanb
n—>0

TPEYTOibHUKA, a S, - CyMMa IJIOIAAEH BCEX /1 KPYTOB.

X : .
1.38. x,>0, x ,, = T: ;xz . Jloka3aTh, 4TO CylIeCTBYET npeaen lim x, ¥ HalTH ero.
n

1.39. Haiitn lim%Z[kx]. 3nech [o] - 1enas yacTh uncna o .

1—>00 n =1

. 2
Ue’zdt]
1.40. Haiitu limox— i

e J‘eth
0
1.41.B mocienoBaTeabHOCTH {an} a,=3,a =da —— n=23.
Haiitu lima, .
n—>0

1.42. Haitrut lim -4/(n+ D(n + 2).. 2 .
n—>0 n

1.43. BeranciauTh lim( ! + 2 + +L]
o n>o\ Jpt 41 Jnt 42 Jnt+n )

1.44 Ilycte  ¢yakmua  f(x)  ompedeleHa ®W  ABAXKABI  HEMPEPHIBHO
mupdepennmpyema Ha R, mpmuem mua BceX X €R - BBITIONHICTCS

HepaBeHCTBO |/ "(x) + 2xf'(x) + (x> +1) f (x)’ <1. Haiitn lim f'(x).

n

1.45. Beruncymure lim Zk k!
n—0 (n + 1)' =1

X 2
— G =4 +2al.,j.

1.46. Ilycrs x - BemectsenHoe uucno. Ilyers @, =——, a;

Haiitu lima, .

n—>0

1 xdx "
1.47. Haiitn lim I .
ool 3 7\ arctg(nx)

§ 2. Kopuu
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IIpusedem Hexomopwle ceedeHus, NOJe3Hvie NpU peuleHuu 3a0a4 0 KOPHSIX
GyHKYUI Wi YypasHeHul.

Onpeodenenue. Xx, - Kopeuwv kpamuocmu n  Qyukyuu  f(x), ecu
S =) == [ (x) =0, a [ (x) # 0.
Ilpumeuanue. V. nomunoma P(X) x, - kopene kpammocmu n, eciu

Px)=(x—x,)"Q(x), O(x,)#0.

IIpocmoin kopenw: f(x) =0, f'(x,) #0.

Ecnu X, - kopenv kpamuocmu 1 0ast f(x), mo X, - kopenv kpamuocmu (n—1)
o f(x).

Becbma nonesner cnedylouue meopembl.

Teopema Ponna. Eciu f nenpepwvisna na [a,b] u ougpgpepenyupyema na (a,b) u
f(a)= f(b), mo cywecmsyem c € (a,b) maxas, umo f'(c)=0.

Teopema Jlacpansca. Lcnu [ nenpepwvisna na |a,b] u ougpghepenyupyema na
(a,b), mo cywecmsyem c € (a;b) maxas, umo f(b)— f(a)= f'(c)(b—a).
3ameuanue. Eciu 6 3a0aue ucciedyemcsi ¢ nomowwio meopem Pomns wnu

Jlacpansca onpedenumens ¢ napamempom, mo 00bIYHO HAOO PACCMAMPUBAMb KAK
GyHKYUIO 6ech onpedenumens.

Ecnu 6 3a0aue mpebyemcs doxazame cywecmeosanue xopus f(x) na (a,b), mo
MOJICHO UOMU CTLeOYVIOUUMU NYMAMU.
1) Joxasame, umo f(X) nenpepwisna u na konyax ompeska umeem pasHoie
sHaxu (monomonnocme  f(X) eneuem eOuHcmeenHHOCMb KOPHSL);
2) Haivmu nepsooGpasiyto F (F'= f) u ooxasame, umo F(a) = F(b);
3) I'paguuecku (moxcem nomous nogedenue f(X) eomusu
acumMnmom,).
Ecnu mpebyemcsi 0okazame, 4mo KOpeHs YOOGIeMEOpsie HeKOMOopoMy YCIo8uUio,
mo 00blYHO YO0oOHee 8cec0 NpeonoioNCUmMb, YMoO YCl08Ue HE GbiNOJHEHO
(8LINONIHENO NPOMUBONOLONCHOE) U NOTYYUMb NPOMUBOPEYLE.
B 3a0auax o kopHsix NOIUHOMOG NONIE3HA

. . n n—1 _
Teopema Buema: Kopnu x,,x,,....x, . x +ax" +..+a, =0.
X1 +x2++xn = _al;

x1x2 + x1x3 +.. .+xn_1xn — az;

X %..x, = (=1)"a,.
Ilonpobosame ucnonv3oeames cgedeHus U3 meopuu QYHKYuli  KOMNJIEKCHOT
nepemenHoll  (Hanpumep, Gviemvl uau meopemy Jluyeuuns o mom, yYmo
AHATUMUYECKAs U 02PAHUYEHHAS HA 6Cell KOMNIEKCHOU NIOCKOCMU (OYHKYUS eCb
NOCMOSAHHAS,).
B 3a0auax o KOpHsX peutenuti TuHeiHbIX OuppepenyuaivHvlX YpagHeHuil nojiesHa
meopema LLImypma u ee cieocmaus.
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Teopema HImypma. Eciu X,, X, —06a NOCICO06AMENbHbIX KOPHS HEKOMOPO2O

pewenus Y(x) ypasnenus y"+ p(x)y'+q(x)y =0, p(x), g(x)—nenpepvisnwvie
pynryuu, mo 8csixoe Opyeoe auHelno Heszasucumoe ¢ Y(X) peutenue moeo gice
ypasHeHus umeem 6 MOYHOCMU OOUH KOPeHb MexcOy X, U X, (3aMemum, 4mo

COBNAOAM b KOPHU JIUHEHHO HE3ABUCUMbBIX PEULeHUTI He MO2YI).
Teopema. Eciu q(x)— HenpepvisHas GyHKyus HA KOHEYHOM 3AMKHYIMOM

npomexcymre [a,b] u q(x) <0 na [a,b], mo ece pewenus ypasnerius
v"+q(x)y =0 umerom ne 60nee oonoco kopus na a,bl.
ITycme umeemcst 06a ypagnenust
V'+q(x)y=0,z"+q,(x)z=0, q, # q,.
Tocoa cnpaseonusa
Teopema. Lcnu q,(x)<q,(x) na [a,b], mo mexncoy xaxcovimu 08yms KOpHAMU
706020 peutenusi V(X) nepeoco ypasHeHusi HAXOOUMCS NO KpAiiHei mepe 00un
Kopeib 1106020 pewenusi z(X) 8MOpPoco ypasHeHus.

2.1. Oyuxwan u, v € C.u'v—uv' # 0. Jlokasats, 4T0 TOrAA MEXKLY JOOBIMHE

IBYMs KOpHAMY ypasHeHus v = 0 nexur kopens ypasaenus # = 0 u Ha060pOT.

% A4y 4
n+l n 2

apx" + alxn_l—i-...—i-an_lx +a, = 0 umeer, no KpaiiHel Mepe, ONUH KOPEHb MEXKIY

Oml.

2.3. Ecnm f(x), (x), ¢(x) nenpepoisus B [a;b] v nuddeperumpyemsr B (a;b),

TO cyniecTByeT Touka & € (a;b) Takas, uto

fa) ola) ¢a)
FB) o) o) =0.
/') 9'(C) 9'(C)
2.4 . Ecnm @(x)+@'(x) —> a mpu x = 0, 10 ¢(X) > a u ¢'(x) —> 0. Jlokasars.

25 f(x)=
(=L1).

2.6. Jloka3aTk: eciu ’an‘ <1 ana mo6oro 7, To ypashenue 1 +a;z +ayz°+...= 0

2.2. JlokazaTtb, 4TO €CIIH +a,=0, TO ypaBHEeHHE

n

- (x> —1)". Jlokasatb, uto Bce kopHH f(X) pacmonoeHsl Ha

d
d.

X

HE MOKET UMETh KOPHS, MOJTyIb KOTOPOro ObuT 661 MeHbIe 1/2.
2.7. Jlokasatek, uto ecnu p(X) - MOJMHOM CTENEHW #, HE MMEIOIIMH KPATHBIX
KOpHeH, ¢(X) - monmuHOM cTeneHn [ He paBHBIM TOXKAECTBEHHO HYJO, TO

2n
TIOJIMHOM Z( p(x)q(x))(k) He nenutes Ha p(X).

=0
2.8. p(X) - mONMHOM C BEIECTBEHHBIMH KOY(D(PUIMEHTAMH CTENEHH A, UMEIOLIUH
M BEIIECTBEHHBIX KOpHEH (¢ yuerom KkpatHoctH). Jlokasarb, uTOo id



15

Vo € R\ {0} nonurom p'(x)+ ap(X) Takke uMeeT 1 BEMIECTBEHHBIX KOPHEH (C
yUETOM KPaTHOCTH).

2.9. UssectHo, uto f(—x)= f°(x) (f - Bemecrsennas (yHuxums). JlokasaTs,
4TO Cpemy KOpHeH ypaBHeHus f(X) = SINX He Gosee OMHOTO PAlMOHATBLHOTO.

a a a
2.10. TIlokasath, uTO ypaBHCHHE L+ 22 4+ +— =pn, rme
at+x a,+x a, +x
a,, ., ...,d, - Pa3INYHbIC BEMIECTBEHHBIC YUC/IA, OTJMYHBIE OT 0, IMEET POBHO 1

Pa3JIMUHBIX BEIIECTBECHHBIX KOPHEH.
2.11. Ilpm kakux OrpaHMYeHUsAX Ha KO3 UUMEHTHI p U ¢ YypaBHEHHE

2n+1
x4 px+q=0 ( n - HaTypalbHOE YKMCIIO) MMEET POBHO TPU PA3IMUHBIX

BCIICCTBCHHBIX KOPHA.

2.12. Myers P(x)=ax" +bx"" +cx"?+... mnommmom crememn n>0 ¢
BCIECTBEHHBIMU Kod(hpummentamu; a otrmmuHo ot 0. Jlokazarh, uTo ecnm
B 2nac

n—1

KOPHEH.

<0, To P(x) umeer He Gonee (1 —2) PasIMYHBIX BEIIECTBEHHBIX

. 2 k

2.13. Ckonbko KOpHEH NOMMHOMA d,+ &)X + A, X +..4+aQ, X" HAXOOuTCA B
: 27, 2 2

OTKPBHITOM npoMexyTke (—dy.a,) (a, > 0), ecma ay + a; +..4+a; <1?

2_ :
2.14. Jlokasars, uto ypaBHeHue 2° = 3SIN X uMeeT XOTA Obl OMH KOPEHb.

2.15. Tlomuuom X" — kx — 1 umeer crenens 1 > 2. Jloka3ats, 4TO CyMMa /1 -bIX
CTEIICHEN BCEX €TO KOPHEW paBHA 1.

3 :
2.16. Ilycts nomuuom X —ax+b (a > 0; b > () umeer TONBKO BEIECTBEHHBIE
kopHH. [10Ka3aTh, 4TO HAMMEHBIIMH TIOJTOKUTENBHBIH KOPEHD JEXKUT MexIy b/d n

3b/2a.

2.17. Tlycte ¢ynkimst f 3amaHa Ha BCeil 4YMCIOBOM OCH, HE PaBHA HYJIIO
TOKJIECTBEHHO " ABIIACTCSA pETICHUEM JUHEHHOTO ypaBHEHUS
" = (x’+ Dx)y (D - uncno). Jlokasats 4to:

a) Hynu Gpynkuuu  f orpaHadeHsl CBEPXY:;

6) Hynu dyukimu f He OrpaHHYeHbl CHH3Y .

2
X

2.18. Haiitu Bce BEIECTBEHHBIC KOPHH ypaBHeHus Xe  +e  + ——1=0.

2

2.19. Jlokasats, uro mis jiroboro nommaoMa P(X) crenenu n > 1 umeromero #

Pa3IAYHBIX BEIIECTBCHHBIX KOpHEH Xy X5pees X

1 1 1 )
Px)  Plx) " P(x)

CITPaBEIJTUBO

0.
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2.20. OysKIUA f 3amana W jguddepeHnmpyemMa  Ha  OTPE3Ke
|a; b]. f (a) = f (b) = (. Jlokasats, 4To CymecTByeT TouKa C € (a;b) raxas,

aro f'(¢) = f(c).

2.21. Jlokaszats, uto Muorounensl (z+1)*" +1 u z* =2002-z'" — 2003 ne umetor
OOITUX KOMITTEKCHBIX KOPHEH.

J'(x) ")

2.22. Ilyctp  f(x)- mHOTOUNEH crenenn n U O(x)= f (x)+T+...+2—n.

Jlokazartp, 4T0, ecnu Bce KopHU D(X) BEIIECTBEHHBIC, TO BCE KOPHU f(X) TOXKe
BEIIIECTBEHHBIE.

2.23. Tlycth x,,...X; - KOpHU ypaBHeHus x° —x —1=0. Haiitu x’ +xJ +...+x?.
2.24. Pemmre ypasnenue: (X2 +[x]+1)* +[x* +[x]+1]=x-1. 3mecs [x]— wuenas
4acTh YUCIIA, TO €CTh HAaUOOJIbIIIEE LIENI0€, HE MMPEBOCXOASIIEE X .

2.25. IlycTe KOMIUJIEKCHBIE YHMCNA ¢, b, ¢ Takue, YTO BCE KOPHM ypPaBHEHUSA

Z+az’ +bz+c=0 nexar Ha OKDPYKHOCTH ’Z‘ =1. Uro MOXHO cKa3aTh O

PACIIOJIOKEHUH Ha KOMILUIEKCHOH IUIOCKOCTH KOpHEH YPaBHEHUA

0+ ’a’zz + ‘b‘z + ‘c‘ =07?
2.26. JokasaTh, 4TO MHOTOWIEH X " (xs + 1) + x' (xz + 1) + x°*2 (xz + 1) ,

neN nenurcs na muorownen X +x" +x° +x° +x+1.

2.27. JlaHbl 71 KOMIUIEKCHBIX YHCEIN C;,C,,...,C, TAKUX, YTO H300paKaroIIUe NX
TOUYKH IINIOCKOCTH ABJIAIOTCA BCPLIIMHAMM BBIITYKJIOI'O 77 -YT'OJIbHHUKA. I[OKa?)aTb, yTo
eciu (Z - )_1 + (Z —-c, )_1 +...+ (Z —-c, )_1 =0, To oTBEUAKOIasA Z TOYKA
TJIOCKOCTH JIEYKUT BHYTPH 3TOTO 71 -yTOJIbHUKA.

2.28. IlycTh A — HEMYCTOE 3aMKHYTOE OIPAHUYEHHOE MOJIMHOKECTBO
BEIIECTBEHHON OCU U [ : A — A - HEyObIBaKoIasi HENMpPEPbIBHAS

(¢yHKuus. JlokazaTe, 4TO CYLIECTBYET TOUKA p € ATakas, uto f(p)=p.

(MHO0K€eCTBO 3aMKHYTO, €CJIM €0 JOMOJHEHUE €CTh O0BEAMHEHHE
OTKPBITBIX UHTEPBATIOB, (PYHKIMA g HeyObIBatomast, eciu g(x) < g(y)

IUIsL BCEX X < y).
2.29. Ilyctb n,k € N u nonuHoM f(x) =x*" +x" +1 nenurcs Ha
g(x)=x> —x" +1. Jloxazare, uto f(x) nenurcs Ha A(x) = x> +x" +1.

§ 3. UcciaenoBanme pyHKIUIA.



17

s moeo, umobvr oughgpepenyupyemas na (a,b) pyuxyus f(x) ne yovieana
(6o3pacmana) Ha smom unmepsaie HeobXo0UMo u 00Cmamouno, ymobor [ '(x)
Oviia  HeompuyamenvHa (nonosxcumenvna) eciooy na (a,b). Ananoeuunoe

CBOTUCMBO (C UBMEHEHUEM 3HAKA NPOUZEOOHOT) eCb OJist YObIBAHUS.

Ecmu ¢ynxyusa f(x) ouppgpepenyupyema 6 mouxe ¢ u umeem 8 3moti mouxe
Jokanvhwulil sxcmpemym, mo f'(c)=0,

Ecmu  gynkyua  f(x) umeem na unmepsane (a,b) roweunyio smopyio
NPOU3BOOHYIO U 2Md NPOU3BOOHAS] HENOLONCUMENbHASL  (HeOMPUYAmenbHdst)
eciooy na (a,b), mo epagux ¢pynxyuu y = f(x) umeem na (a,b) svinyxiocme,
HANPasienHylo GHu3 (86epx), mo ecmo epagpux ynxkyuu v = f(x) nexcum me

HUdice (He gviuie) 110001l c80ell KacameibHO.

Ilycme  pynxyus  f(X) umeem 6 HEKOMOPOU OKPeCMHOCMU MOYKU C
npouzsoonyio  (n+1)—co  nopsoka u  GLINOIHEHBI  COOMHOULCHUS:
f'e)=f"()=..= f(c)=0, f"V(c)#0. Tocoa, ecru (n+1)—
Hewemnoe yucio, mo epagux @gyukyuu y = f(x) umeem nepecub 8 moukxe
M(c, f(c)). Ecnu oce (n+1)— uemnoe uucno u, kpome moeo, f'(c)=0, mo
pyuryus Yy = f(X) umeem JOKAIbHBIN 2KCMpPeMyM 6 MOuKe X =C, mounee,
marcumym, eciu fU0(e) <0, umunumym, ecnu fP(c) > 0.
Baoicrnoti xapaxmepucmuxoi epaguxa Qynkyuu seusiomcs €20 dCUMnmomeoi.

Ipsivas X = asensiemcs 6epmuKaivHOl AcCUMNMomoti epagura, eciu xoms Ovl

ooun uz oonocmoponnux npeoenog lim f(x) wiu lim f(x) 6eckoneuen.
X—>+0 X—>—0

IIpsmyio y = kx + b naswisaiom HaxioHnot npasocmoponneti (1e60CmopoHieii)
acumnmomoti, eciu gyuxkyuio Yy = f(x) npu X —+0 (X —>—00) MO*CHO
npeocmagums 6 uoe f(x)=kx+b+a(x), 20e a(x)— becxoneuno manas

Gyuryus. Jna  cywecmeosanus npagoCmopoHHel  acUMNmMomvl  HEe0OX00UMO

CYUecmeoBane 08yx KOHeuHvIX npedeios: lim ACY =k u lim(f(x)—kx)=>b

X—>+0 x

, U 00CMAMO4YHO CYyuecmeosdrnlusl 6mopoco U3 HUX. Yacmuuim arydaem

HAKJIOHHOU ACUMNMOMbL A6JI5emCsl COPUSOHMAIbHAA YV = b.
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Hnoeoa 6 3a0auax nonesna unghopmayust 0 ces3u dCUMnIMom npsiMo u 06pamHoii
. -1

Gyuxyuii. Ecnu pynxkyus [ umeem oopamuyio [, mo ux epaghuxu, a suavum, u

UX ACUMPMOMbL, CUMMEMPUYHbL OMHOCUMETbHO NpsSMoti vy = X. Eciu y =kx+b

- HaknoHHas acumnmoma epagurxa y = f(x), mo y=(x—>b)/k - naxnonnas

-1 .
acumnmoma epaguka y= f (x). [opuzonmanenon acumnmome y==>b

epaguka vy = f(x) coomseemcmgyem GepmukaivHas dacumnmoma X =b

epaghura obpamnoii pynkyuu y = f(x).
Ecnu y = kx+ b - acuvnmoma u cywgecmeyem lim f'(x), mo lim f'(x) =k,
X—>0 X—>0

ecnu Jice npeoesi NPoU3BOOHOI He cyujecmsayem, Ho pyHkyus ouggepenyupyema,
Mo NPOU3EOOHASE OCYUIIUPYEM (MeHSIem 3HAK).

Hnoeoa oxazvieaemcst yoobHee He uccnedo8ams si8Hoe gvipadicenue OJist PyHKyuu,
a Haiimu ypasHeHue (aneebpaudecxoe, ouggepenyuanvroe uiu GyHKYuOHanIbHoE),
KOMOPOMY (DyHKYUsL YOO8IemEopsiem, 1 uCCie0o8ams peuteHue
COOMBEMCMBYIOULE20 YPABHEHUS, UCNOIL3YS OJIsl SMO20 cneyupuyeckue npuemvl
(cm. coomeemcmayioujue pazoervi).

£(0) moorcHo uckamew uepes pasnoxcenue pyuxyuu f 8 pao

(n)
0,
n

Makxknopena (koagpgpuyuenm nepeo x" ->mo

3.1. f(x) maddepenumpyema na orpeske [0;1], mpuuem BBIMOMHEHDI

yenoeusa f(0)=0, |f '(x)’ <k ‘ f (x)‘ Jlokazate, uto f(x)=0.

3.2. Ecnu kpuBas y = f(X) mepecexaeT HEKOTOPYIO MPAMYIO B TPEX Pa3IMUHBIX

TOYKAX, TO MCIKIAY KpaﬁHHMH TOUKaMH ICPCCCUCHUA HAXOOUTCA XOTA OBI OJdHa

TOYKA Meperunda KpUuBoi.

3.3. ®yukmms f(x) npencrasnena B Bume f(x)=g(p(x)), tne p(x) -
KBa#paTHeI TpexwieH, g(X) - msaxasl muddepennmpyema. JokazaTh, 4TO
BTOpas npoumssBonnas f(X) obmamaer Tem ke ceoiictBom, T.e. f ' (X) = h(P(x))
IS HEKOTOPOM (DYHKIIMU A1.

34. B KaKou TOYKE TJTOCKOCTH dhyHKIIHAS

(I)(x;y)=\/x2+y2 +\/x2+y2—8x+16+\/x2+y2—8y+16+

—i-\/ x>+ 3" —18x — 6y +90 nocturaet HaMMEHbLIETO 3HAYCHHUS ?
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3.5. Haiitu acummrory A(x) peruennst y(x) 3anauun Kowm:

x>1; () =1; y' +2xy° =2x° +x wnokasars, uro 0 < p(x) — A(x) < %

e o]
3.6. Ilycth f eC [a;b]. Jlokazatsb: f MPOAOJDKACTCA J0 aHATMTHUYECKON
dynkumn B oxpectHocTH [a;b] <> dc=c, ‘f(”)(x)‘ <c"n!

37. Tyers  fi(x) (i=1234) nommsom 4-i  cremenn. Torma

L) L) L) fa(x)
G| T L A )
(x)= €CTh MOJUHOM HE BbILIE 4 CTETICHH.

L' L") L) [
AN ORI € RS €O RN N €

3.8. OyHKIMA f (x \ y) MMEET JTOKAJIbHBI MUHUMYM B TOUYKE (xo; yo) Ha JII0O0H

MPAMON, MPOXOAAIIEH 4epe3 3Ty TOUKy. byaer num f (x, y) WMETH JIOKAJIbHBIN
MHHHUMYM B TOUKE (.XO; yo) ?
3.9. Uccnenosats cxomumocts nocnenosarensocta Y(X), Y(1(x)),... npu

-1/2< xSl,y(x):%(\B(l—xz) —x).

3.10. f(x)= \/; 0 < a < b. loxasats, 4To CyIIECTBYET EAMHCTBEHHOE YHCIIO

ce (@; ";b j raxoe, am0 £(b)— F(a@)= £'(c)(b—a)

3.11. Haittn MHHUMAJIbHOE 3HAYECHHUE dhyHKIIHR
ux, ., 2) =1+ (x—a) + 1+ (y—x) + 1+ (z—y) +
\/1+(b—Z)2 pobmacrn A <X < y<z<bh.

3.12. Ilpu NONOKMUTEIBHBIX 3HAUEHWUSIX X HMCCIEA0BAaTh HAa MOHOTOHHOCTH
X X

—d
(dhyHKITHIO Y rme0<a<b<l

3.13. Haiiti cooTHOUIeHHE Mexay (! ¥ D, mph BHIIONTHEHHH KOTOPOro (yHKIHS

_ 2% 2 42
f(x)=e J.e dt + be MOHOTOHHA npH X = d.
a
3.14. Tyers f(Xx) onpemenena u muddepenmmpyema Ha [l;+00), f(1)=1 u

1 1
‘ f (x)‘ < = JlokasaTh, 4TO PU HEKOTOPOM X, : f'(x,)) =——.
0
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1 1

3.15. Jlokasate, uto ¢dynkima f(X)= sinx  x na unrepsane (0;7)

SBJISETCA TOJOKUTEIPHON 1 MOHOTOHHO BO3PACTAIOMICH.

3.16. Mycets F (x) HenpepbiBHa Ha [d; b] u muddepennmpyema Ha (Cl;b],
npuaem F'(b) = 0. Bosemem k > 0. Jlokasars, uro Jc € (a;b) Taxoe,
ato F'(¢) = k(F(¢) - F(a)).

3.17. Yro Gomsme mMin max (x> + yx) mm max min (x* + yx).
—-1<y<l -1<x<1 —1<x<1 -1<y<d

3.18. Jloka3aTk, UTO HE CYIIECTBYET MHOTOWIEHA [ (x ), YAOBJIETBOPSIOIIETO AJIsS
BCEX BEIIeCTBeHHBIX X HepaBeHctBy F'(X)F"(x)> F(x)F"(x). IlpuBectn

npumep TprKas auddepenmppyemoit Gyaxmun (x) C TAKMM CBONCTBOM.
1

1 (1982)
—sinx =,
(x j 1983

3.20. BepHbl Jiu CJIEAYIOIINAE YTBEPKICHHUS:

1) f EC[O;l], f oToOpaXkaeT [O;l] Ha [0;1]. Torma cymecTByeT
x, €[0;1] Takas, uto f(X,) = X,;

2) f EC[O;l], f oToOpaXkaeT (O;l) Ha (O;l). Torma cymecTByeT

x, € (0;1) takas, uro f(X,) = X,.

3.19. IlpoBeputs: sup

3.21. OyHkIua f , 3aJJaHHasA Ha BCEH OCH, YIAOBJICTBOPACT

cootHomenmo  f (X +a) = %+ \/ f(x)-f 2(x) IpH  HEKOTOPOM

MOJOXKHUTEbHOM « . Joka3ath, uTo f MEePUOIUYHA U HAWTH €€ TIEPUO/I.

3.22. CymectByer 7au He paBHas koHctante ¢yakmus f: R >R,
yIOBIIETBOPSIONIAS IS BceX X, Y € R HepaBeHCTBY ‘ f(x)— f( y)‘ < ‘x — y’z .
3.23. Ilycth f I[O;+OO) —> [O;+OO) - HenpepbiBHAsA (yHKIMs. JlokazaTh, 4To:

a) ecu lglo}f(f(x)) = +00, 10 ll_t)gf(x) = +00,

06) pe3ymbTar TyHKTa a) HEBEPeH i1 HENPEphIBHOW  QyHKIHH

S :(0;400) — (0;+00).
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324. MHyers a,,b.,c,eRc, #0,k=1,2,..,n. Jlokasarb, uTO eciu

feCR),f(x)= D a,f(bx+c,y) npnmobex x,ye R, 10 f € C*(R).
1<k<n

3.25. ITloctpouThs TpHUMEpP CTPOTO TMOJIOKHUTEIHBHOTO MHOTOUYIEHAa OT JBYX

nepeMeHusIx P(X;)) = ZZak,xk ' >0,a, € R, He MOCTHraloIero CcBoero

k=0 1=0

HAUMCHBIIIETO 3HAUCHHUS.

3.26. Ilyctb f HENPEPbIBHA HA [0;1], f (O) = f (1) Bepuo au, uto rpadux

ATOM (PYHKIIMHM MMEET XOPJy, MapajICIbHYIO0 OCH aOCIHCC, JUTHHBI 1/ 5 ? Xopna -

OTPE30K ¢ KOHIIAMH Ha TpaduKe.
3.27. Haiitu Bce anreGpandeckie MHOTOWIEHs! P, YIOBICTBOPSIOIIE MPH BCEX

X coornomenmo: (X —1)P(x+1)—(x+2)P(x)= 0.

3.28. Tlyctp dyukiusa f :[0;1] > R wenpepwiBHa m 00magaeT CBOWCTBOM: JUIs

mo6oro X €(0;1) cymecrsyer mocnenosarensrocTs {X), };O € (0;1) rakas, uro

x,>x, limx, =x, lim S(x%) =/ (x) = (. Jlokazats, uto f - noctosnHas
n—>0 n—>0 xn — X

byHKIHS.

3.29. Haiitm acuMnOTOTH 0OpaTHOM (GyHKIMM f ', ecnu 3agaHa cama (BpyHKIHS
f(x)=4x—arctgx.

3.30. Oyaxumm fg, gh, fh 6eckoneuno muddepeHmmpyemMsl. Clieayer In OTCIoaa
HEMPEPBIBHOCTH XOTs ObI O71HOM U3 GYHKIUH f, 2./ x0T Obl B OMHOM TOUKE?
3.31. HempepoiBHas Ha ocw (PyHKIMS f TPUHAMAET TOJBKO WPPAMOHAIBHBIC

3Ha4YeHHs. [ (\/5 )= Je . Haittu f(2).

3.32. Kakum A0JiKeH ObITh YTOJl HAaKJIOHA CTBOJIA OPYJUA K TOPU30HTY, YTOObI MPHU
JAHHOW CKOPOCTH BBUIETAa CHapsAja IUIOIIAAb NOJ TPAEKTOpHEH CcHapAna Oblia
HauOonbiiei? ConpoTUBICHHUE BO3/yXa HE YUUTHIBATS.

3.33. Haiinure y(”)(O) , €CIIH y(x) = \/1 + 1+ x

3.34. Oynkuusa f 3agana u guddepennupyema Ha otpeske [a,b], f(a)=a,

f(b)=>5. JlokazaTp cyiecTBOBaHHE TAKMUX PA3NHUHBIX TOUCK X,X, € (a,b), uto

!
S x))f(xy)=1.
3.35. Ilokazarh, 4TO JIO0ON MHOTOUJIEH MOXKHO TPEACTABUTHh B BHAEC PA3HOCTH
MOHOTOHHO BO3PACTAIOMIX MHOTOWICHOB.
3.36. Omnpenenennas Ha R HeyOwsBatomas (GyHKOUS [ SIBISETCS TPHKIBI
muddepeHnupyeMoii W yAOBIETBOPSET  TOXAESCTBY [ ( f (t))z3t+sint.

m

Boraucnuts 3naueHue tpetseit mpoussoaHon f "(0) B Touke 1 =0.
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3.37. Henpepeiaas ¢pyukius [ : R — R takosa, uto nmpu uppanpoHansHoM

3HAUYCHUH apryMeHTa 3HaueHHue (PYHKIMH parlMOHAIBHO. J[0ka3aTk, 4To PyHKIIHS-
KOHCTAHTA.

3.38. Haiitu Bce nenpepsiBHbie pynkiuu f(X), onpenenennbie Ha (—00,0) u
TaKMe, YTO

£ = max (9= ()

3.39. ITycth g(x) - HenpepbIBHAS PYHKUMS, ONPEACICHHAS TIPU BCEX
BEUIECTBEHHBIX X . Uepes g, (x) o0o3HaunM pyHkumro g(g(...g(x)...)),
rJie g MOBTOpsETCA n pa3. Jlokazars CNeayomue YTBEPKICHUS:

a) Ecnu juig HekoToporo # GyHKUms g, (X) CTpOro MOHOTOHHA, TO g(X)
TaKKE CTPOro MOHOTOHHA.

0) Ecii 1yt HekOTOporo n PyHkumsa g, (x)=x, —0<x <o, U g(x)
BO3PACTaET, TO g(X) =X, —0< X < ®©,

B) [Iycth g, (x)=x, —00 < x <. ECIM n HEYETHO, TO

g(x)=x, —0 <X <00, €ClIM 1 YETHO, TOZ,(X) =X, —0 <X < 0.

r) Ilycte g, (X)= X 11 HEKOTOPOTrO HATYPAIBHOTO 1 U BCEX
BELIECTBEHHBIX XU g(X,)= X, IUIsl HEKOTOpOro x, € R. Torna
CYIIECTBYET BO3pacTaromas (GyHKIMs ¢ Takas, 4To

2(x) =y (—p(x)), —0 < x <0, rae - ooparHas K ¢ (QyHKLHMS.

3.40. ITyctp f: R — R - HenpepriBHasg pyHKUMA. [Ipearnonoxum, 4to
JUISL JTIIOOOTO MOJIOKUTENIBHOIO ¢ Tpaguk f MOXKET ObITh MPeoOpa3oBaH
B rpaduk ¢f ¢ MOMONIBIO TOJIBKO CIABUIOB U MOBOPOTOB. CEAYET JIM
0TCI0/1a, YTO f(x) = ax + b 1Ji1 HEKOTOPBIX BEIIECTBEHHBIX a,b ?

§ 4. I'eomerpus.
s nonmyuenus ypagHeHuil IUHUL, NOGEPXHOCEN Yauje ce20 Cmoum 66ecmiu
YOOOHbIIL napamemp (Y20, MOYKd KACAHUs U M.N.), 8bIPA3UMb KOOPOUHAMbL Yepes
He2o, d NOMOM UCKTIOYUMb NApAMemp — NOJLYYUMCSL YpaeHeH e, Ces3bI8aionee
X,y (X,y,z). He 3abvime nposepums: eciu ghueypa (meno) obraoaem

HEeKOMopoii cummempuet, mo u ee ypasHernue ooiaoaem coomseemcmsyoueil
cumMmMempueti OmHOCUMEIbHO X00SUUX 8 HE20 NePEMEHHbBIX

Vpasnenue xacamenvnoii k kpugoii y = f(x) 6 mouke x,:

y=1' ) x=x)+ f(x,).
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2 2
N X Y
Vpaesnenue xacamenwvnoii k sniuncy (cunepb6o.e) el + T 1 6 mouxe (x,,y,).
XX
20 + )/);0 — 1
a b
2 2 2

Xy oz
Kacamenvnas niockocme k oamuncoudy — +—+—=1 6 mouxe (x,,¥,,z,)-

a c

XXy VYo 22y 1
2 + 2 + 2 T

a b c

Xomsi 6 npocpammy MexHuU4ecko20 6y3d 6X00um, 6 OCHOBHOM, AHATUINUYECKAs]

2eomMempuist, He CIOUm 3a0bl6AMb, YO MOICHO UCNONL308AMb U U3BECIHBIC U3

ULKOTIBHO2O KYPCA (haKkmul U3 271eMeHMapHoti 2e0Mempull.

IIpusedem HeCkoIbKO NOJIe3HBIX POPMYIL U3 6eKINOPHOIL AleeOpbi.

as(bxc)=be(cxa)=ce(axb).

ax(bxc)=b(asc)—c(asbh).

[1nowaow S napannenozpamma, nocmpoenno2o na eexkmopax a,b: S = ‘ax b‘.

Obvem V napannenenuneda, nocmpoennozo Ha eexmopax a,b,c:

a da. a asa asb aec
1 2 3

V=la@xo)|=|b b, b= |lbsa Beb bec|
G 6 G cea ceb ceoc

B oeymepnom ciyyae nepetimu om 2eoMempuyeckoll 3a0avu k aneeopaudeckoi
MOJICHO HE MOJbKO C NOMOWBIO AHATUMUYECKOL 2eOMempul (66e0eHue CucmemMbl
KOOPOUHAM U NOJIyYeHUue YPAGHEeHUll), HO U paccmampusast NI0CKOCMb KK
KOMWJIEKCHYIO U UCNOTIb3YSL OetiCMEUsL C KOMNIEKCHBIMU YUCTAMU.

4.1. Permtsb ypaBHeHne X =a x (X +5h).

4.2. JlaH BBIMYKJIbIIi MHOTOTPAaHHUK. BO3bMEM € AMHUYHBIA BEKTOP BHEIIHEH
HOPMAJIA Ka)KJIOM TPAHA U YMHOKMM €TO Ha TUIOLIaAb rpanu. /loka3ars, 4to
CyMMa HOJIy4HMBIIUXCS BEKTOPoB pasHa (.

4.3. MoeT 11 B ceUeHUH KyOa MIIOCKOCThIO MOTYUYUTHCS IPABUIbHbBIN
MATUYTOJIbHUK?

4.4, JlokazaTh: €Cly KPYIJIbIA TUCT OyMaru neperudoaTh Tak, 4ToObl Kpail €ro Bce
BpeM MTPOXOAUI YEPE3 TOUKY, HE COBIAJAIOLIYIO C LIEHTPOM JIMCTA, TO
orudaronias JuHuM cruda OyAeT JUTUICOM.

4.5. MOKHO JIW B 3JUTMIIC BIIUCATh MPABWIbHBIN 1IECTUYTOJIbHUK?

4.6. HanucaTth ypaBHEHHE KPYTOBOH KOHMUECKON MOBEPXHOCTH, AJIsI KOTOPOH OCH
MPAMOYTOJIBHOM IEKAPTOBOM CUCTEM KOOPJAWHAT CIIy’KaT 00pa3yIOIMMHU.
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4.7. MoxHO 1 Tak pacmnonaoxuts B mpocrpanctee Toukd O, A, B, C', uroGsl

AB|=4|BC=5;

PacCTOSHUE MEKILY HUMH OBLIN: ’0C ‘ =3;
04|=|0B|=6;|4C|=17.

4.8. Kakyio miomaar MOKPHIBAIOT KPYrd C I[EHTPAaMM Ha  OJUIUIICE

8x* +9y* = 72, kacarommecs kpyra X —2x + y° < 3.

4.9. Tpu TOYKH JBUIKYTCA MO IMJIOCKOCTH C MOCTOSSHHBIMHU CKOPOCTAMHM. J[0Ka3aTh,

YTO €CJIM CYIIECTBYET TPU MOMEHTA BPEMEHH, KOTJA 3TU TOYKHU JIC:KAT HA OJHOM

MPsAMOM, TO OHHM 00JIaJAI0T STUM CBONCTBOM BCE BpEMS.

4.10. Jlausl 1BE TEepECEKAIOMIUECS MPsAMbIe B Touka M | He JieXaias HA Ha OJHOM

u3 HUX. Kakas kpuBas €CTh T€OMETPUUCCKOS MECTO TOUeK [V , JiexamuxX Ha mpsi-

MBIX, Tpoxomaimx uepes M, co cBoiictBoM: cepeamna MN coBmamaer ¢

CEPEAMHON OTPE3KA COEAUHAIOLIETO TOUKH NEPECEYECHU NPAMOM, MPOXOAALLCH

yepe3 M u N, ¢ TaHHBIMH TTPSIMBIMH.

4.11. U3 Touku, nexaiei BHE AJUIMICOUAA, TPOBEJAEHBI BCE KACATEIIbHBIC K HEMY.

Jlokazark, 4TO BCE TOUKHA KACAHUA JICKAT B OJHOM ITIOCKOCTH.

412. a>0, b>0, r>0. JlokazaTs, 4TO pacCTOAHUE OT MFOOOH TOUKH 3ILIAIICA
2 2 2 2

& + Y =1 no snmnca = + A 1 ne nmpesocxomut 7.
(a+r)  (b+r) a* b
4.13. BHyTpeHHsAS MOBEPXHOCTh TPEXTPAHHOIO yria, pedpaMHu KOTOPOro CIysKat
nonokutenbabie yan ocet OX,0Y,0Z nexkaproBoil CHCTEMBI KOODIHHAT,
sepkanbHa. Jlyu cera mper w3 () M|, nexameil BHyTpH yriia, B HalpaBJIeHUH
BeKTOpa @,  oOpasyromiero tynsie yrisl ¢ ocamu OX,0Y.,0Z. Jloka3ars,uro
CBET OTPA3WUTCA POBHO TO OJHOMY pa3zy OT KaXKIOW W3 rpaHew yria (eciu He
MOTAICT HA HA OJHO W3 pedep) W HAWTH O KAaKOW MPAMOU OH OYyJEeT JBUTATHCSA
MOCJIE BCEX ITUX OTPAKEHUM.
4.14. Jlana rumepOona M TOYKA, HE Jexam@as Ha Hed. PaccmarpuBaroTcs
BCEBO3MOKHBIE XOPJIbI TUTIEPOOIIBI, IPOXOAAIINAC Yepe3 3Ty Touky. /loka3zark, 4To
TOUYKH TEPECECUCHUS KACATEIBHBIX K TUTIEPOOJIE, MPOXOIAIINX YePe3 KOHITBI TaKHX
XOPJ, JIEKAT HA OJTHOU TIPAMOM.
4.15. Tpu toukn A, B,C nexar na ognoit npsamoit [ (C mexny A u B), npuuem

AC=3CB. Ha AC u CB no omny cropony ot npsamoii / mOCTpOEHBI ABE
nonyokpy:kHocTd. Ilycte @ w b - kacarenvhbie k HUM B ()4 u B, n ¥ -
OKPY)KHOCTh, Kacaromascs d W b ¥ HauGomblled U3 paccMaTpHBAEMbIX
OJTyOKPY KHOCTeH. J[oKka3aTh, uto ¥,b M paccmarpHBaeMble IIOJTyOKPYKHOCTH
HUMEIOT OOIIYIO0 KAcaTebHYIO OKPYKHOCTD.

4.16. sBnsercs M MOBEPXHOCTH ¢ ypaBHeHHeM XY + VZ + zx = (0 moBEPXHOCTHIO
BpaIleHUA?

4.17. llap katutcs MO ABYM MepecekaromuMces npsambiM. [lo kakoil KpuBoH
JIBUKETCS €r0 LEHTP?

4.18. HaliTn ypaBHeHHE OBEPXHOCTH, COCTABJICHHONM M3 HOPMAaJIeH, TPOBEICHHBIX
B Toukax, Jjexkammx Ha ocu (OX, k runepbonmyeckoMy mnapaboiIouay ¢
YPaBHEHHEM Z = X} .



25

4.19. 3amucarh KaHOHMYECKOE YPaBHEHHE HJUIMIICA ¢ OOJBIION HONyocho A,
KaCaroUIETOcsA NaHHOM mpsimoit Y = kx + b. Haiitu orpannuenus va A, k, b npu
KOTOPHIX 3a]a4a KMEET PEIIEHHE.

4.20. HaiiTu nepeceyeHue BHYTPEHHOCTEH BCEeX pOMOOB, BINHCAHHBIX B JAHHBIN
SILTHUIIC.

4.21. B kyOe npoBeneHsl 4 auaroHaayd OOKOBBIX T'PAaHEH Tak, UTO OHU HE UMEIOT
o6mux Touek. Ilycrs [,4,L5,[, - mpsAMble, Ha KOTOPHIX JI€KAT 5TH IHUATOHAJIH.
Jloka3aTh, 4TO eciy mpsaMas | mepecekaeT TPH M3 HHUX, TO OHA JIEKHT B OJHOMN
TUIOCKOCTH C YETBEPTOU U3 HUX.

4.22. A - sepmmna xky6a C ¢ pebpom 4. S - cdepa, soucannas B C, R - o6nacts,
cocrosmias u3 Bcex Touek M mexny S u C rtakux, uro M 6Gmmke k A, yeM K
moboi npyroi# Bepimune ky6a C . Haiitu 06bem V(R).

4.23. Tlnaneta IBHKETCS IO SIUTHIICY ¢ TodayocsiMu @ u b (a > b). M3sectHo, uToO
paaryC-BEKTOP IIAHETHI, NMPOBEIACHHBIM M3 (OKyca, 3a paBHBIE MPOMEKYTKH
BPEMEHHM OIMCHIBAET PaBHBIE TUIOMAAN. HaliTh CKOPOCTH IJIAHETHI, €CIIH BETHYHHA

CKOPOCTH U3MCHCHMUA IIOIAaH - O .
2 2

4.24. TlpsimMast X = a SIBJSIETCSA KacaTeJbHOM K amney x— + 2 = =18 (.)A(a0).
ITo oxry cropony ocu OX eibupaercs () B Ha smmunce u (\)C Ha KacarelnbHOR
TaK, 4TO JjIMHA OoTpe3ka kacareiapHo AC pasHa mmmne ayru samnca AB. Ilycts
P -touka nepeceuenust mpsmoit BC ¢ ocero OX . HaiiTi ipeienibHOE MOTOKEHHE
()P, xorma (.)B crpemurcs mo smmmrncy k () A.

4.25. Tlycts A - Touka mapaGonsl U L - mpsiMast, HapajulebHas KacaTelbHOM K
napab6oie, nposeaenHoi B Touke A. B u C - Touku nepeceueHus npsamoi L ¢
napa6omoii. Paccmorpuim AABC u mapaGonuueckuii cermenr ABC . Ilycte T u

3
C - ux mmomanu. Jlokasars, 4ro 1 = =

4

4.26. Touku A, B,C nBwxyTcs 10 IUIOCKOCTH TaK, YTO KaKIbIi MOMEHT BPEMEHH
HOpMaib K Tpaekropun Ttouku A, mnposenenHas uepes ()A, sABisercs
ouccekrpucoi yria BAC . AHamorudHoe yCAOBHE BBHIMOIHSAETCSA MPH JIBHKEHHH
touek B u C. Jlokasars, uro nepumerp AABC mocrosHeH.

4.27. B kBajgpar co CTOPOHOH JUIMHBI (I TIOMECTUTH JABA KpPyra Tak, 4ToObl cymMa
WX MJoIaaen Obisia HauboIpIIeH.

4.28. W3 Hauana KOOpPJAMHAT OMYIIEHbl MNEPHEHAUKYISAPbl HA BCEBO3MOKHbBIC
KacaTeJbHble K OKDPY/KHOCTH ¢ ypaBHeHHMeM X~ + y° =2x. Haiitu ypaBHeHue
KPHBOM, KOTOPYIO COCTaBJISIFOT OCHOBAHHS ATHX TIEPIICHINKYJIIPOB.

4.29. JlaHbl JBE HEMEPECEKAIOIIMECS U HE JICKAIKUE OJIHA B IPYrod OKPY>KHOCTH
pamuycoe K m R, (R #K,). HaiiTu reoMeTpHueckoe MeCTO LEHTPOB

OKPY>KHOCTEM, KaCarOIIMUXCA IBYX JAHHBIX OKPY)KHOCTEH.
2 2

4.30. Ha »smnunce — Jb/—z =1 maliT TaKyr0 TOUKy, JEKAIIYK) B IEPBOM
KBaJ[paHTE, YTOObI HJ‘IOIJ_[aI[B A, 06pa30BaHHOrO KacaTeIbHOM K 3JUTHIICY B 3TOM
TOYKE U OCAMM KOOPJIMHAT, OblJ1a HAUMEHBIIICH.
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4.31. Onpenenuts paauyc HauOOJNbIIEH OKPYXHOCTH, JICIKAIICH HA SJIJTUIICOUJIC
2 2 2

2—2+Z_2+i—2:1(a>b>0)'

4.32. Jloka3aTb, 4YTO KpuBas, 3aJaBacMas NAPAMETPUUYECKUM YPAaBHEHUEM

x:altz +Dit+

= a212 + byt + ¢y, mOCKass, TO €CTh BCE TOUKH 9TOW KPUBOM

z:a312 +b3l+C3

MPUHAJIEIKAT HEKOTOPOMU TIOCKOCTH.

4.33. HailTu reoMeTpuiecKoe MECTO IEHTPOB MPSAMOYTrOJIbHUKOB, BIMCAHHBIX B
JIAHHBIA TPEYrOJIbHUK TaK, YTO OJHA W3 WX CTOPOH JIGKUT HA OCHOBAHWU
TPEYroJIbHHKA.

4.34. Jlanbl Tpu napajijieabHbIE MPSAMbIE HA MIIOCKOCTH. J[0Ka3aTh, UTO CYIIECTBYET
MPABUJIbHBIA TPEYTOJBHUK C BEPIIMHAMM, JICIKAIIUMH HA STUX MPAMBIX, IPUYEM HA
KaKIOW NPAMOM JIEKAT POBHO OJIHA BEPIIMHA.

4.35. PaBHOCTODOHHHE TPEYTrONBHUKK co cropoHamu 1, 3,3, 7,... BBICTpOEHSI
TaK, 4YTO UX OCHOBAHMS PACIOJIOKEHBI HA OJTHON MPSAMON U BIJIOTHYIO MPUMBIKAOT
apyr K apyry. JlokaxuTe, 4TO BEPIIMHBI TPEYrOJbHUKOB, MPOTUBOJICKAIIMX
OCHOBAHMIO, PpACMOJNIOKEHbI Ha mapaboiie W yaalmeHsl OT ee (¢okKyca Ha
LETIOYUCIICHHBIE PACCTOSHHS.

4.36. B npocTpaHCTBE R’ BBEJICHBI ICKAPTOBBI KOOPIUHATHI (x;y; Z). U3 Toukn
A(l;l;— 1) MPOUTH KPATYAUILIUM IYTEM B TOUKY B(—2;0;4), 3ax0/44 1O IIyTH Ha

OCb OZ .

4.37. Cymma JJIMH HECKOJbKUX BEKTOPOB IUIOCKOCTH paBHa 4. Jloka3arh, 4TO U3
ATUX BEKTOPOB MOHO BHIOPATh HEKOTOPBIE (MOXKET OBITH OJIMH), TaK YTOOBI IJTHHA
CYMMbI BRIOpAHHBIX BEKTOPOB Obljia HE MEHee 1.

438. B mpoctpanctee R ) 3a/laHbl UYETHIPEXMEPHBIM Ky0 H TpexMepHas
TUNEPIUIOCKOCTh, HE NapajUie/ibHas HU OAHOMY U3 pedep KyOa. [loka3aTk, 4TO OHA
COAEPKUT He Oojiee 6 BepInH Ky0a.

4.39. CoctaBbT€ ypaBHEHHUE MOBEPXHOCTH, MOJIYy4aeMON BpalIEHUEM KPUBOH

3 3 . oy — 1y —

X"+ y =3xy; z=10 poxpyr npsamoit X =y = Z .

4.40. Ha miockocTH HApUCOBaHBI OCHM KOOPAWHAT M rumnepdona y = — (Macmrad
X

1o ocsAM He ykasaHn). Ha runep6ose ormeuena touka A. C MOMOIIBIO MUPKY/IS K
nuHeliku (0e3 feseHni ) TPOBECTH KacaTeIbHYIO K runepOosie B Touke A .

441. Tlpm Kakux 3HaueHMsax mapamerpa Kk npambie kx—y—k=0,
2kx —y—2k =0 u 3kx — 2y — 3k = 0 nepecekarorcs B 0nHOM TOUKE?

2 2 2 2 2 2 o “
4.42. B snmunconn x“/a” +y /b” +z°/¢” =1 Buucarh NpsAMOM SIUTMIITHYECKAM

MATHAP (OCh MAJIMHPA COBIAAET C OCHIO AILTUTICONIA) MAKCUMAIBHOTO 00BEM
o0BnéMa.
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443. B R’ 3amasma mnoBepxHOCT, X +)° =z . HaiiTu BCe mpsaMbIe,
MPUHAICKAIINE STOW MOBEPXHOCTH.

4.44. Ha mapabone y* =2px HaliTH TOYKYy TaK, YTOOBl HOpMAallb, MPOBEACHHA K
napadosie B 3TOH TOUKE, OTCEKala CErMEHT HAaUMEHBIEH MIOMIAIH.

4.45. Tlo mpamoit x+ y=2a’> +b> npwxerca mcToynuk cseta S. Ilpm kakom
2 2
A Y

NOJIOKEHMH S TeHb, OTOpachiBaeMas OSIHMICOM — +—=1

e HAa MPAMYIO
a

X+ y=-2a’+b* , uMeeT HAUMEHBIIYIO JUTHHY.

4.46. KacarenpHple k mnapadoiie y2 =2px B Toukax A, B, C ob6pasyror

TpeyroibHuk KLM. W3BecTHO, uTO Tuiomanas TpeyronbHuka ABC paBHa S.
Brrancnute miiomans tpeyroasauka KLM.

4.47. Haittn kpuBy0, 00pa30BaHHYIO IIEHTPAMH OKPY>KHOCTEH, KacCaroIuXCA
JAHHOW OKPY>KHOCTH U MPOXOASAIINX UYepe3 JAaHHYIO TOUKY.

4.48. MoxeT i BHYTPU Kpyra paauyca | HaxoAuThcA ayra napadosibl, AJMHA
KOTOpO# Oombie 47

4.49. I1lnanera umeeT GopMy Tella, MOJTYUYSHHOTO BPaIllcHHEM KBajipaTa co
CTOPOHOHN a BOKPYT OJHOM u3 nuaroHajiel. [lyTeniecTsre no miaHeTe CUnTaeTCs
KPYTOCBETHBIM, €CJIM €r0 MapIIpPyT — 3aMKHYTasi KpUBasi, CAMMETPUYHAA
OTHOCHUTEJIBHO €€ 1ieHTpa. Halitu minHy kpaTtuaiiiiero Mapupyta KpyrocBeTHOTO
MyTEIIECTBHUS.

4.50. Yepes KaxkyrO BEPIIMHY TPEYTOJIbHUKA , CTOPOHbBI KOTOPOTO MOMAPHO
Pa3TUYHBI, TPOBOUTCS BETBH TUTIEPOOIIBI, (POKYCHI KOTOPOI HAXOAATCS B ABYX
Opyrux BepiinHax. Jlokaszarh, 4To 3TH TUOEPOOIIbl UMEIOT OOIIYIO TOUKY BHYTPH
TPEYTOJbHUKA.

4.51. Ilycte 4,,...A, - BEpIIHUHBI IPABUJILHOIO 1 —YyTOJIbHUKA,
BIIMCAHHOIO B OKPY>KHOCTh €IMHUYHOIO pajanyca, B —HEKOTopas TOuKa

n
o 2
3TOH OKPYKHOCTH. JloKa3ark, 4To E ‘BAk‘ =2n.
k=1

§ 5. JIuneiinas anreopa.

Hexomopuie ceoiicmea onpeoeiumers.
Ecmu A, B— keaopammuvie mampuywi, mo det(A- B)=det A-det B=det(B- A).

3amemum, umo det(A+ B)#det A+det B.
(¥ fo(x) o () () fu(x) L £, ()

@ £ L@ [ ) . @
dx

S (X)) fL(x) o f.(x) (fu(®)'" f.(x) .. f.(x)
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A ) LG A® L) A
Fa® UnG)' o L@, ) L@ (L)

Sn(¥) (f,(X)" . (%) S f(x) . ([, (X))
Obvem V  n—mepnoco napainneienunedd, nNOCMpPOEHHO20 HA 8EKMOPAX, 3A0AHHbIX
CE0UMU KOOPOUHAMAMU d,, 6 OPMOHOPMUPOSAHHOM basuce

a, 4, .. 4q,
V= Ay Gy - Oy,
a, 4, .. 4,

Obvem oyenusaemces ceepxy npouzgeoeHuem Oaun pebep, ymo NPuBOOUm K
HepageHcmsy Aoamapa 05 onpeoderumelis:

all alZ aln
a, a a neg
%2 2 2n 2
V= (Z a).
i=l =l
a, a, .. a,

Jns1 gviuucnenus onpedenumesi 1 —20 NOPAOKA 4aue 8Ce2o 8bl8OOUNCS
DpeKyppenmuoe COOMHOULEHUE C NOHUIICEHUEM e20 NOPSOKd.

_ g7 :
Hycme A ={a,}, mpancnonuposannas mampuya: A ={a,,}, conpsocennas.
* - o T
A ={a,}. Mampuya A nasvisaemes cummempuyeckoi, ecnu A° = A,

SPMUMOBOU UNU CAMOCONPANCEHHOU, eClu A = A, opmoconanvnoi, eciu
AT =47, VHUMAPHOIL, eCiiu A =A" HOPMAILHOIL, eCill A A=AA".

Henynegoii gekmop X HA3b18aemMcst COOCMBEHHbIM GEKMOPOM MAMPUY b
(tunetinoco onepamopa) A, eciu cywecmeyem markoe 4ucio A (Haswvigaemoe
COOCMBEHHBIM YUCTIOM UIU COOCMBEHHBIM 3HAYEHUEM), umo Ax = Ax.
Cogoxynnocmes cOOCMBEHHBIX 3HAYCHUTI MAMPUYBL HAZLIBACHCS. CNEKMPOM
mMampuywl (chexmpom auHeiino2o onepamopa). CobcmeenHoe 3HayeHue TUHeHH020
onepamopa (mampuywsi) ecmo kopenwv ypaguenus det(A— AE)=0. Mnocounen,
cmosiyutl 8 1e80t Yacmu YPasHeHUsl, Ha3vledemcsi XapaKkmepucmuiecKum

MHO204IeHOM Mampuywl (onepamopa) A . Kosgguyuenmeor 5moeo ypasmerus, —
UHBAPUAHMBL JIUHETIHO20 Onepamopd, mo eCiv OHU He MEHSIIOMCsL npu nepexooe K

' -1
opyeomy bazucy, xoms mampuya onepamopa npu smom u meusiemest (A'=T AT
, 20e T — mampuya nepexooa k Hosomy 6asucy). B uacmuocmu, makumu
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uneapuanmamu sensiromest onpeoenumens (det A) u cneo aunetinoco onepamopa (

n
ITrA=Sp A= Zaﬁ).

i=1
Cobcmeennvie 3Ha4YeHUsi CAMOCONPANCEHHO20 ONepamopd e ecmeetsl, d
CcOOCmBeHHbIE BeKMOPbI, COOMBEMCMBYIOULUE PAZTUYHBIM COOCMEEHHbIM
HAYeHUsIM, OPMO2OHANbHBL. Kpome moeo, 8 TunetiHoM NPOCmMpPancmee MONCHO
8b1OPAMb OPMOHOPMUPOBAHHBLI OAZUC U3 COOCMBEHHBIX BEKMOPOB
camoconpsiicenno2o onepamopd. CobcmeeHHble YUCIa YHUMAPHO20 onepamopd
(8006We 2080psi, KOMNIEKCHbIE) NO MOOYIIIO PAGHBI OUHUYE.
B 6azuce uz ceoux cobcmeennvix 8eKmMopos (eciu maxot cyuecmsyem, mo ecme y
onepamopa ecmv N JUHEHHO He3ABUCUMbBIX COOCMBEHHBIX GeKMOPOB) MAMpuyd
JIUHEH020 0nepamopa OUaeOHAIbHA, U HA OUASOHANIU CIOSM COOCMBEHHbIE YUCA
onepamopa.
[lonesnoe ceoticmso cneoa mampuywi. Sp(A-B)=Sp(B-A4).

Hepeoxo bvieaem noaesen kpumeputi Cuivgecmpa: Jis mozo, ymoowi

n
K8AOpamu4Has popma Z a,t&, a, =a, 0blia noNoNCUMENbHO
=

onpeoenenHoll, Heobxooumo u docmamouno, umoovr A, >0, A, >0,....A >0.

all a12 e e alk
a a .. a
21 2 2%
eoe A, =
akl ak2 K akk

3ameyanue. Bviuucnenuro onpeoenumeneti nocssuien napazpag 13.6.

5.1. A - oproronansHas matpuna, det A = —1. Jlokasats, uro det(E£+ A4)=0.

52. Cronbupt Marpumbl M, Kak W €¢ CTPOKH,  TPEIACTABIIAIOT COOOM
apumernyeckre mporpeccur. Kakod 37e€MEHT HaXOAWTCSA B MPABOM  BEPXHEM
yIJIy MaTpulibl?

5.3. Keagparer gmun pebep AB, AC, AD,BC, BD,CD nekotoporo terpasapa
o0beMa J' paBHBI, COOTBETCTBEHHO P.,(q.7,S,t, 1. BRIUUCIHTE ONpEIeTUTEND:



0
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1
1
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1

54. Ilycte A, B- nBe HEBBIPOXKICHHBIE SPMHUTOBBI MaTpHIBl. J(OKaszaTh, dTO

~ U Oy =

SOl =
O L8 ~ N =

. -1
XapaKTePUCTHUCCKUI MHOrouieH A~ B uMeer BemecTBeHHbIe KOI(DDHUIIHEHTHI |
YUCJIO TIAP €r0 KOMIUIEKCHBIX KOPHEH HE MNPEBOCXOAUT YHUCIA OTPULIATEIBHBIX
COOCTBEHHBIX 3HAYCHHM MATPHUIBI A .

5.5. I, - xBagpaTHas MaTpulia HOpAAKa ¥, BCE SIEMEHThl KOTOPOH paBHBI 1.

Jokasats, uto (E-I, )_1 =E —LIn :

n—1
5.6. Crpokamu KBajapaTHOM Mmatpuiel A(Zz) SIBIAIOTCS HAOOPBI Pa3JIMUHBIX
omHowrenoB Bupa z” (n=0,12,...) Takwe, 9TO B KAXKJIOM CTOJIOIE MATPHUIIBI
npucytctByeT 1. Jlokasats, uto Bce kopuu Muorowiena detA(z) mo momyito
Oonpie 1/2.
5.7. llpu kakux HATYpaJIbHBIX #I CUCTEMA JIMHEHHBIX YPABHEHUN COBMECTHA?

Xy +x3+..+x,_1+x, =1
—-x] +x3+..+x,_1+x, =1
—X1—X) +..+x,_1+x, =1
—X] =Xy —x3+..+x,_1+x, =1

—X]—X) —X3—...— X1 =1

5.8. DnemMeHTaMu KBaJApPaTHON MaTPHIIBI SBIISIFOTCS MOJMHOMBI OT KOMILIEKCHOM
nepemennoit z. Ilpu  sobom z wmarpuma A(z) obparuma. Jlokasarb, dTO
anemenTamu oGparHoit Matpuiel A7 (Z) Takke ABIAIOTCA TIOMMHOMEL.

5.9. Cpeau Bcex onpenenutenei 4-ro nopsaka, ¢ 3J€MEHTaMH, paBHbIMA +1 win
-1, HaliTH HANOOIBIIHH.

5.10. Marpuna A pasmepHoctd A X 1 takosa, uto A* +2A + E = 0. Jlokazars,
uto det A # 0. Haiitu A",

5.11. Jloka3aTh, 4TO B YKa3aHHOM ompeaenuTesic A MOKHO TaKk W3MEHHUTh
OJIMH W3 €ro AJIEMECHTOB Ha BEJHUYMHY, MO MOAYJIIO PaBHYIO OAHONW MWJUTMOHHOM,
YTO HOBBIH ONpPEACTUTENb OYACT paBeH HYJIIO:

1100 0 0
A_0 1 100 0
0 0 1 100
00 0 1
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5.12. B «kBagpaTHOM wmaTpuie A BEKTOPBI-CTONOIBI SBISIOTCS MOMNAPHO
OPTOTOHAJIbHBIMU. J[OKa3aTh, YTO MOJYJb ONPEACTUTEs MATpPUllbl A paBeH
MTPOU3BEAEHUIO MOAYJIEH €€ BEKTOPOB-CTOIOLIOB.

5.13. 3Has XxapaKTepUCTUUYECKHI MHOTOYJIEH OOpaTUMONM MaTpHIlbl MOpsAAKa 71,
HANTH XapaKTEPUCTUUYECKUI MHOTOUJIEH A

5.14. Bce snements matpunbl A pasmepa 10 x 10 nensie uncna. M3BectHo, UTO Y
92 U3 STHX YMCENl OCTATOK NpH AejeHuH Ha 3 pasen 1. Jlokasare, uto detA
JEUTCS Ha 3.

5.15. Kaapatusie matpunsl A, B oxmoro ¢opmara takossr, uto AP = PB, rae P
- HeHyneBas matpuna. Jlokazate, uto y A u B ectb xots Obl ogHO oO1IEE
COOCTBEHHOE YHCIIO.

5.16. Bpruucnaute onpeaenutesb marpulibl 1985-ro mopsaka ¢ asnemMeHTaMu

a, :ln(z'+\/z'2—2ik+k2 +1—k), 0<i, k<1984

5.17. PaccmarpuBarOTCs BCEBO3MOXKHBIE OMPENCTUTENN NOPAAKa 3, Y KOTOPbIX Ha
rJIAaBHOW JMAroHaJIM CTOWT X, a Ha OCTAJbHBIX MecTax ducna +1 wmmm -1. Haiitn
HAWMEHbBIIIEE MOJOXKHUTEIBHOE  TAKOE, YTO MPHU X > ( BCE TAKUE OMPEACTUTENIH
MTOJIOKUTEITHHBI.

5.18. Ilyctb A - BellecTBEHHAass CHUMMETPUUYHAS MaTpulia MOpsaka M ¢
onpenesmrenem det A = A u nycts A # 0 - cobcTBeHHOE UMC0 MaTpuubl A, a

X = (xl,xz,...,xn )-COOTBeTCTByIOLuHﬁ COOCTBEHHBIH BEeKTOp UIMHBI | (T.€.
n
2
HXH = Y x? = 1). Boluncurs onpeaeuTens
i=1
X
A .
(n+ 1)-ro nopsixa:
xn
x .. x, O

5.19. A=

a,| - marpuna, rne @; =0 wm 1 i=1..4;7=1..5, npuuem

4 5
ZZa,-j HeueTHO. J[Boe Mo odyepean mMpoCMaTPUBAIOT MPOU3BOJIBHO BhIOPAHHYIO
i=l j=1

CTPOKY CJIEBAa HAMPABO U 3aMEHSIOT B HEH MO BHIOOPY JIHOObIE HYJIM €IUHUIIAMU U
Hao00poT. IIpu 3TOM MEPBBIA NEMEHT, KOTOPBIH HYKHO U3MEHHUTHh B BbIOpAHHOM
CTPOKE - €IMHULA. BBIMTPBIBACT TOT, KTO MOJYYUT HYJIEBYIO MaTpuuy. [lokasars,
YTO CYIIECTBYET BBIMTPHIIIHAS CTPATErUA AJIA NEPBOrO UTPOKA.

a b c
d
5.20. UssectHo, uro onpexemutrens A=b d e|>0 nu o ;>O, f>0.

c e [

Jlokazats, uto A<a-d- f
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4 A A
521. Jna onpemenvwrens A=|B, B, B CIIPaBEIMBEl  HEPABEHCTBA
G G G

4| > | 4| +|45]; |B|>|Bl|+|By); |Gy >|Cl|+]|C,|. oxasars, uto A # 0.

522. M - nenounciieHHas Marpuia pasmepa 3 X 3, oOparHas K KOTOPOM TOXKe
IIeJIOYHCIICHAA. J[0Ka3aTh, UTO YHCIIO HEUETHBIX 3JICMEHTOB W3 M He MeHbIe 3 1
He OoJbIlie 7 M YTO 3TO HAMJTYYIIHE OICHKH.

5.23. M3BecTHO, uTo Matpuilsl A, B u C nomapHo nepectaHoBOYHBI. JloKa3aTh, 4TO
CYIIECTBYIOT BEINECTBEHHBIE uHcna ,[3,Y He Bce pasHbie 0, Takue, 4TO

det(aA + B+ C) =0.

_ 1 1)
5.24. Hatitu lim .
n—ow X/I’l x/n

> >

5.25. Jlokazartb: det({aij }?]:J =0, aj; = sin(x; + yj),x,' Y g -

MPOM3BOJIBHBIC YHCIIA.
526. Tlycte A u B - xBamparusie matpuipl ogHOrO MHOpSAKAa TAKHe, UTO
AB=BA wu cymecrBylor marypamsmeie M u K, 11 KOTODBIX

A™ =0, B* = 0. Jloxazars, uto det(A + B)=0.

5.27. Ilycte Mj (R) - MHOXECTBO BEIIECTBEHHBIX MATPHI] 5-TO MOPSIKA.
CymecrByer iu marpuua A € Msj (R) takas, uro A>=-E, rie E -
eIMHUYHAsA MaTpuia ?

a+b a-b

528. Ilyete a,b>0, A= . Haiitu Takyio marpuny B, uro
a-b a+b

B*=4.

5.29. A u B - KBAJIPATHBIC MATPHIIBI. H3BecTHO, 4TO

A* = A, B* = B, AB = BA. Jlokazars, uto det(A — B) MOKET IPUHUMATh
TonbkO 0aHo 3 Tpex 3uaueHnit 0, 1 wm —1.

5.30. Haititu HeoOXxoauMMoO€ W JOCTAaTOYHOE YCIIOBHE PaBEHCTBA BCEX KOPHEH
XapaKTEPUCTHYECKOTO ypaBHEHUS det(A — /IE) =0 BEILECTBEHHOMN

CHUMMETPHYECKOM MaTpuipl A = {aij }(alj =ajj,a; €R).

5.31. Pewmts marpuunoe ypashenne X +SX+ XS=A, rze S* - nynesas
MaTpHIIA.
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x 0 0 .. 0 1/n!
-1 x 0 .. 0 1/n
5.32. BeluuCcIuTh 1}1})1010 0 2 x o 0 Um :
0o 0 0 .. x 1/n!
0O 0 0 .. -n 1/n!

5.33. Ha uepHBIX KIeTKax INAXMaTHOM MOCKM Hamucanbl ch X |, a Ha OeNbIX -
sh x . 3a oauH X01 MOXKHO BCe (DYHKLUH, CTOSAIIME HA KAKOM-TO TOPH30HTAIN WK
KaKON-TO BEPTUKAJIN, 3aMEHUTh HA UX MPOU3BOAHBIC. MOXHO Jin HE OoJee, ueM 3a
2003 xona MmoOJy4UTh PACCTAHOBKY, MPU KOTOPOH MO KpasM JIOCKH HaMUCAaHbI
ch X | a B OCTanbHLIX KIETKax S X ?

5.34. Tlycts A — xBagpaTtHas martpuna ¢ det 4 # 0 (T.e. HeBHIpOXKIECHHAS), B
KaXXJ0M CTPOKE KOTOPOHM CTOWT TOJBKO OAHO YMCIO, oTanuHOe oT 0 u paBHoe +1
unn —1. Jlokazath, 4TO MPU HEKOTOPOM HATYPAJIbHOM /1 COPABEJIMBO PABEHCTBO:

T T
A" = A" ,rne A° - tpancnonmpoBannas marpruua A.

5.35. Jlanbr gBe mMatpumsl A u B pasmepamu 3 X 2 u 2 X 3 coOTBETCTBEHHO,
MPUYEM U3BECTHO, YTO

8 2 =2
AB = 2 S 4 . Haiitu BA.
-2 4 5

5.36. V cUMMETPHUYHONH MATPHUIBI TIOPAIKA 7 BCE DJEMEHTHI TOJIOXHUTCIBHBI,
JlokaxkuTe, 9TO y HEE HAMAETCA MONOKUTEIIHHOE COOCTBEHHOE UMCIIO.

31 .1 1

I 4 ... 1 1
~r L] Dn

5.37. Haita l1m ,rae D =|...

e NN n
I 1 ... n 1

I 1T ... 1 n+l
5.38. Ilycte kBaaparHble MaTtpuilbl A W B TPEThEro MOpAAKa TAKOBbI, YTO

a, da b, b
A=A"B=B",a,>0,|" "?>0, detd>0, b,>0, b“ 21>0, detB>0.

dy Ay 2 O
3 3
Jloka3aTb, 4TO ZZ% b, >0.
=1 j=1
3 3
5.39. Ilycte A n B pasnuunsie BemectBennbie 1 X 1 Marpuusl. Ecmu A° = B

2 2 2 2 .
u A"B=B"A to moxer 11 marpunia A° + B 6s1Te 06paTumoii?
5.40. Ilycts A - (nxn)-maTpuila, BCE JIEMEHTHI KOTOPOH SBIIAIOTCS YETHBIMH

yuciaamMd. MoryT JM cpeau €€ COOCTBEHHBIX UHCENl ObITh HEUETHbIE?
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5.41. Jlokaxkute, 9TO MOOYIO HEHYJICBYIO AUATOHAIBHYIO MATpPHUIly (11X71) TIPH

n>1 MOXHO MPEICTaBUTh B BUJIC CYMMBbI JIByX MaTpPHUII, ONPEACIUTENb KAXKI0N U3
KOTOPBIX PAaBEH €UHHULIE.

542. Ilycte X u Y - KBaapaTHbi€ MATpUIIbl OPSAAKA #, OpuueM marpuna X -
HEBBIpOXKACHHASA. Moxker i kommyTtarop »Tux marpui ( XY —YX') okazarscs
paBHbIM MaTpuiie X ?

5.43. Ilycte A - kBagpaTHasa marpuua nopsaka # = 2000, Bce 3IeMEHThl KOTOPOit
PaBHBI €IWHULE, [ - €QWHWYHAS MaTpHULAa TAKOro K€ mopsaka. Hahtu matpuiy

(E _ A)—2006

5.44. Matpuna M = [my} _, OTIPENENAETCS CEYIOHIM 00pazoMm: m;; = a;a ; IpH
i,j=

i#j,am;=a’+k.Beuncours detM .

5.45. B neldcTBUTENbHONW KBAJpPAaTHOW MATpHIIC 3aJaHbl BCE BJIEMEHTHI, KPOME
JIeKAKMX HA AuaroHaiad. JlokazaTe, 4TO HA MYCTBIX MECTAX MOXHO PAaCCTABUTH
HYJIM U €AMHUIBI TaK, YTOOBI MATPUIIA 0KA3aJ1aCh HEBBIPOKIACHHOM.

546. lycts A u B - spmutossl Matpuusl #- ro nopsiaka, A> = A, B> = B,
AB=—BA, X — marpuua cronten (X € (C”), X" - TpancnonmpoBaHHas u

KOMILIEKCHO CONMpSDKEHHAss ~ MAaTPHIIA, X'X=1. Jlokazate,  4TO
(x"ax) +(x'BY) <1
5.47. Ilycts A, B - kBagpatHbie MaTpHIBI BTOPOTO HOpAAKa. M3BECTHO, UTO

cobcTBenHble uncaa y matpunsl A pasuel 1 u 3, a y matpunsl Bpasner 2 u 4.
MoryT nu cobcrBennble uncaa matpunsl A + B 6rte papabivMm 5 1 67 A 1 1 9?

§ 6. PaBencrna.

BosmooicHble nymu 00Ka3amensCmed paseHcms.

Ecnu umeemcsi yenwiti napamemp N, mo MONCHO

1) Ooxaszeieame no uHOYKyuu, Mo ecms (a) nposepums pageHcmso npu n =1
(6aza unoykyuu) u (0) NpeonoNoNCUS, HMO PABeHCMBO 6epHo npu n==k,
00KA3amMb, 4MoO OHO 6epHO u npu n=k+1 (unoyxyuonnwiti nepexoo). Toeoa no
akcuome — MamemMamudeckol — UHOYKYuu  paeeHcmeo  8epHo  npu  J0boM
HAMYPAaneHOM M.

2) noxazame, 4mo 1e6dst u npasas 4acmu YO008Nemseopsitom 00HOMY U MOMY Jice
peKyppeHmuomy coomuoutenuto u npu n=1 cosnaoarom.

Ecnu umeemcsi Henpepvl8HO MEHSIOWULICS: napamemp.

1) Iycme f(a)=g(a) u f'(x)=g'(x) npuscex x,a<x. Tocoa f(x)=g(x)

npu écex X, d < X.

2) Ilposepums, umo Jiegasi u npasas 4acmu yOoeiemeopsiion 0OHOMY U MOMY
ace oughghepenyuanbHoMy YpasHeHuIo u OOUHAKOBLIM HAYATbHBIM YCIO0BUSIM.

3) Bochnonv3osamucsi  CBOUCMEAMU — CUMMEmMpuUl  (Hanpumep, 4emHOCHbIO,
NepuooOudHOCMbIO0 U M.N.) QYHKYuu (eciu 6 pageHcmeo 6xooum 00Hd
DYHKYUSL OM PAZHBIX APSYMEHINO0B).
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4) Ecnu  mpebyemcsi 00KA3aMb, 4O HEYMO HNOCMOAHHO, MO  MOJICHO
npoouepeHyuposams 1 NOKA3AM»b, YMO NPOU3BOOHAS. PABHA HYIIIO.

5) Pasencmeo npsmoii u ob6pammnoii ¢pynxyuti f(x)= f(x) oxeusanenmmuo
f(x)=x (c yuemom obracmu onpeoenenus,).

6) Bo3mooicHo, Heobxooumoe pageHCmeo NOAY4aemcs npedeirbHbiM nepexooom
(no Hexomopomy napamempy) uz 0opyeoeo (boiee nNpocmoco, HO
cooepaicaugeco napamemp) pagencmaa.

Ecmu g - ynxyus, obpamuas k f(g = f'), mo, ucnomwsys epagux Gynxyuu,

b S(b)
JIe2KO NOKA3AMb, 4O If(x)dx + J. g(x)dx =bf(b)—af(a).
a S

Mooicno evivuciume 3Ha4eHust 0OHOU U MOt Jce YyHKyuu om Jjesoil u npasoil
yacmeii u yoeoumscsi 6 ux pasencmee. J[s camux apeymenmos 2mo o3Haddem
KAaKOU-mo Habop 8apuanmos, GKuoYalowmuli ux cosnaoenue (8 ciuyyae QyHxkyuu,
umeroueti 0Opammuylo, Hanpumep, MOHOMOHHOU - MOJILKO COBNAOEHUE), KOMOPbIl
MOJICHO nepedbpams U NPOAHAIUIUPOBAM b.

6.1. f - Bemectsennas dynkuna na [a;b], f(a+b—x)= f(x). [okasars, uto
b b

[xf (x)dr =2 ; b [ f(x)dx.
2. Pems ypaenie 3 +1 = 2251,
6.3, Jloxasath paBeHCTBO Jl.xf(x) F(1-x)dx = ;} F(x) f(1-x)dx.
0 0
6.4 Jlowasars, o [[ f(crx + fy)eedy =2 }W el + B2 ydx.
x?+y?<l -1

6.5. Tlycrs arctgx + arctgy +arctgz +arcigt = «, tne x,y,z € R. Jlokasars,
x+y+z+¢t 1 1 1 1
4yTo =—+—+—+-.
xyzt X y z

1
6.6. Jlokasars, 41O j[l—(l—t)” ]z_ldt = 1+;+;+...+1.

n
0
6.7. ®ynxuma f - muddepermmpyema wa [0;1], £(0)=0, f(1)=1. Jloxasars,
4yTo I J000r0 HATypajibHOrO 71 Ha (O;l) HAWIyTCA 71 PasIMYHBIX TOUYEK

< 1
X1, Xy ,..., X, , IS KOTOPBIX E ——~=1.
=1 S (%)
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1
1
6.8. Jlokasats, uto ecu dynkumsa f wenpepwisra Ha [0;1] u J. f(x)dx = 3 TO
0

cymectsyer Touka X( € (0;1), Taxas, uto f(x,) = x2.
69. fe€ COO(— OO;—|-OO) u cymecteyer L >0 Takoe, qTo‘f(n)(x)‘ <L

1
mo0bIX 1 1 X . ITycTh f(j =0 npu n € N. Jlokasars, uro f(x)=0.
n

1 1
6.10. Jlowasar, wro [{/1—1*dx =ji/4t _ 682+ 48 — 1 dt
0 0

6.11. Oynkums f (x) - YETHAas W HEMpEpbiBHAsA Ha [—a;a]. Jlokaxkute, 4TO

a a
f J (xzc dx = [ f(x)dx.
_ylte 0

6.12. a,b,c — KOMILIEKCHBIE YHCIIa, ’a’ = ‘b‘ = ‘c‘ =r, a+b+c=#0.
|ab +bc + ca| ~

’ a+b+c ’ -

6.13. CymecTByeT 1M HENpepbiBHAsA Ha (1, +oo) dbyakma  f(f) Takas, 9TO

JlokazaTe, 4TO

J.f(t)dtzl TSt moboro x > 1.

6.14. Tlycte f m g — HemocTosHHbIe M PEPEHIIUPYEMBIE BEIECTBEHHBIE
¢yskun Ha R v i mo6six X, y € R BeinonHeHo:

fx+y)=f(x)f(y)-gx)gl),
gx—y)=/f(x)g(»)+gx)f(y).
Iycts f'(0) = 0. JlokasaTs, 4To A1 IFOGOr0 X UMEET MECTO COOTHOLICHHE:
fr)+g (=1
6.15. T, (x) = cos(nearccos(x)), x € [-L1]. fokasars:
L, (x)=T,(2x" = 1).

CO Cl Cn
¢ ¢ .. C,. b
1o PO = [F (o)
¢, €, o G a
z .. ZzZ
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b
Jloka3atb: Ipn(z)zmp(z)dz =0, m<n, mel.
% sin 1 ju
6.17. Jloxasars: Isin(sin X)dx + I arcsin(arcsin x)dx = Esml'
0 0

6.18. Ilycts  f:[0,a]—>R — cTporo Bo3pactaromas guddepeHmpyemas
dbyskmus, £(0)=0, g — yHKIMA, oOpaTHas f . Jlokazats, 9To It x €[0,a]
S

X ()= [ fde+ | gy,
0 0
6.19. Haiitn HenpepsiBHYyIO QyHKIHIO f(X) TaKyro, 9TO

ifu+gm: 1

xelR.

X 2
6.19. Ilycte P (x) - MHOTOWIEH CTENCHHU /1, ONPEENAEMBII PABEHCTBOM

(n)

1 P(x)

— =" I[OKa?)aTI), 4TO UMCCT MCCTO PAaBCHCTBO
1+x (1 + XZ)

P, (x)+2x(n+DP,(x)+ n(n+1)(1+ x* ) P,_(x)=0.

§ 7. HepaBeHncrana.

Bozmoocnvle nymu 0okazamensCmed HepageHCcms.

1) Ecnu umeemcs yenwiii napamemp n, Mo MOJICHO OOKA3bIBAMb NO UHOYVKYUL,
mo ecmv (a) nposepume Hepasencmeo npu n=1 (baza unoyxyuu) u (6)
NPeOnOoJIONCUS, YMO HEPABEHCMEO 6epHo npu n =k, Ooxazams, Ymo OHO
gepno u npu n=k+1 (unoykyuonuwiii nepexoo). Tocoa no axcuome
MaAmemMamudeckoi UHOYKYUU HepaseHCmeo 6epHo npu oboM HAMypaibHOM
n.

2) Tlonpobosams ucnonw308ams ceomempudeckue cooopadceHs

3) Ilyemv f(a)<g(a) u [f'(x)<g'(x) npu ecex x,a<x. Toeoa
f(x)< g(x) npuscex x,a<x.

Bosmoocno: Iycme f(a)< g(a), f(a)<g'(a) u f"(x)< g"(x) npu
scex x, a<x. Tocoa f(x)< g(x) npuecex x, a<Xx.
4) Ecmu max f(x) < min g(x), mo f(x)< g(x) nala,b].

xela,b] xela,b]
5) Ecmu f(a)=0, f(b)=20u f"(x)<0 npu xe(a,b) mo f(x)>0 npu
xe(ab).

6) Ecnu Haoo oyenumo 3Hauenue QyHKyuu, a ecms OYeHKd npouU3s0OHOH U
SHAYeHue QYHKyuu 6 moyxe X,, mo ciedyem nucamso

f(x)=f(x,)+ J.xz f(O)dt u oyenusame unmeepan.
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Jst pynryuu 08yx nepemenHvix umeem

Fe =1+ [0 Lyt Lix vy,

20e nymv UHMeSPUPOBAHUSL BbIOUPACTNCSL npOMSGOJZbHO.
7) Ecnu pynxyus ewinyxna ésepx (snus) na [a,b], mo ee epagpux naxooumcs

mexncdy cexyuetdi, nposedennoii uepes (a, f(a)),(b, f (b)), u xacamenvroi

6 m000il mouKe epagura Ha NPoMeNcymrie.
Moowcem nomous ucnonv3o08ane u36eCMHBIX KIACCUYECKUX HePABEHCTIEB:
1) Hepasencmea medsncoy cpeOHum K8aopamuyeckum, CpeoHuM apuhmemudeckum,

CPEOHUM 2eOMeMPUYECKUM U CPEOHUM 2apMoHudeckum. Ko a,,a,,...a, —
NOJIOJICUMenbHble YUCId, Mo

2 2 2 1
a +a, +...+a a +a, +...+a n
1 2 1 2
\/ n - 2 n - >(ala2 a ) 1 1 1
— .
al aZ an
PaeeHcmea Geprl MOoJIbKO npu al — a2 - ...= an.

2) Hepasencmeo Kouu:

(ab +ab,+..+ab ) <(a’ +a, +..+a )b +b’+. .+b")
Pasencmeo eepno, ecnu Aa, + ub, =0, coe A+ 17 #0, npuecex k=1,2,..n.
3) Hepaserncmeo ByHsakoecko2o:

([ fgdn? <[ f2 (x| g (x)dx
Pasencmeo éepro npu Af(x)+ ug(x)=0, 20e 1>+ 1° #0.

p q
4) Ecru U >0,V >0, p>1, l+l_1 moUV<U_+V_
P 9 P 9
5) Hepagencmeo I'envoepa. Ecau p > 1, i+ 1 =1, mo
P 9

1 1
b b — b —
| fgax<([ rr@do (| g (x)dx).
Pasencmeo goinonneno npu Af¥(x)+ ugi(x)=0, c0e 1>+ 1° #0.
6) Hepasencmeo Munroscrkoeo. Eciu p =21, mo

([ (f)+ g an)y” < ([ 7o) +(] g” (x)ex)”
Paserncmeo gomonneno npu Af(x)+ pug(x)=0, 20e 1>+ 1° #0.

7) Hepasencmeo Hencena. Eciu [ — ewinyxnas 6nuz ynxyus, onpeoeneHnds Ha
(a,b), x, e(a,b), a,+a,+..+a, =1, «a >0,i=12,.n, mo cnpaseoiuso
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HepageHCcmeo ax | ) o f(x). Ecu f — svinyknas 6sepx pyukyus, mo
p 11 1 1

i=1 i=1
3HAK HEPABEHCMBA MEHAEMCCA HA npOl’}’ILl@OI’ZOJZOQfCHblﬁ.

7.1. Ilycts dyukmms f asaxasl auddepeHmupyemMa Ha [0,1] ¥ BBIyKJIa BHH3,
1

kpome toro f'(1)< 2 f(1). Mokasare, 4o J.f(x)dx >0.72. f u g - MOHOTOHHO
0

BO3PACTAIOIIKE dbyHKIIAN Ha [a; b] : Jlokazarb, 4TO

b b b
(b-a)[ f(0)g()dt = [ f(t)dr[ g(¢)dt.

e
7.4. JlokazaTh, 4YTO nns JIIOOBIX BELIECTBEHHBIX YHUCEN X|,X,,X3, Vi, Vs, Vs
2 2 2 <
(x2y3 _ny3) + (xl)@ _Y1x3) + (X1Y2 _J/lxz) =
2 2 2 2 2 2
S(‘xl X5 +x3)(y1 TV, +y3)-
uP vq
75 uv=>0, p>1, qg= P Jlokazath: Uy < — + —.
p-1 P q
7.6. abed =1. Jlokazate: a’ +b° + ¢ +d*> +ab+bc+ac+ad + bd +cd > 10.
7.7. [TokaszaTts, 4To JUTS MOJOKUTEIbHBIX a,a,,...,a,

K <(ag +.. +ak)[1+... +1j.

aj A

n
n
7.3. Jlokasatsk, uto n!> (j .

7.8. Jlns HENPePHIBHBIX Ha [a;b] dyukmmit P(x) u G(x) nokasars HEPaBEHCTBO
1
b 2 7y 22 1
[Peydx | +| [G(a)d < | (P2 (x)+G? (x))2 dx |
a a a

7.9. a;. - TIOJIOXKUTEC/IbHAA MOCJICA0BATCIIBHOCTD. HOKaSaTB, qTO CCJIHN OTHOLICHHUC

ay

—1
p BO3pacTaer, TO MOClenoBaTebHoCTh Af = (al +T..t+tda k) CTPOro
k+1

BoInyKiia, T.e. mpu Beex k > 0 2A(k) < A(k—1)+ A(k +1).

7.10. neZ, A - uppandoHalibHOE YuClio, ®(N)= min’ﬂn—m|. Jlokazath, 4TO
m

2mnd 1’

w(n) < %‘e
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2007 1

COSX
7.11. Jlokasarts, uto 0 < J‘ dx < .
0. X 2007

7.12. Jloka3zatb, 4TO €ciu a;,d,...,d

n

- MJIHWHBI CTOPOH MHOI'OYyroJbHHKa

1 1
eIMHUYHOrO MEPUMETPa, T0 =~ < » aad, <1——.
puMeTpa, TO ~ Zj a;<1--

7.13. HpOBepI/ITb uto i HeyOwBaromed ¢ynkuun [ (x) Ha (O;—i-OO) u

d b+d
a<b<c<d jf dx+jf Jx < | f(x)dx.
a+c
7.14. JlokazaTh, 4TO €CJIM YKCIIA X; 00pa3yr0T HEBO3PACTAIOILYIO MOJTOXKHUTEIbHYIO
NOCJIeI0BATEIbHOCTD, TO npu JTF000M HaTypaJTbHOM n
XP 4335 +5x5+. +Q2n—Dx? < (X, + X +..4x,)°.
e ) o0 -
Ccos kx sin kx
7.15. f(x) =y ;g(x) =y . Ha#itu Bce 3HaueHms X,
. k! . k!
i=0 i=0
X
yIOBJIETBOPSIOIINAE HEPABEHCTBY f( ) >1986.

g(x)
7.16. Oynkmus [ (x, y), 3amanHas W auddepeHmupyemMas TpH  BCeX
BEIIECTBEHHBIX X,) 001aAaeT TeM CBOWCTBOM, YTO B JIOOOH TOUKE €€ rpajueHT

OPTOTOHAJICH  PajNyC-BEKTOPY ATOW TOUKH. (T.€. x——l— V-5 & =0) u

;g; <l ‘g}} < 1. lokasarts, uTo ecnu f(O,l) =0, 10 ‘f(l,Z)‘ <In2.

X X X

7.17. Nokasats HepaseHcTBOo pe’ +ge? < e’ ecnm p.q>0, p+g=1

T :
7.18. Jlokazathb, 4TO MpHU X € (O;zj UMEET MECTO HEPABEHCTBO SIN X - IgX > x2.

L dx 72

<
0 J 4 — x 8
7.20. Tokasats HepaseHcTBo X~ > (1+ x)[ln(l + x)]2 s Beex X > —1.

7.19. Jloka3athb, 4TO — <

7.21. Jlokaszarb, 4T0 WIA X, Y, € (O;l) IpH X # J BBINIOJHEHO HEPABEHCTBO

1 1
¥ — “’ a|x—y"

x
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7.22. Ha mnockoct XOY wn306pasure MHOKECTBO pEIICHHH HEPABEHCTBA
1

J.\x+yt\dt <I.
-1
7.23. Haiitu nepeceuenne obmacreii [ ‘xy‘k < ‘x’k + ‘y‘k (k=123,...).
n+1 _ 2
7.24. Jokazate, uro nmpu O<x<I; 1< Han < l—i-u. (
(n+1)x 2x

HaTypaJIbHOE YNCIIO)
725. Ilyctb M - MHOXeCTBO HenpephiBHO AHP(PEPEHIUPYEMBIX Ha [O;l]

ynxmit [ (x), ms kotopeix f(0) =0, (1) = 1. Haiitu naubonbuiee uncno k
, Takoe, 4ro muA Beex QyHKkumi w3z M CTIPABEMIMBO HEPABEHCTBO

ksi’f'(x)—Zf(x)’dx.

7.26. Oynkuus @ HenpephiBHA Ha [O;l], u g Beex X 0< A<D(x)<B.

1 1
dx
Jlokaszate, 4To ABJ. <A+B- J.(D(x)dx.
D(x)

0 0

7.27. X,y - nonoxurenbHbie yncna u X + y = 1. Jlokasare, uro x* + ' > V2.
-
7.28. JloKa3aTh HEPABEHCTBO < < In(1+ x) < % npu x > 0.
1+ 5

19891989 19881988

7.30. @ynkumsa [ HempephIBHA W MOJIOXKHUTEIbHA HA [O;l]. dukcupyem H, nns

7.29. Uto Oomblie

xotoporo 0 < H < 1. Jlokasats, uto cymectByer C u3 [O;l - H ] JUISL KOTOPOTO

C+H H 1
| F(t)a’t<1 o [F(tyar.
C 0
7.31. OyHKIUA f MOHOTOHHO YyOBIBA€T K HYJIO Ha [a;—i—oo), a yskuusa @
T
HenpepbiBHA Ha R u mmeer nepuon 1 > 0, npudem J.(p(l‘)dl‘ =0. Jlokazats
0

T

J.f(t)(p(t)dt < f(A)J.\(p(t)\dt npu A > a.
A 0



42

732, Oyukuum A w B HenpepsiBHBI Ha [0;1] O<c<l u mna Beex x

1 c

A(x)> B(x)>0. HssectHo, uTO J.xB (x)dx = J.xA(x)dx. Jlokasate, uTO
0 0

1 c

[ B(x)dx < [ A(x)dx.

0 0

7.33. IlocnenoBaTenbHOCTH X, 3a7aHa CIHEAYIOIIAM o0pa3oM:

1 1
x=Lx. =x, —i—x— Jlokasars, uto wist 1 >3 \J2n <x, , < 2n+zlnn.
n

7.34. 3HaueHUS HEMPEPHIBHOW Ha [a;b] GyHKmMM f HEOTpHLATENBHBI M HE

IPEBOCXOIAT M. Jlokazarsb, 910
b e e 2 (b—a)*
0< J.f(x)dx - J.f(x)cosxdx - J.f(x)sinxdx <M"Y
g g 12
x+1 1
7.35. Jloka3aTk, uTO jsintzdt <— mpu x >0,
X
x

7.36. Jlokazats, uTOo ecIu feCool], £=0; f"<0, TO

1 1
2
J.xf (x)dx < —J. £ (x)dx
0 3 0
737.  f - wenpepmHas dymxmua  wa |a;b], 0L f(x) S M,
b 3 b
Vx €|a; b],J.f(x)dx = M2 . Jlokasats, uto J.A/f(x)a’x > M.
a
7.38. Ilpo wuyucma a,,4,,...,d, W3BECTHO, 4YTO I Bcex X
a sinx + a, $in2x+...+a, sinnx| < [sinx|. Tlokasars, 4T0
a +2a,

7.39. Jloka3ats HEPABEHCTBO (1 + x)a — (1 — x)a <2%x:x,a € [0:]].
7.40. Jloka3arh, 4TO I JBaXAbl HempepsiBHO auddepeHmmupyemon 27 —
MEPUOTNICCKON  BEMIECTBEHHOW (PYHKIIMM  /  BBIMIOJIHEHO HEPABEHCTBO:

2z 2
[f(f(x) ]<j (f"(x))" dx- jf(x)dx

0
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Xty Xty 1

2\/5_ 4xy _x+y

7.42. HyCTB (byHKuHﬂ / 3aJaHa U UMEET HEMPEPBIBHYIO MPOU3BOIHYIO Ha OTPE3KE

7.41. Jloka3aTh HepaBeHCTBO: In

mpu x>1, y>1.

[a,b], I f(x)dx = I f'(x)dx=0. Jlokazate, uro mis Bcex x€[a,b] Oynmer

O E j (o)

7.43. HyCTb g(x)eC' [O; + 2) u g'(x)>0 mns mroboro x € [O; 2). Jlokazatb, 4TO
115t 1i000ro 1 € N BEpHO HEPABEHCTBO

2 4 6 2n
[ gdx+ [ g()dx+ [ g(x)dx+...+ [ g(x)dx> 0.
7.44. Tlyets f(x), g(x), h(x)e C[a,b] u h(x)>0 Ha [a,b]. [lycts Vx € [a,b]

BBITIOJTHAETCA HEPABEHCTBO [ (x) < g(x) + Ih(t) f(t)dt . lokazarp, 4TO Ha [a,b]

Sx)<g()+ [hDg®) exp[ | h(u)dujdt.

7.45. HerpepbiBHas 1 HeoTpULaTenbHas Ha kpyre (X, V)1 X~ + y° <1 dyskums
f(x,y)nnaseex r,0 <7 <1, ynoBneTBopseT HEPABEHCTBY

j f(rCOS(p,rsm(p)d(p<— | j F(x,y)dxdy.

x +y <r
Jlokaszate, uto f (x, y) =0 B nannOM KpyTE.
7.46. Jloka3aTtb, 4TO

Toxdx W1 1
0< — E —_—<—
'([ex -1 “<='n 2009

§ 8. UnTerpan.
Ilpu ooxazamenvcmee modcoecms ¢ ONpeoeeHHbIMU UHMELPANaMU Yauje 8Cec0
mpebyemcsi 0esamsb 3ameHy nepemeHHol. Bo3modicHo, Haoo pazoums UCXOOHBIl
uHme2pan Ha 08a U 8 OOHOM U3 HUX 3AMEHUMb NePeMeHHyIo (0003HA4Us ee moii
orce OYyK8oIl), a nomom ux coopamse 6 ooun. CmpemumsCs C8eCmu K UHme2pany om
HeYyemHuot QYHKyuu no CUMMEMPUIHOMY OMHOCUMENILHO HYJIS NPOMEINCYMKY (U3
9020 YCI08USL U bIOUPAMb XAPAKMep 3aMeHbl), KOMOopwili paseH Hyo. Lciu
ecmob HeCKOJIbKO UHINEZPANos, 8 KOMOPbIX NPUCYMCMEYem 00HA Heu38eCmHAs
GYyHRYUS ¢ pazHbIMU apeyMeHmami, Mo cOeldmv 3amMeny max, 4ymoowl apeymMeHmol
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nocje 3amenvl Cmaiu 0OUHAKo8uiMuU. Mooxcem 6vimb, 6 0OHOM UIU HECKOIbKUX
UHmMe2panax Haoo NPOUHMeZPUPO8AmMs NO YACHISM.
Humeepanei, 3asucsiyue om napamempos.

Cnocob ewiuucienuss unmezpand, 3a8Ucsiueco onm napamempa:

a) npooughghepenyuposame (uiu npourHme2puposams NO NApPAMempy;

0) epIYUCTIUMb NOTYYEHHBIT UHIMECPAL,

8) npouHmezpuposame (Mpooughghepenyuposame no napamempy 0is NOAY4eHusl
UCXOOH020 UHMe2paid, NPOU3BOTILHYIO NOCIMOSAHHYIO HAUMU, GbIYUCTUG OAHH bl
uHme2pas npu KAKOM-mo 3HAYeHuU napamempa,

BO3MOJICHO, 6MeCmo 0) u ) b6yoem:

cocmasums oughghepenyuanvrHoe ypaguenue (Heu36eCmuast PYHKYus- UCKOMbIT
uHme2pas, nepemMeHHas — napamemp) u peuiuns e2o.

%( [0 £x.pan) = £(b(p), PIB(P)~ f(alp). p)a(p)+ j:((j))%f(x,p)dx-

Buiyucnenue unmezpana I, ¢ yenvim napamempom:

a) evryuciums 1, (wm 1,),

0) svisecmu pexyppenmuoe coomuoutenue (vipasume 1 . um I ., vepes I )

U C €20 NOMOULIO HAUIMU HYIICHBIT UHmeepan. BozmooicHo, 6 3a0aye gueypupyem
KOHKpemuoe 3Hadenue n (mo ecmov hopmanisHo napamempd Hem), Ho bl800UMb
yacmo yoobnee obuee pekyppeHmuoe COOmHouLeHue, d NOMoM NPUMEHUMb €20
HYIICHOE KOIUYECMBO Pa3.

Heszasucumocms unmezpana om napamempa:

1) Ilonpobosams npocmo sbivuUcIUmMb UHMESPAT U YOeOUumsCsl, 4mo OH He
3a8ucum om napamempd.

2) Ecnu unmeepan gviuuciums He yoaemcsi, mo npooupgepenyuposamso €20 no
napamvempy u 0OKazamv, 4mo NPOU3BOOHAS PAGHA HYJIO, UCNONb3YS
npuemvl, ONUCAHHbBIE 8 Hayalle napazpaga.

Jns eviuucnenus unmezpana 6e3 napamempa 4acmo YOoOHo napamemp 66ecmit u,
UCNOTIL3YS ONUCAHHBLE GblULe NPUEMbL, HATIMU 2Mom Oojiee 00uuil uHmezpai, a
3amem 35Mb HYICHOE 3HAYEHUEe Napamempa u noIy4ums Omeen.

Ipu npeobpazosanuu unmeepanos 4acmo UCOAL3VIOM NPOCmoe, HO NONE3HOe

1 1

PABEHCIMEBO: + =1.

l+a 1+l

a
Bozmoocno, gvluucienue uHmezpana MOJNCHO C8eCu K UHMe2puposanuro no
3AMKHYMOMY KOHIYPY 8 KOMNIEKCHOT NIOCKOCMU, 20€ MOJICHO UCNOIb308AMb
meopemy o gpivemax. Mnoz20a mosxcem nomoys 8einoaHeHUe npeoopazo8anus
Jlannaca om uckomoco unmezpana no napamempy (8 4acmHocmu, npu
npeobpazosanuu Jlannaca ceepmra nepexooum 6 npouzgeoeHue).

7 XSInx
8.1. Beruuciaurh J. —dx.

0 1+cos’®x
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T
8.2. Berunciaurs J.xsin6 xCOS4 xdx .
0
z
2

8.3. Jlan J.sin“ xdx,a > 0. Tlokasare, uro ¢yukmms f(a)=(a+1)1,1,,,
a
ompenenenHas Tak npu & >0 sBuseTcs mepuoamdeckod ¢ mepumomom I
Beruucnuts [ (O)
a
dx

8.4. Beruncnursb J. dx , rne (x) - neyetnas QyHkms ?
_al+@o(x)+4/1 +(p2(x)

Lin(1+x)
2

dx.

8.5. Beruncnurs
0 1 +X

0

8.6. Jlokasarh paBEeHCTBO: J‘f(x—i-gjdx = If(\/ x4 4a)dx, a>0.
X 0

0

1
arctgx
8.7. Beruncnurh J. & dx .
I+x
0
? dx
8.8. Berunciaurs J. 5 )
0 (1 X XI + x“)
Tusintu
8.9. Beruncimmrh I > du,t>0.
o 1+u
T -1
5 ) p S602 o
S€C
8.10. Beruncants J. e 2 ao .

0 2

C 1
8.11. Ipu kakux HaTypanbHbiX p wncio E(p) = ) s+~ pauuoHanbHo?
! 2 I+ )

CcoSz sin z

dz, or Hayana

t
8.12. Haittu pauHy Ayrd JHHUH X :J.
1

KOOPAWHAT A0 OjuxKahied TOUKU ¢ BEPTUKAJIBLHON KacaTeIbHOM.

z z

t
a’z,y:J.
1
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dx

8.13. JlokasaTb, 4TO MHTErpaj | ——— HE 3aBHMCHT OT K.

Ol+tgkx

X
1
8 14. Haiimn /(0), ccmt £(x) = jcos(jdt, 7(0)=0.
t
0
8.15. W3  kaxaoil  TOYKM  KpPUBOM L, 3amaHHON  ypaBHEHHEM

y=Xx", x E[O;l], n>1 nposemem BeKTOpP KacaTelbHOM €IWHWYHOW JJIMHBI,

cocrapisonmit octpeiii yron ¢ oceto OX . Haiitn mmomane S(n) obmacrs,
3aMETAaeMOM STHM BEKTOPOM IPH JBHKEHHH TOYKH BIOJIb KPUBOM L .

27 dx

0 a’ cos” x +b? sin

8.16. Haiitu unrterpan o
X
8.17. Ilycts ¢ynkumsa D(x) HenpepsiBHA Ha Beel umcinoBoi ocu w1 A > 0.

1

CocTaBuM  HOBYIO  (PYHKIIHIO S, (CD, x) = % O(x+t)dt.  Bsipasurb

Cmmm N |

|

S, (S h (CD,x),x) 4yepe3 OAHOKPATHBIH HHTErpal.

8.18. U3 Touek napaGonmbl J = X TNPOBOAATCA KacaTelbHble K mapaborne
y=x*+1 Jlokasath, uYTO MIOMAAb KPHBOIMHEHHOrO  TPEYrOJNBLHHKA,
00pa3oBaHHOr0 STHMH KacaTeJbHBIMH M ayrodl mapaGomel ¥ = x> +1 mexnay

TOYKAMH KacaHWUs HE 3aBUCUT OT BHIOOpA TOUKHM HAa HYDKHEH mapadorie.
8.19. p(x) - monoxuTENbHAs KyCOUYHO-HEMpPEPHIBHAS yObIBaromas (yHKIMA Ha

1 1
J.xp2 (x)dx J.pz (x)dx

[O;l]. Jlokasars: Ol <0

1
J.xp(x)dx J.p(x)dx
0 0

o0

dx

8.20. Jl;a HaTypajbHOrO 11 HalTH U
O(l*‘X )n

T
cosnt
8.21. Haittn 1,,(x) = |

0

dt nns ]x] <1; neN.
I1—xcost
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T
8.22. Tlpu kakux 3HaueHusAX A uUHTErpai ﬂsinx — A‘dx MPUHUMAET HAUMEHBIIIEE

0
3HaUYeHUE ?
JIn(12 —
8.23. Haiitu I/IHTeraJ'IJ. Jl (12n( ) x)l dx .
n —-X)+-inx

sin(7mx
(=) dx, [x] - uenas wacts uncna x.

8.24 Haittu lim J.
n—>oy 1+ nx — [nx]

COS X Xsin°> x + cos x

8.25. Haiitu J.e 3 dx .
sin” x
8.26. B ojo d
.26. BeruuciauTb .
1 x+1992x 1992
1
8.27. Be3 NOMOIIM KaJIbKYJIATOPa 10Ka3aTh, UTO J.«/Sin mxdx < 0,8,
0
7 sin2001x
8.28. Beruncimmrh J. —————dx.
S x
0
2x,0<x <12

829, Tlyers T(x):{ 7D () = {7 ()}

—2x-212<x<1

1
n=123,..., TV(x) = T(x). Haira [T (x)dx.
0

8.30. HccaenoBaTh HA CXOAUMOCTD J(—l)[xz]dx.
0

2
8.31. Bpruncnuth Isin(sinx + nx)dx, TIE N —UENOoe.

0

o 3 4

X dx 1 =

8.32. BpluHCIHUTH I CUMTas U3BECTHBIM, UTO Z =
et =1 Tk 90

1
8.33. Uro Oonbie: Ix dx wunu )W dxdy?
0

o!—,»—-
o!—,»—-



8.34.

8.35.

8.36.

8.37.

8.38.

8.39.

8.40.

8.41.

842
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1
dx

Brraucnute nHTErpa I - > :

‘(e +1)(x +1)
T dx
HccnenoBaTh Ha CXOIUMOCTb HHTETPAJL: J‘ﬁ

o 1+ x"cos™ x
Oynkuua f(x) TakoBa, UTO I(a( f ()c))2 + ( f '(x))z)dx =1. Hailigure
0

MaKCUMaJIbHO BO3MOKHOE 3HaueHue f(0) B 3aBUCUMOCTH OT a (a=0).

77 2n+l
Hsinx—cosx
Beruncnute nHTErpat - dx , he N.

0 SINXx+COSXx

1
dx
Beruucouthe I .
[+27te

-1
[lycte ¢yHkums [ 3amaHa u wHTErpupyema mo Pumany Ha [0,1] m
1
: 4
ling f(x)=0. loka3arp, uTo hngxf%d =0.
2008 )
Brrancnute I x(x—4)(x—8)-...-(x—2008)dx.

0

o0 0

BBIYuCIHTS ”‘ln x—In y}e_(ﬁy)dxdy :

00

. Henpepwisras Ha Beeii mockoctu gynxims f(X.)) Takosa, 4to

KPHBOJIMHEHHBIA UHTETPAII J‘ f(x,y)dl no mo6omy orpesky L nnumsl 1 pasen

L

Hymo. Jlokazats, uto f(x,y)=0.

8.43. Ilycte f(x)—HenpepsiBHaAs Bo3pacTaromas Ha [0,0) pyHKIus,
£(0)=0. O6o3nauum uepe3 (x(z), y(¢)) KOOpAUHATHI LIECHTPA TKECTH
noarpaduka f(x) Ha [0,90), TO €CTh (UTypbI, OTPAHUYEHHON JTUHUSMHU
e=f(x),y=0,x=t.

a) Cuwmras ussectHoM Qynkumoo X(¢), naiitn f(x), ecm f(1)=1.

6) Jloka3are, 4TO TIPY AOTIOJHATEILHOM YCIIOBHH BHITTYKJIIOCTH BHHU3 (DYHKITAN

f(x)mna Beex ¢ > 0 BepHbI HepaBeHcTBa X(7) > %t , (1) < %f(t)

§ 9. ludpdpepenuunanbubie ypasuenus (AY).
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Ionpobosame peutums ypasHeHue (603MOICHO, BbIpA3UMb PEULeHUe Yepes
unmeepan). Yawge ace2o 0715 91020 HAOO Oenams 3aMeHy NepemeHHOll.

y'=f(X) - 3amena y = Xt,
X

2 2
eciu 8 ypasHernuu ecmpedaemcst X + yy', mo eeposimua 3amena t = x° + y°;

v+ p(x)y = f(x)y" (8 uacmnocmu, moxcem ovime a =0) — samena

y= ue_I p(x)dx; peutenue; y = ue_jp(x)dxff (X)ejp(x)dxdx (hopmyny MOdICHO

nucams u mo2od, Kko2od 6 npagoi yacmu cmoum f(x,¥) u ucnoaw308ame 2mo

gvipaoicerue, Hanpumep, OJis OYEHOK).
Bo3zmoocno, 6 ypasueHuu Haoo paccmMampueams ne 'y kax Qyuxkyuio om X, a

1
naobopom: x(y), y'=—.
X

Ecnu ¢ ypasnenuu P(x,y)dx+ Q(x,v)dy =0 ewinonneno op = 8_Q mo Jjiesas

oy Ox
yacmos ecme NOAHBLI Oughhepenyuan u peutenue:
X,
. (PG p)ds+ O ) =C,
e0e nymv uHmepuposanus u mouxa (X,,y,) eulouparomcs npouseovHo.
Ecnu ycnogue nonnozo ouggepenyuana mne 8bin0aHeHo, Mo MOJICHO NONPO6OBAMb
Haimu unmezpupyrowuii muodxcumens ((x), u(y) wiw pu(x,y) maxoi, 4umo

o(uP) _ (uQ)
oy ox

yacmu 6yoem noauwlll Oughgepenyuan u peuteHue 8 Keaopamypax (mo ecme yepes

uHme2panvl) NUULEMCsl, KaxK U paHvule.

Ypasuenue emopoco nopsoxa modicem okazamucsi ypagHeHuem co 6mopvim

NOJIHBIM UG hepenyuanom

A(x, y)y"+ B(x, »)(») +C(x.y)y'+ D(x.y) = 0.
Jlocmamounoe ycinogue moeo, Ymo 6 0OHOCBA3HOU 00JACmU 210 8MOPOU NOIHBII
ougppepenyuan:
A4,(x,y)=B(x.y), 24,(x,y) =C(x.y), C.(x,y) =2D (x.y),
A, (x,y) =D, (x.y).

B smowm ciyuae obwuii unmezpain ypagHeHus::

y x t
[ AGx.y)ay+ | dt [ p(z)dr = Cx+C,.
Yo X0 X0
B ypasuenuu gvicuteco nopsioka nonpobosams NOHU3UMb NOPAOOK C
noMoublo 3dMEHbBL.

. Toeoa nocne ymnodicenus 6ceco ypasHeHus Ha |1 8 1e6oli
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Obwee peuteHue TUHEHO20 0OHOPOOHO20 OughghepenyuanvHo2o ypagHeHusi N —
2o nopsioka V" +a,(x)y" " +a,(x)y" P+ +a,(x)y =0 ecmv nuneiinas
KOMOUHAYUsl ¢ NPOU3BOTbHBIMU KOS puyuenmamu e2o n JUHENHO He3A8UCUMBIX
peutenuti (ynoamenmanvroil cucmemvl peuwtenui) y,(x), y,(x),...y, (x).

Pewenus muneiino Hezagucumvt mo2oda u moabko mozod, Koeoa ux eponckuan W
He 00pawuaemcsi 8 HyJllb HU 8 OOHOU MOYKe:

M Yoo e W
A

Tonesnas ¢hopmyna ons eponcxuana:

—jx ay(s)ds
W(x)=W(x,)e ™

Ecnu 6 ypagnenuu omcymemeyem v (nanpumep, y'+ @’y =0), mo
W (x)=const.

d
s 0eyx pymryuii: W=y,y,'-y,y,' = yl2 E(y—z) 2my ces36 yacmo
M
UCNONBL3YIOM 6 OIUMAUAOHBIX 3A0A4AX.
s ypasuenusi gmopoco nopsioka y"+ p(x)yv'+ q(x)y =0 pewenue

yv=cy,(x)+c,y,(x), eoe y,,y, - nuneino nezasgucumvie peutenus. IlIpu smom,
1 - poas
e Q
2
yi (%)

eciiu Y, U38eCmHo (Hanpumep, no0oopano), mo y,(x) = yl(x)J.

Yeaoams yvacmuoe peutenue 6visaem yooodHee, eciu 0m UCXxo0H020 YpasHeHUsl

L ' 2
nepetimu x ypaswenuto Pukkamu z'+z° + pz+q = 0 ¢ nomowwio 3amenwl

y(x) = exp(jz(x)dx).
Peutenue neoonopoonozo ypasnenus y"+ @’y = f(x), = const, X > a, umeem
6U0

: [ :
y=c sSinwx+c, CoS@x + EL f(t)sinw(x—t)dt .

Ypasnenue Jitnepa n—eo nopsoka

-1, .(n-1 -2 (n-2
X"y +ax" v +a,x" Yy + 4 a,y=0 ceooumcs x ypasnenuio ¢
NOCMOSIHHLIMU KO3 (hpuyreHmamu ¢ NOMOULbIO 3aMeHbl

t @:e—t@ dky _e—kt dky

dx dr’ 7 dx* dr*

B 3a0auax o kopusx pewienuti JUHENHBIX OOHOPOOHLIX OupgepeHyuanbHbIX
ypasHenuti nonesia meopema [lImypma u ee cneocmeusl.

XxX=e
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Teopema HImypma. Eciu X,, X, —06a NOCICO06AMENbHbIX KOPHS HEKOMOPO2O
pewenus Y(x) ypasnenus y"+ p(x)y'+q(x)y =0, p(x), g(x)—nenpepvisnwvie
Qyukyuu, mo ecsakoe opyeoe nunelino Hesasucumoe ¢ Y(X) peutenue mozo ice
YpasHeHus umeem 6 MOYHOCMU OOUH KOPEHb Medcoy X, U X, (3amMemum, 4mo

COBNAOAM b KOPHU JIUHEHHO HE3ABUCUMbBIX PEULeHUTI He MO2YI).
Teopema. Eciu q(x)— HenpepvisHas GyHKyus HA KOHEYHOM 3AMKHYIMOM

npomexcymre [a,b] u q(x) <0 na [a,b], mo ece pewenus ypasnerius
v"+¢g(x)y =0 umeror He Oojiee OAHOrO KOpHA Ha [a,b].
ITycme umeemcst 06a ypagnenust
V'+q(x)y=0,z"+q,(x)z=0, q, # q,.
Tocoa cnpaseonusa
Teopema. Lcnu q,(x)<q,(x) na [a,b], mo mexncoy xaxcovimu 08yms KOpHAMU

106020 peuwtenus Y(X) nepeoco ypasHeHus HAXOOUMCS No Kpaunei mepe 00un
Kopens 1106020 peutenust z(X) 6MoOpo2co YpasHeHusl.

9.1. Halitu miomaab, OrpaHHYEHHYIO) OTPE3KOM (c;d ) ocu alCIMCcC U KPHUBOM,

sBrsonieiics rpapukom perienns JIY yy” = —1, ecnu u3BecTHO, 4TO Ha (c;d ):
y(x)>0, lim y(x)= lim y(x)=0; maxy(x)=m.
1
9.2. PemmTh ypaBHEHHE: J.(p(ax)da =np(x).
0
9.3. Peruuth ypasHeHue: )’ COSY = X —SINy.
X x3
9.4. PemmTh ypaBHEHUE: J.(x2 —£? Yo(t)dt = 3

0
9.5. Jokasats, uto eciu q(x)#=0 u JY yp"+q(x)y=0 nmeer ne

[
obparuaroneecs B HyJib () - NEPUOANYECKOE pemenue Y(X), To Iq(x)dx <0.

0
9.6. Jlokazatsb, uto pemenne Y(x) JIY X°y’' = y — X He MOKET ObITH PA3NOKEHO B
CTENEHHOM s HU B Kako# okpecTHOCTH X = ().

!

X costdt 4
9.7. Pemunth ypaBHEHUE J. =

—1gx.
3.
00082 —Ssint 3
4
9.8. Moxer nu yukimsa y = | — COSX ObiTh Ha WHTEPBAJE (— a;a) pELICHUEM
Y y" + p(x)y" +q(x)y =0, rne p(x) - nenpepbiBHbie GyHKIMK HA (— a;a).
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9.9. Iycte HenpepbiBaO auddepenimpyembie Ha moiayocu X = 0 dyukuun y u H
CBSI3aHbl COOTHOIIECHUEM V' + e ! y = (0. TlokasaTp, 4TO M3 UHTETPHUPYEMOCTH Ha
nojiyocu ¢hyHKImu H + = maX{O,H '} ClleZlyeT OrPAaHUYEHHOCTb (DYHKLIMH .

9.10. Tlycts B JIY Y’ =y + p(x) bynkums p(X) HenpepbiBHA MPH BCEX X W

p(x+®) = p(x). HokazaTh, 4TO CYyIIECTBYET E€IMHCTBEHHOE IMEPHOAMIECKOE

PELIEHUE 3TOTO YPABHEHHUS C IEPUOIOM (D).
9.11. [lunamuka npoTUBOOOPCTBA JBYX apMHUNA  ONKMCHIBAETCA CUCTEMOMH

-

{x “ (a>0,b>0). [pu KaKUX HAYaJTbHBIX JIAHHBIX
y'=—bx

x(0)=x,>0, y(0)=y,>0 mnoGemur meppas apmus (T.€. UYHUCIEHHOCTH Y

BTOpO# apmmu oOpaturcs B 0 mpu Hekotopom f > (0)? TIpu Kakux YCIIOBHSAX

nmoOeauT BTOpas apMus?

9.12. Nokasate, uto Bee petuenust smHeinoro 1Y y" + f(x)y =0 orpanuuenst

Ha [0;+0), ecnm  f(x) wmenpepeiBHO auddepeHuMpyeMas BO3pacTaKOIIAs
¢byrkims Ha [0;400), IPUHAMAFOMIAs MTOJIOKUTEIILHBIE 3HAUCHHS.

9.13. Paccmotpum 3amauy Komm: y' =—z°, z/ = y°, y(0) =1, z(0) = 0. Tlycrs
Y(x)= f(x), z(x) = g(x) - ee peuienne, onpeneNeHHOE Ha BCEH BENIECTBEHHOM
ocu. Jlokasars, uto pyrkumm f(x) u g(X) nepuoandHsi.

9.14. Tlycre y"<-a*y(x), ¥(0)=0, y'(0)=1 u touka x, €(0;+0),
ONv>Kaiiiliasi K HavyaJly KOOpAMHAT TOYKa, B KOTOpoH oOpamaerca B 0 pelieHue
samaun Komm: z"(x)+a’z(x)=0,z(0)=0, z/(0) =1. Jlokasats: a) Ha

[0:x,] y(x) < z(x).
6) Ha {o;xzo} V'(x) < 2'(x).

9.15. Haiitu Bce maTerpansHbie kpusbie 1Y y" = y'(3(y”)2 - y'y”’).

9.16. Jlano Y y'+ 3V +k(x)=0, rne k(x) HenpepviBHAa W I BCex
x>0 k(x)>—-a® nna mexoropoii moctosnuoii a > (0. JokasaTh, 4TO eciM
peurenne Y(X) onpeneneno mis Beex X 2> 0, 10 oHO orpanndeno Ha [0;+00).

9.17. JHano JY: y"+k(x)y=0 wu nsa ero pemenus p(x) u z(x),

OIpeIeTIEHHbIE Ha [0;1] u YIOBIIETBOPSIOIINE YCIIOBUSAM
y(0)=0,y'(0)=1 z(1)=0, z'(1) = —1. lokazars, uro (1) =2z(0).
9.18. [Ipn KaKHX YCIOBHSAX peLIeHne 3aa4uu Komm

y'+py +qy = f(x), y(x) =y, y'(x)) =y Oymer mmers mpn X =X
Touky mepernta? Oynxuua f(X) cumraercs GeckoHeuHo auphEPEHIMPYEMON,
p =const, g = const.

9.19. Tycts y(x) - pemenne JY x2y"—|-{x}y'—y= 0 na (~1;1), nmeromee
HEMPEPHIBHYI0 MPOM3BOAHYIO BTOPOTO TOPSAAKA M YAOBIETBOPAIOLIEE YCIOBHIO
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ll)n_l1 y(x) =y, ({x} - gpobHas uyacTh umciaa X). [Ipd KakuxX YCIOBHAX OTO

pEIICHNE SBISAETCS HEBO3pacTaroieH hyHKme ?

9.20. Pemmth ay OECKOHEYHOTO nopAAKa:

x2 4 2n

+ 2 rr+x_ mey 4 X (2n)_|_ —

MO’KHO CUMTaTh, YTO BCE MPOU3BOAHBIE OIPAHUYCHBI OJTHON U TOW KE KOHCTAHTOMN
Ha JJIOOOM KOHEYHOM MHTEpBaJIE.
9.21. Ilycts HeBo3pacraromue Ha R, HenpepsiBHO-muddepenippyembie GyHKIHN

a,b mpUHUMAOT 3HAYEHMA HA MTPOMEKYTKE [I”_l;r], rae ¥ > 1. Tlokasarts, 4TO

x=a()y,

CTApTYIOILEE U3 EIMHUYHONO KPyra pEIEHHE CHUCTEMBI (t>0)
y=—b(t)x

OCTaeTCs B MpeJiesiax Kpyra paauyca 7 .
9.22. BepHo nm, 4T0 ecnv HenpepbiBHbIC KodddumnmenTs! munerinoro 1Y nepsoro
MOpPSAJAKA COXPAHSIOT 3HAK B HEKOTOPOW OKPECTHOCTH —+00, TO W JH000E €ro
pelieHre 001aaaeT 3TUM CBOHCTBOM ?
9.23. HaliTh MHOXKECTBO BCE€X TOUYEK IIJIOCKOCTH TaKHUX, UYTO Yepe3 KakAyro
NPOXOAUT POBHO OJHA W3 KPUBBIX Y = Y(X), NOMYMHEHHBIX YCIOBHAM:

14 !/ 2 14
Y'(x) + y(x) = (»'(0)*,»"(0)=0,x e R.
9.24. Tlycts y;(X) u y,(X) - nuHEHHO He3aBUCHMBIE HA MHTEepBane [ peImeHus
Y y" = f(x)y, rne f(x) nenpepsisra na [. Ilycts va 1 y,(x)y,(x) > 0.

JIoKa3aTh, 9TO CYIIECTBYET MOJOMKUTENbHASA MOCTOAHHAS C, Takas, YTO (PyHKIUS
z(x) = e/ y,(x)V,(x) ynosneropster JIY z"" +z7 = f(2)z.

9.25. u(x) - pemenne Y y"+q(x)y=0. ( ¢ R >R, g - nenpepsisna), u
nycte &, - uymn u(x) (a < ), upuuem u(x) =0 mia x € (Ot;ﬂ). Jlokazars,
uto J000e JMHEHHO He3aBuUcHUMoOe ¢ #(X)pemieHre V(X) TOTO e ypaBHEHHs
MMEET €IMHCTBEHHBIN HYJIb B (05 B )

9.26. HapucoBaTb Ha IUIOCKOCTH (x; y) WHTErpajibHbie  KpuBble J[Y

B _ iy
ol x(x> =1).

9.27. ®ynkuus Y(X) orpaHudeHa Ha (O;—i-OO) M sBisieTcs peuieHuem Y
Xy +2xy' =2y = f(x), rne f(x) HenpepwiBHA Ha (O;—i-OO) u npu x>0
ynosnetBopsietr HepaseHctBy (< f(x) <m. Haiitu OueHKM CBEPXy M CHH3Y
sHaueHui Gynxaun Y(X) Ha (O;—i-OO).

9.28. Tlycts D(x) - peurerne 1Y y”" — 2y’ + y = 2¢*. 3BecTHO, 4TO /I BCEX X

®’(x) > 0. Cnenyer siut u3 s1oro, uro O(x) >0 ?
9.29. JlokasaTh, uTO cymectByer pemenne V= f(x) AY y' =yp'""-1,

YAOBJIETBOPSIOIIEE MPU BCEX BEIICCTBEHHBIX X HEPABCHCTBY ‘ f (x)‘ <1.
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dx -1
9.30. Jlokazats, uto moboe pemienne Y Z = (2 + l‘4 + COS x) OTPaHUUECHO.
t

9.31. Harinure (yHKITHIO f ,  YJOBJICTBOPAIOIIYIO COOTHOIIIEHHIO

X
J.e”f(x— u)du =sinx,x € R.

0
1
du 2
9.32. PemuTh ypaBHEHUE = =u(t)+ J.u(s)ds,u e C7[0; ).t > 0.
!
0
9.33. OyHKys y=¥(x) YJIOBJIETBOPSET YPaBHEHMIO

y7 = x4/2 = x> — ¥, y(0) = 0. Jloxazats, uro p(x) < 1.
9.34. Peruuts ypasHenue 3'e > — y'e > +16y = 0.
9.35. Pemuth KpaeBylo 3a1auy:

: 3
xy"+2y'—xy=0, y(+0) = hrr{) y(x) - orpaamueno, y(In2)= e

X+ n

9.36. ®yrkuus y(x) Ha [a,b] yIOBIIeTBOpseT ypasHeHmo V' =14 x° + y°.
Jlokazatb, uto b—a < 7.
9.37. CHeromnaja Havayics A0 TMOJYIHS U MPOAOJDKANICS Jajiee ¢ MOCTOSIHHON
WHTEHCUBHOCTHIO. POBHO B TIoNi/IeHb Opurasa BeINLIa Ha yOOPKY CHETa Ha I0cce
MOCTOSTHHOMW IIMPUHBIL. 3a nepBbie 2 yaca padbouue ounctiin 2 kM. [llocce, a 3a

CIEAYIOIIKE 2 yaca UM YJaJ0Ch TPOJBUHYThCA Jivib HA 1 kM. CKOpOCTh YOOPKY
cHera nocrostHHa. OnpenenuTs BpeMs Havalla CHEronaja.

1
9.38. Haiitu taxyio quddepenunpyemyio 7, aro f(x)=x" + ZJ. f(xt)dt.
0

1
9.39. Jlns kakux A ypaBHEHHE J.min{x,t} f(@)dt =21f(x) (0<x<1) umeer
0

HEHyJIeBOE peleHue, yaopneTpopstoriee ycaousam: f(0)= f(1)=07?

9.40. Jloka3aTbh, UTO YACTHOE PEIICHUE YPABHEHUA

"m

YY"+ "—y? =1, »(0)=»'(0)=0,y"(0) >0 Bo3pactaer mpu x >0

9.41. Pemmts 3amauy Komm ma auddepermuansaoro ypasHenus 4y°)" = x( y')3 ,

yh=1, y'A)=2.
9.42. Pemmts cuctemy auddepeHImaibHbIX YPaBHCHHH

12 '
RLCL -
y y ., raex=x(t), y=y(1).

xX'y+xy'=1,
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9.43. Oyaxkumm a(x), b(x) Ha TpoMexyTke X YIOBICTBOPSIOT CIETYIOIIAM
ycnmoBusam:  b(x)<0, b(x) - muddepennmpyema, a(x) - HENpPEpHIBHA,
b'(x)+2a(x)b(x)=0. J[okazatb, uro Ha X cymecTByeT (QyHAaMEeHTaIbHASA
crucTema pelieHui {(01 (x), @, (x)} maddepeHITnaIbHOTO ypaBHEHUSA
y"+a(x)y'+ b(x)y =0, ynopnerBopsitomas yciaoButo ¢,(x)@,(x)=1.

9.44. MoryT nu rpauku IByX pelleHui ypasHenus )" —|—q(x) y=0 (q(x) —

HEenpepbIBHAsA (PYHKITHS) pacronararbes Tak, Kak MoKa3aHO Ha PUCYHKE?

A S BS

|
aj b}

)

9.45. Haiitn ob6miee pemenne nughepeHITMabHOTO YPAaBHEHUS

S5y+y"7 = x(x+ y')
9.46. Peuth ypaBHEHHUE:

Xy +x+D)y"+2x° (¥ +2(6x°y +1)y'+ 6x9° = 0.
9.47. Bemecta A,B,C B opranuzme uejioBeKa pacnagaroTcs, IPUYeM CKOPOCTh
pacmnajia mponopIMOHAIbHA MAcCe BEMIECTBA.
a) [lepuon monypacnazga BemecTBa A paBeH AByM yacaM. JIeKapcTBO TOJKHO
MPUHUMATHCS KaK MOKHO peke. Kak 4acTo 1 B KaKuX KOJIMYECTBAX CIICYET €T0
PUHHAMATh, €CIIH IPUCYTCTBUE Oojiee 71 rpaMMoB A omacHo, a menee m/ 4
rpaMMoB — HeADPEKTHBHO?
6) JlekapctBo B ¢ mepuogom monypacnana 12 wacoB 6e3BpeaHO, HO TIPH €TO
pacnazae obpasyercs BemecTBo C ¢ mepuoioM nojrypacmaaa 24 yaca, mpucyTCTBHE
KOTOPOTO B OpPraHW3Me OTMAacHO B kKonuuecTse Oosee M rpammon. CKOpocTh
oOpa3oBanus BemecTBa C paBHO MOJIOBHHE CKOPOCTH pacmana B. Kakosa
MaKcUMaJTbHAs 1032 B, KOTOPYIO MOKHO TPUHSATH OJIWH pa3?
B) KakoBa makcumMasibHas 103a B, KOTOpyto MOKHO IPUHAMATH MIOCTOSTHHO, OJTHH
pa3 B CYTKH B OJTHO U TO K€ BpeMs?
9.48. Kakne kauecTBEHHBIC OCOOCHHOCTH (IKCTPEMYMBI, TOUKH Tepernda,
ACHUMIITOTHI ) MOKET UMETH Tpaduk pemnreans AuddepeHITnaTIbHOTO YPaBHEHUS

' 7
y'=-x) —a(y—x)?
[lepeuncnuth Bce 0COOCHHOCTH M TIOCTPOUTH 3CKU3bI TpadukoB. 3HAUCHUSA ¢ , IPH
KOTOpBIX 9THU BO3MOKHOCTHU peaJII/I?)y}OTCH, MQJKHO HC YKaSBIBaTB.

§ 10. ®yHKINOHAIBHBIC YPABHCHUS.

Cuauana yenecoobpazno npoaHaIu3upoeams 00J1acms onpeoeieHus U Kiacce
GyHrYUil, 8 KOMOPOM UM peutenue, ub0 Mo Grusem Ha OMeem U, Kpome
Mo2o, MOJcem NOOCKA3amMeb NYMb PEULCHUS.

Cmoum npogepumu cieoyiouue cnocobwvl peutenusl.



56

Ipoananuzupoeams cocmasasouue ypagHenue @QyHKyuu ¢ MOYKU 3PeHusi Uux
CBOUCME  (4eMHOCMb,  HEYeMmHOCMb,  NepuoOUdYHOCMb,  B8O3PACAHUE,
geinyKIOCmMs U m.n.). LEciu 6 pesyremame ananuza npuxooum K
NPOMuUGOpeUto, Mo peutenusi He Cyujecmeayen.

Ipumenums coomHouteHue, 3a0asaemoe YpasHeHuemM, HeCKOIbKO pa3, CMAapasicey
noayuums Oonee nNpocmoe YpasHenue, Hanpumep, maxoe, 6 KOMOpPoOM Y
UCKOMOU  (YyHKYuU 6e30e 00uHaKosvlie dpeymenmol. 1o20a 01 OAHHOI
GyHryuu noayuaemcs aneebpaudeckoe (Ui mpaHcyeHOeHmHoe) ypagHenue,
U3 KOMOpo2o PyHKyuIo HAOO Hatimu aneebpaudecKum nyme.

Ipumenums coomnouteHue N pas, a 3amem cOeldms NpeoebHbili nepexoo npu
n— 0. Moixcem nonyyumscs Oonee npocmoe coOOmuHouLeHue, U3 Komopoco
MOJICHO — Hauimu  (pyHxyuto.  J{1sa  peanuzayuu  5mo20  NYMu  8ANCHA
HeNnpepviGHOCMb UCKOMOT (DYHKYUL.

Hcnonvzoeams 3ameHy nepemeHHoll, Cmpemsice YApoCmums apeymeHmsl UCKOMOT
dyHkyuu.

Ecnu 6 ycnoguu ocosapusaemcs, 4mo uckomas Qyukyus oughghepenyupyema, mo
HA0O 0053amesibHO  nonpobosams  npoouhgepenyuposams  ypasHeHue,
CMpeMsiCb  8MeCmo  PYHKYUOHATLHO2O — NOAY4UMb  Oupgepenyuaivioe
ypasHeHue, KOmopoe MONCHO peuttinb. Bo3MOJICHO, NPOU3B0OHYI0 HAX0OUM®b
no  onpeoeieHuro,  UCNONL3VS  (PYHKYUOHANbHOE  YpasHeHue  OJis
npeodpa308anUs 8bIpAadiCeHUs, CMOosAULec0 N00 3HAKOM npeoelld.

Ecnu 6 ypasnwenue 6x00sm (yHKyuu OmM HECKOIbKUX HNEPeMEeHHbIX, MO
nonpobosame ouggepenyuposams no KaAN*COoU uz nux. Ilpu smom moocem
NOTYYUMBCS. YPABHEHUE 8 YACMHBIX NPOUIBOOHBIX, HO €20 MOJCe MOICHO
nonpoboeamsv peuiums, HaAnpumep, NOCIe008aAmenbHbiM UHMEZPUPOBAHUECM
NO PAa3HbIM NEPeMEeHHbIM UIL C NOMOULLIO PA30eNeHUs NEPEMEHHBIX, MO eChlb
¢ ucnoavsosanuem cieoyiouweeo ceoticmsa: Ecmu f(x)=g(y) ona mobwvix

SHaueHuli X u Yy, Mo 5MO ypasHeHue OKGUBATICHMHO O8YM YPAGHEHUSIM
f(x)=4, g(y)=A4, 20e 1 — nexomopas xoncmanma.

Mooicem Ovimsb, OanHoe QyHKyUOHANBLHOE YpaHeHUe YenecooOpa3Ho peulams
NO2MANHO, MO eCMb CHaYand O YeablX dapeyMeHmos, nomom Ois
DPAyUoOHANbHLIX, d HNOMOM (NpedelbHbiM NePex00oM ¢ UCNOIb308AHUCM
HenpepviGHOCMU) 0715 8CeX e eCEeHHbIX.

B ypasnenuu co cO8uHymvim apeymMeHmom Hd NOLYOCU MOICHO NONpoOosams a)
pekyppenmuoe nocmpoenue peutenus;, 0) UCNONb308aHUe NPeodPA30BAHUS
Jlannaca L :

L(f(x)=F(p)=] f(x)edx,
L(f(x+a) =e" F(p),
L(F(p)) =X res(F(p)e™).

becroneuno ougpgpepenyupyemoe peurenue MONCHO NONPobOBAMs UCKAMb 8 GUOe
psoa Teiinopa (Maxnopena). Eciu 6 ycnoguu npeononaeaemcsi MeHvuLdst
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2NAOKOCMb, MO, BO3MOIICHO, YOACMCS 00KA3AMb, YN0 peuteHue OeCKOHeuYHo
oughgepenyupyemo, unu, no Kpaiineii mepe, Hatmu peuierue npu OONOJTHUMENbHbIX
oepanudeHusx (beckoneunas oughghepenyupyemocms).

Ilpu peutenuu GyHKYUOHAIBHBIX YPABHEH UL peOKO 6CIMPEUAIOMCsL DKGUBAICHMHbLE
npeobpaszosanus. QObruno moivko creocmeus. [loomomy omeem HA0o npoeepsimo
NOOCMAHOBKOM 8 UCXOOHOE YPABHEHUE.

10.1. Haiitu na (0,0) nmuddepennupyemoe pernienne (yHKIIHOHAIBHOTO

ypaBHEHHUSI f(xy) = f(x)+f(y).
X

10.2. Pemmts (QyHKUMOHANBHOE ypaBHeHHE [ (x): f (lj’ f (x) -
+ X

HEeMpepbIBHAA (PYHKITHS.
10.3. ®dynkums [ HempepsiBHA B HyJIe M I JHOOOrO X YIOBICTBOPSET

YPaBHEHUIO f(x)-l—f(z?xj =X.. Haiitu [ .

10.4. Haiitu maxnsl muddepeHmupyemyo QyHKmO ((X) Takyro, 4TO It
MOOBIX BEIECTBEHHBIX X, @(X + V) - @(x — ¥) = ¢*(x) — ¢0*(¥).
10.5. Haiitu Bce Takme (QyHKumM [, ONpeNeNeHHbIE Ha MHOMXECTBE R,

IMOJOKUTCIIbHBIX BCINCCTBCHHBIX YUCCII M IIPHMHUMAKOINUC 3HAYUCHUC B R 4+, AJA
KOTOPBIX BBIIIOJHCHBI CJICAYIOIMNUC YCJIIOBHA.

D f(x-f()=y-f(x) mpn Vx.y eR,.

2) f(x) - 0.

X—>00
10.6. Haiiti BCe 3amaHHbIe HA TIOCKOCTH MBI AuddepeHtmpyembie GyHKITAN
TaKWe, YTO IS moboro  mpsmoyromsauka ABCD

O(A)+ D(C)= D(B)+ D(D).

10.7. Haiitn perienue pasnoctHoro ypasaenus Y(x + 1) — y(x) = f(x) pasnoe
nymo npu X <0. 3necy f(X) - HenpepbiBHAs Ha (— OO;—|-OO) (GyHKIMS, paBHAs
HyJ1t0 Ha (—00;0]. SIBIIsieTCs JTK TakOe PEICHUE €IMHCTBCHHBIM ?

10.8. Haitru £ (x), ecrm f(x-l—lj = x? +12.
X X

10.9. Haittu Bce omnpeaeiacHHbIC Ha (O;—i-OO) nBaxabl  auddepeHIUpyeMbIe

Gynkmun [ (x) Takue, 4To juia Beex X >0, f '(x) >0 ® BBINOJIHEHO PABEHCTBO
707 ()=-r ()
10.10. Haiitn Bce GyHkumm f, 11 KOTOPBIX f(x—l—y) = f(x)f(y)—xy npu

TOOBIX X H ).

10.11. Haiitu HenpepsiBHO 1uddepeHIUpyEMOe PELIEHUE
()YHKLIMOHAIILHOTO YPABHEHHUS
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x xy Y
fx+y)=f(x)+f(y)+xy (? + ey + ?j , X,y € R, ynosnersopsoinee
ycnosuto f(2)=-2.
10.12. Haiiti pynkimo f(x), HENPEPHIBHYIO BCIOLY HA BELIECTBEHHON OCH

32 UCKJTIOUCHHEM TOoueK X =0 U X =1 1 yJA0BJIECTBOPSIOLIYIO YPABHEHUIO

f(ij+2f(x+l):x+l.

x+1
10.13. ITycth yHKIMA f HeNpepbiBHA B HYJIE M HA BCEH OCH
yIOBACTBOPsET cooTHOmeHuto 2 f(2x) = f(x)+ x. Halitu f .
X
10.14. Haiiti pynkimo [ takyro, uto f (—lj = x” s Beex x # *1.
X+

1
X

10.15. Haittu pynkumro f takyro, uto f(0)=1mn (x—i—l)f(x):l—f( j

i Beex x =0,

10.16. MonotonHast PyHKIUS [ I BCEX X, V' YIAOBIETBOPSET
cootHotieHno f(x+ y)= f(x)+ f(»). Haiitu f.
10.17. JloKa3aTk, 4TO CTPOro MOHOTOHHASA (PyHKIUMSA [ | yIOBJIETBOPAIOLIAsL

U151 BCeX X, ) cooTHomeHuto f(x+y)= f(x)f(y), aBnsercs noka3areibHON
(hyHKIIHCH.
10.18. Haiit Bce QyHKIMH [, YAOBIETBOPAIOIIUE COOTHOILEHHAM

xf(y)=yf(x)=(x+y)f(x)f(y), ecnu npo f mpeamnosaractcs, 4To OHA a)
HenpepbiBHA; 0) 1t00ast (TO €CTh HET OMOTHUTEIIbHBIX MPEMOIOKCHUM.

1
10.19. Pemuth (pyHKIHOHAIBHOE ypaBHeHHE: f(X)+ f (1—) =X.

—X
10.20. DOyuHknms f TakoBa, 4TO JUIA JIFOOOTO BEIECTBEHHOTO X !
f(x+D+f(x-1D= V2 f(x). Nokazars, uto f - meproaruyecKas.
10.21. Hatitu hyHKIHIO f , YAOBIETBOPSIONIYIO YCIOBUAM

{f (x)=f"(x-1)
S+ fx-1)=x
10.22. Haiitu Bce Geckoneuno auddepermmpyemsie pyakmmn f R — R,
yIOBJICTBOPSIOIINAE TOXKICCTBY:
fx+y)=f(0)+f(¥)+2x, x,yeR

10.23. Jlokazatk, 4TO €C/IM HE paBHAs TOKACCTBEHHO HYJIO QYHKIUA [ |
f R — R, ynopneTBOpsieT TOKAECTBY

Jf)=f(x+y), x,yeR,

u muddepentmpyema B Touke x =0, To oHa OeckoHeuHo auddepeHmpyema B
aro6oi Touke x € R.
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10.24. ITycts pynkuusa f(x) ynosnersopseT ycaosuaMm: f(x)e C?(—0,00) u ais
mo0bIX X, h BepHO f(x+h)— f(x)=hf '(x + gj . Hokazatp, uto pyHKIMA f(X)

npeacrasuma B Buae f(x)=ax’ +bx+c.

§ 11. Paasbl.

Hexomopwie nonesnwvie psiowi.

[}

<N
Z— cxooumest npu 8 > 1, pacxooumces npu s <1.
o n

n=l

1 o7 sl 7 sED
22_6.24 90.2 In2

Ilpu nposepke cxooumocmu dacmo Owvigaem nonesna ¢opmyna Cmupiunea:

n!~(2j 2xn.
e

Oyenxa psioa:
IIycms  f(x) monomonno yowieaem u f(x)>0 ona ecex nonodcumenvhvix X.

Toeoa jl“’ F(x)dx < i f(n) < jo“’ F(x)dx.

Baoicno nomuume, 4mo y cxoosiuecocsi psiod ¢ NOLOACUMETbHBIMU YIIeHAMU
Om epYnNUPOSKU U NePecmanO8KlU YIEHO8 CYMMA He MEeHSemcs, eciu Jce pso
3HAKONEPEMEHHBIT U YCIOBHO CXOOAUUTICS, MO MEHAemCs.

[e'0]
Jis eviyucnenusi cymmel  psoda Zak MOJICHO NPUMEHSMb  Cledylouue
=1

npuemol.
1) Ceecmu psi0 K OOHOMY WU HECKOJIbKUM U3BECHHbIM (Hanpumep, K
2e0Mempu4ecKoli npoepeccult);
2) Ceecmu psi0 k psi0y euoda Z(bk -b, )=lim(b,,, —b)=-b;
) n—w
3) Paccmompems cmenennoii psio Zakxk. Hatimu eco cymmy: (i) ¢

=1
nomowwlo uzgecmuvlx ps0og leinopa; (ii) a) npooupgepenyuposamo
(npounmezpuposams) NO X, CeOsl €20 K 2eOMEmMpUdecKol npoepeccun uiu
opyeomy  psoy, CyMMd KOMOPO2O u3gecmua (mo ecmv  Oelicmeue
(Ougpepenyuposanue umu  uHmezpuposanue)  GulOUPaAMs,  CMAPAACH
000UMbCSl  COKPAUEHUsT «HEHYICHBIXY 0TIl 2e0MeMPUYecKoil npozpeccuu
MHOJICUmMenet), 0) Haiumu  CyMMy — NOAVYUBULENCS — 2e0MempuiecKo
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npozpeccull, 8) GEPHYMbC K UCXOOHOMY psi0y C NOMOWbBIO 0OPAMHO2O
oeticmeust (unmezpuposanusi unu oughghepenyupoganus) no X, 2) NOIOAHCUMb
x=1.

4) Paccvmompems mpueoHomempudeckuti pso (uiu psio no cucmeme

[e'0]
SKCHOHEH) Zak cos(w,x) (svibpams X, @, max, umMoOvl NOIYYAICH
=1
UCXOOHBIIT ps0) u Hatimu PYHKYuo, 018 KOmMopoti smo pso Pypwe, a NOmMom
NpPOCMO NOOCMABUMb 8 SMY PYHKYUIO HYICHOE 3HAYEHUE apeyMeHmd X .

[e'0]
5) Il onpeoenenus  Cymmubl  (PYHKYUOHANLHO20 — psaod Zuk (x)
=1
BO3MOJICHO, YOACMCSl cocmagums ouggepenyuanvHoe ypasiernue, Komopomy
PA0 YOosiiemeopsiem, U peuiums e2o.

© (n)
Pso Teinopa: f(x)= Z:f—('xo)(x—x0 Y'. Ocmamounwiii unen 6 ¢opme
n=0 n
S (e) |
Jlacpanxca: r, = W(X—x0 )", ce(x,,x). Pso Teinopa cxooumes k
n+1)!
Qynxyuu f(X), eciu oOcmamoyHwlii YieH CmpemMumcs K HyJuo.
Pso Dypwe GDyHryuu c nepuooom T:
a, ~ 27nx . 27mnx
7°+Z(an cos 2 +b,sin d ),
n=1
2 raiT 2rnx 2 pa+T . 27nx
a =— X)CoS ax, b =— x)sin ax.
=2l feos = =2l S

f(x+0)+ f(x-0)
5 :

TIpocmuie ceoticmea psiod, ces3anHble CO CGOUCIMBAMU CUMMEMPUL (PYHKYUU:
eciu pynkyus wemna ( f (=x)= f(x)), mo b, =0;
eciu pynxyus nevemna ( f(—x)=—f(x)), mo a,=0;

P50 @ypve cxooumces x

0:

n+l =

ecnu ynxyus maxosa: ( f(x+ g) = f(x)), mo a,,,, =b,

ecnu ynxyus maxosa: ( f(x+ g) =-f(x)), moa,, =b, =0

2 U,
11.1. TokazaTs, 4TO €ciau psj Z U, CXOIUTCS, TO CXOJUTCS U Psij Z -

11.2. Iloka3ats, 4TO:

1 1 3 1 1
al+ + S+ = |1+ + S+
32 52 4
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11.3. UccenoBarh ¢XOIUMOCTb:

v (=D
Y ;JZ+(—1)”'

Gl L, 1 1 1
B RTETT s

11.4. Zun - CXOAIIMNICA TOJIOKATEIBHBIN PAL ¥, = Zuk Jlokazartb, 4TO ZZ—”
n=1 k=n n=l 'n

pacxoasaTcs.

[e.0]
11.5. I[OKaSaTB: CCJIN B T'apMOHHUYCCKOM PAAC Z— BBIUCPKHYTb BCC UYJICHLIL,
n=1 n
SHAMCHATC/IN KOTOPBIX, 3allHCAHHBIC B JICCATUYHOM CUCTCMC, COACPIKAT I_[I/I(bpy 9,
TO OCTAaBIIAACA 4aCTb pAaa 6YI[€T CXOIAILCHUCH.

11.6. Ilycts O, 14, U,,... - NOCIENOBATENBHOCTD, 3a4aBaeMas COOTHOIICHUEM
2 u
n ax
Uy 1 = aty +bu,_1,f(x)= > n'x . Jloxasats, uto f(x)=—e* f(-x)
o1
11.7. Haiitn MHOKECTBO 3HAYEHUI dhyHKIIHR
= sin" ¢ . :
u(t)=>y. ' sin(nt—sin’t), teR.
n=0 n

[e.0]
11.8. Ilycte cxomutcsa psf Zan, rne a@,>0 u mocnenoBaTeENbHOCTL A,
n=1

y6eiBaromias. Jlokaszate, uto limna, = 0.

n—>®
11.9. Psan Zan =qa - cxogures, d, >0, S, - ero yactuunsie cymmel. JloKas3ars,
uTO PAn Znan CXOAUTCA TOTAA W TOJBKO TOTAA, KOTAA CXOIAMTCA DAL

S (@-5,).

11.10.Jokazars, uto pasnoxenne B pax Maknopena ¢pysxumua x ' In(1 + x) nmeer
sun 1+ Cix + Cox*+..+C x"+..., rae

1 1 0 o ... O
2
11 1 0 0
3 2

G=1 11 1 ol
4 3 2
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N tg(n+1
11.11. Cxonures u psi Z(l—%j?

arctg(n)

11.12. UsBectHO, uro a, >0 u —Zak > Z a, pia moboro . Jlokasars, 4TO
k=1 k=n+l

pan Zak CXOJMTCA M €r0 CyMMa He TPEBOCXONUT 2ed, .
=1

11.13. Haiiti BCe X, MPH KOTOPBIX CXOAUTCS PSIT Ze”x sinzx.

n=1

11.14. IlycTe NONOXUTEIbHBIA P Zan - cxomutcs. CxomumTcss U psa

o 1
Z(alaz...ap)p :
p=1

‘ » n
i ?
11.15. a, > 0, E a, - cxomurcsi. CXoauTCs Jin Zn: G tatota

11.16. a,>0; Zan - cxomurcs, C,=da,—da,, -  yObIBaromas
MOCIEIOBATENBHOCTD. J[0Ka3aTe, 4To a,;ll — a‘1 —> +00.

11.17. ITycts fo(x)zex; fn+1(x)=xfn'( ) Jlokazats, 4To Z () e’ .

11.18. f:][0,00) —[0;00) - cTporo BospacTaromas HenpepbIBHAA (byHKuHﬂ Takas,
o0 1 ;

uto f (O)= 0 wupan D —~ cxomures. f' - dymnkums, obparnas k f .

o ,-1
n

JlokazaTe, 4TO psjg Z fz()
n=1 1N

11.19. WU3BecTHO, UTO AJid TOCIEA0BATEIILHOCTH {xk} HEOTPUIATEIBbHBIX YUCET

CXOOUTCA.

cymecTByeT Takoe ¢, uro ana kK =0, 1,2, 3,... Zx X,.. < cx, . Jlokasars, uto

pana Z X; CXOOMUTCA.

=0 52 x4 56
11.20. HaI/ITHcyMMypﬂJ:[a1—|—2 1 2 1.6 8 7.4.6.8.10. 12
11.21. Hccnaenosars CXOAUMOCTh pana
—‘ln’lglOH —‘ln‘lglO‘ln‘lgTH —’ln’lgl°’ln’lg3°’-...-ln’lg(2k—l)°”
e +...+¢€
11.22. Pa3noxuth B CTEMCHHOW PSAA MO CTENEHAM X  (DYHKIIHIO

1
(I+x)A+x?)...(1+ x>
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3n

11.23. Haiitu cymmy psna y(x) = Z Gl

o0 kn

11.24. ITycth 71 - HatypanbsHO. JlokazaTh, 4TO Z A # 0 opu Bcex x €R.

11.25. Ilycts {an} - MOHOTOHHO  BO3pacTarolas  MOJOXKUTEIbHASA

2 a
OoCJIICAOBATCIbHOCTD. I[OKaSaTB, qT0 CXOAUMOCTh pPAaa ZarCCOS [ L

n an+1

PABHOCHUJIbHA OTPAHUYEHHOCTH {an }
11.26. Ilycts {pn} - MOCJENOBATEIBHOCTh MPOCTBIX YUCEJ, 3aHYMEPOBAHHBIX B

TOPsJIKE BO3pACTaHUA ( P = 1). Hoxazathb HEPABECHCTRBO:!
-1 -1 -1 -1
s s
2 3 5 Pm 1<h< pmk

n
1
11.27. Mcenenosath Ha CXOAUMOCTD PAJL ¢ OOIIMM YJIEHOM ), = (1 +—| —e.

n
11.28. Tlokasate, uTO0 I OO6Oro  (pUKCHpoBaHHOTO F1>2  psan
1 1 X 1 1 X 1 1 X
I+—+...+ - — +..+ -— +oit————+
m—-1 m m+1 2m—-1 2m 2m+1 3m—-1 3m

CXOOUTCS TOJBKO JJISI OAHOTO 3HAYEHUA X W HAWTH CyMMY psja AJis 3TOro X .

11.29. Haiitn !

klk\/k+ +(k+ Dk

11.30. ITocmengoBaTenbHOCTE X, Takas, 4TO

| _ 1=,

JloKaKkuTe, 9To Z x, <1,025

n=1

2
1131, Hairu D, arcctg2ul  qe

n=1

0 © 1
11.32. Haiitu cymMmmMy pana ) d,,eCclii d, = Y ———————
MNP Z ’ ; m(n+1)*"

n=1
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11.33. ITpuBecTu npuMep CXOASAIETOCs psaa Zan TAKOTO, YTO PAI
n=2

- 0,01
Z a, (ln n) PacXoANTCA.
n=2
11.34. Ilycte a,,a,,...,a, - NOCNENOBATEIBHOCTD IOJIOKATEIBHBIX YUCET,

n
yAOBIIETBOPSIOIIAS TIPH JIIOOOM # > 1 yCI0BHIO: Z a, =z \/; . Jlokazars, uto pan
Jj=1

2
Z a; pacxoamTes.
j=1

1
11.35. Uccnenosars Ha CXOOUMOCTD Z

i= In(k!)

21
11.36. TIlycte f(x)= Zz—kcos(4k x) JlokasaTh CyIIeCTBOBAaHWE TaKOMH

koHctanTel C > 0, 9To 171d BCex X;, X, € R Oyzer ’f(xl) — f(xz)‘ <C ’xl — xz‘ :

X
11.37. Haiitu cymmy psiaa sz o
n
11.38. Haiitu 065acTh CXOUMOCTH U IPOCYMMHUPOBATH P Z T e ™
n=2 n -

11.39. Haiitu cymmy psaa Z—l npu x>0, ecmm a, =1, a,,, =2a, npu

n=1 € +
n=12,...

2n+1

11.40. PemwuTs ypaBHEHHUE Z ' X =e* (Sx + 4) .

n=0 !

4n

11.41. Haitu cymmy psiaa Z :
p— (4n)!
11.42. Ilokazatp, 4To I OOOr0 (PHKCHPOBAHHOIO IEIOTO m>2 PSAJ CXOAUTCS
TOJIBKO /T OHOTO (PMKCUPOBAHHOTO 3HAUYCHUSA X M HAWTH CyMMY psija JUisl 3TOTO
X.
1 1 X 1 1 1 X 1 1 X 1

I+—+. . +————+ + +...t —— et ————
m-1 m m+l m+2 2m—-1 2m 2m+1 3m—-1 3m 3m+1
e9]
11.43. Tlyets f(x)=> ax*. e a, 20, k=0,12,....,
k=0

0

Zak =1, Zkak < n, n— 3apaHee PUKCUPOBAHHOE HATYPAJIbHOE YHCIIO,
k=0 k=0
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pU 3TOM 0Tpe30K [0,1] coaepKUTCs BHYTPU UHTEPBAJIA CXOAUMOCTH
creneHHoro psaa. Jlokaszare, uto Ha uatepBaiie (0,1) ypaBHeHUE
f(x)=Xx" He uMeeT perieHuUs.

11.44. Pan S(x)= f(x)— f'(x)+ f"(x)— f"(x)+... cxoguTcs
paBHOMEpHO Ha R . Beipazuts S(x) uepe3 f(x), ecam S(0)=0. Jlnsa
Kakoit f Oyaer S(x)=x"?

§ 12. Pasubie 3apa4n.

1

12.1. YopocTuth BhipakeHUE ZH P
i~ N

j=1 i#j
12.2. 64 cnuueuHbiX KOpOOKA, MOJOBUHA KOTOPHIX MOBEPHYTA STUKETKAMHU BHU3,
CJIOJKEHBI B BUJE "lIaXMaTHOM Tocku''. Pa3pernaerca nepeBepThiBaTh pa3oM Jr000H
BEPTUKAJGHBIN WM TOPU3OHTAIBHBIA PAJ KOPOOKOB, a TaKXKe MEPECTaBIIATh
napajienbabie psiabl. Kak monmyunTh KOH(UTYpAIUIO, B KOTOPOH TMEPEBEPHYTHI
TOJIKO KOPOOKH, PACIOJIOKEHHBIC 10 MEPUMETPY?
12.3. MoHO Ju BCE€ TOYKH MPOCTPAHCTBA PACKPACUTh B JIBA LIBETA TaK, YTOOBI
JH000M 0Tpe30K JII000H MPAMOi coaepkaia TOUKA 000HX I[BETOB?
12.4. B xaxnoit Touke M Bwmykioii o6mactu Q € R’ 3anano ckansapHoe moie
u( M), umeromee BO BCeX TOYKAX HEMPEPHIBHBIA W OTPAHHUYCHHBIA TPamHEHT (

| gTad(u)‘ < a). Jlokasars, uto mis mobbix aByx Touek M, N € () umeer mecto
u(N) = u( M) < a MN|.

12.5. Yerwipe kopabns A,B,C,D mwibByT B TyMaHe ¢ IOCTOAHHBIMH H
PasIMYHBIMU CKOPOCTAMHE 110 OECKOHEUHOMY IIJIOCKOMY OkeaHy. 5 map: A u B, B
uC,CuA BuD ,CwuD uyrs He CTONKHYIUCH (T.€. IPOILIMA YEPE3 OIHY
TOUKY B OHO Bpems). Jlokaszare, uto Torna A u D TOXe JOSKHBI CTOJIKHYTHCA.
“KpatHble” CTOJKHOBEHUS MO YCJIIOBUIO HE MPOUCXOST.

12.6. Iycte P(X) - monuHOM ¢ menbiMu KO3 UIMEHTaMI TaKO#, 9TO
PO)=P(1)=1;a,,=P(a,), n=0.1,...; a, - npou3BonbHOE HLENOE YUCIIO.
Jlokaszark, 4TO BCE WIEHBI TIOCAENOBATEBHOCTH  TOTAPHO B3aUMHO TIPOCTHI.
12.7. Hycre O(x)=4-x(1-—x) u  ¢yHKIMOHANBHAS TIOCIIENOBATEIBHOCT

1
@, (x) crpourcs pexyppentno D, (x) = O(D, ,(x)). Haiitn J.d)n (x)dx.
0
12.8. UssectHo, uto MHOrowieH f(x)=x"+ax""'+..+a, X +a, ¢ ueibMu

kod(puImenTaMu 06IANAET CIEMYIOMMM CBOHCTBOM: €CIH S - HPPAMOHATBHEE
urcno, o U f(S) - uppanronansHoe uncio. J[okasarh, uTO CTENEHh MHOTOUIEHA

paBHa 1.
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12.9. TypucT CTOMT HA Yy KBaAPATHO BCIIAXaHHOTO IOJA Pa3MepoM 2 KM X 2 KM

. Ilo nmaiHe OH MOXET JBMIaThCs CO CKOPOCTBIO K KM/4, a 1O Tpore, orubaromie
TOJIE - CO CKOPOCTHIO M1 kM/4 (m > k). Tlo Kakoi TpaeKTOPHH CIIEAYET ABUIaThCS
TYPHUCTY, YTOOBI JOCTHYD MPOTHBOTIOI0KHOTO YIJIa TIOJIs 32 HAaMMCHbIIEE BpeMsi?

12.10. Beraucinuts cyMMy Z(—l)"C,,’;k” ,rnen<m.
=1

12.11. Kakoe MHOeCTBO HAa KOMIIJICKCHOM TIJIOCKOCTH MOYKET 3a/1aBaTh YPaBHEHHE
2 2

z- Z -

— + 55 = | B 3aBucumMocTH OT 3HaYeHui mapametpos @ Ub (a>0, b>0) ?

a> b

12.12. X - kBagpaTHas MaTpHIA Mopsaka #2. PaccMOTpuM ee OmpeaenuTellb Kak

dyHKuMO A? nepeMeHHbIX x; (i,j =1,...,n) snemMeHTOB MaTPHIIBL.

a) [ycts y,(x) = %det X, Y=(y;): =1. Haitru mpomssenenne XY .
ij

6) BrarcmuTh MOBTOPHBIH MHTETPAJ TIO BCEM TMEPEMESHHBIM

1 1 1 1 1
J.dxl lj.deZ---J. deIJ.deZ---J. det Xdlx,,,, .
0 0 0 0 0
12.13. CpennuM 3HAYEHUEM 3aBUCAIIEH OT BPEMEHHM BEJIWUYMHBI  HA3bIBACTCS
T
1

npexen lim J. f(t)dt. Haiitn cpennee 3HaueHMe KBampaTa PacCTOSHHS OT
Tl Y

JABMOKYIIIEHCA B IUIOCKOCTH TOYKH J0 OMMkadimed TOYKM C  IEIbIMHU
KOOPJIMHATAMH, €CJTM TOYKA JBUKETCSA 10 PAMON

a) C TIOCTOSTHHOW CKOPOCTHIO.

0) ¢ TOCTOSAHHBIM yCKOpeHUEeM. MOXHO CUMTATh U3BECTHHIMHA

BCEC JTAHHBIC, OTIPEACIIAIONIAEC IBHKEHHUE.

12.14. Yacosas cTpelika UMeeT IJIHHY ¢, a MUHYyTHas - b. Haiitm paccrosHue
MEXKIY WX KOHIIAMH B TOT MOMEHT, KOT/Ia OHO H3MEHACTCA OBICTPEE BCETO.

y 1
12.15. Haiitn Hanbosbllee 1 HAMMEHbIIICE 3HAUCHUS ’Z ,ecm Zz+—=a (a -
z

¢dukcupoBaHo, zZ = X +1y).

12.16. z;,z,,2; - KOMIUIEKCHBIE YHMCIIA, JICXKAIIME HA €TMHUYHON MOTYOKPY>KHOCTH,
HE  SBJAIONICECA  BCIICCTBEHHBIMH  OJHOBPEMEHHO M TaKuWe,  4TO
T

12.17. Haiiti Bce (DyHKIMH, OTOOPAMKAIOIINE [O;l] B ce0sl U TaKHe, YTO I BCEX

x=Y<[f )=

12.18. Tsoxenmprit map OMycKalOT B HAMOJHEHHBIN BOJION COCYyI, UMEIONTUH (hopMy
NpsAMOTO0  KpyroBoro koHyca. (OceBoe CeYeHHuE KOHyca - PaBHOCTOPOHHUH
TPEyroJibHUK cO cTopoHoW 1. Haittu 3aBHCHMOCTH 00BbEMa BBITECHEHHOM
KUJKOCTU OT pajuyca Iapa U HauOOoJbIIEe 3HAUCHUE 3TOr0 00beMa.

2(z,+ 2, +23) =3z 2,z; € R. Jlokasars, uro max(argz; ) =

TOYEK U3 [O;l],
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12.19. Opaunara TieHTpa TSHKECTH OJHOPOTHOW TUIACTHHBI, MUMEIomeld GhopMy
KPUBOJIMHEWHOW TpAIeuyy, OrPAHUYEHHON OCAMHM KOOPAMHAT, NMPAMOA X =d H
mudpepeHnpyeMoii KpUBOW, TPOXOAIIESH depe3 TOUKY (O;l), €CTh JIMHENHAA
byukipst npu Beex a > 0. Haiitu Ty (QyHKIUIO, €ClId YIIOBOM KOS (MHIHEHT
ACUMITOThI KPUBOM paBeH 1.

12.20. M3 nynkra A HaOMOmAeTCA 4YacTh MNPOCTPAHCTBA B BHUJAEC MPSIMOIO
KPYrOBOTO KOHyCa C YIJIoM HaOmoaeHud (. [IpAMOIMHENHO ABMKYINAACA LETh
nepecekaer obnmacte Habmonenus Ha Boicore M (0< Hy <h< M). Haiitn
BEPOSATHOCTh TOrO, YTO TMpU MEpeNieTe Leau uepe3 o00yacTh HAOMOACHUSA
MUHUMAJIbHBIN YToJl MEKIY MPAMOM, COCTMHSIONEH 1ENb C MYHKTOM A K OChIO
HAaOJIIOJICHUST MEHBIIE X, a MHUHUMAJbHOE PACCTOSHUE OT Lelu J0 OCH
HaOmoaeHns Menslie y. I[Ipeamonaraercs, 4TO BEPOATHOCTH MEpeENieTa 4Yepe3
J00YI0 YacTh 00JIaCTH HAOIOACHWS 3aBUCHUT TOJIBKO OT 00beMa 3TOM YacTH.

1221. TIlyetp X; - TOCIEIOBATEIBHOCTh  MOJIOXKHUTEIbHBIX  UYHCENT U

1

k
1
A :% > x; —K|x|xy..x) . Jlokasate, uTo mTOCTETOBATENBHOCTE KA,
i=1

ABJISIETCSA HEYOBIBAIOIIICH.

12.22. CkopocTh mjoBLA B cTosiued BoAe paBHa V. OH IUIBIBET B OECKOHEUHO
IIUPOKOM IMOTOKE, CKOPOCTh KOTOPOrO MOCTOSIHHA W paBHa ¥, ¥ <V. Ilmosen
HAUMHACT W KOHYACT JBM)KCHHE B (PMKCUPOBAHHOW TOYKE W TUIHIBET MO KYCOYHO
rinaakoi kpuBoi. Kakoi HamOobInmii myTh MPEo0JIeeT TUIoBeL 3a Bpemst 1 ?
12.23. ®yukuust f B OKPECTHOCTH HYJISi MMEET HETPEPHIBHBIE TPOU3BOHBIE 0

nopsaKa (k+1) BKJIIOYUTEIHHO I/I £(0)=0. Jlokazars:
(k)
X—>owo\ X k+1

12.24. OnuH WHXXEHEpP PEIIWI BBIKOMATh Y ce0s HA Jaye KOJIOAEI 3a TPH JHA.
Kononenr mmeer dopmy mmnuaapa riayounsl 1. Ilomorute emy pacrnpeaeauThb

paboTy MOpoBHY (HA TP PABHBIC YACTH).
101989

12.25. Jlna uucna HaWTH JIBE MOCIEIHHUC MUQPHI, CTOAIINC P
022! +3)

NEeCATUYHOMN 3aMsITOM.

: m 1
12.26. Ilycts ¢, = min V2 —=. Jlokasars: ><a,<—, neN,
meN J7) n 2n
12.27. Havitn 00BeEM Tena, OTPaHUYECHHOTO MOBEPXHOCTHIO

x=u+wcosv, y=u', z=u* +(1-u)sinv (u€[0;l},v €[0.27]).

12.28./lokazaTh, 4TO BHIYET (PYyHKIHH B HyJe paeH -1 misa moboro

_
(1-e%)"

HATYypaJIbHOTO #1.
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12.29. B BhinykJIOM 7n-yTrOJIbHUKE HayJaauy BbiOuparorca 2 nuaroHanu. Kakosa
BEPOSITHOCTh TOTO, 4TO OHM mepecekarorcs? (Toukolt mepecedeHus cuuTaeTcs
o0Illas TOYKAa JBYX HECOBNAJAKOIIMX JUArOHAJeH, Jexam@as BHYTPHU
MHOTOYTOJIbHUKA. )

n!
12.30.  Jlokasars, uTo Onmkaiinee K — HeIoe 9nuciao aenures Ha (n—1).
e

az" +bz"|, rne k,neN, a,beC,

12.31. Haiitu max

zeC,‘z‘Sl
12.32. Ilycte f(x) - monoxkureapHas yosisaromas audpepeHuupyemast
BBIITYKJIast BHU3 (PYHKIIMA, ONIPEACIICHHas Ha (—0,0) u lim f(x)=0. B

00J1aCTH HA MJIOCKOCTH, OTPAHUYECHHON rpa)koM (PYHKIIMM U OCBIO
OX pacnonoxKeH TOYECUHBIH UCTOYHUK CBEeTA. MICTOUHUK HAXOAUTCs
BbIIIE OCH OX , JIy4M CBETA OTPAXKAKOTCA OT IPAHUL] 00J1aCTH 10
3aKOHAM r€OMETPUYECKON ONTUKM. JloKa3aTh, YTO HANIECTCA TAKOE

N >0, 4T0 4acTh 00J1aCTH, PACMOJOKEHHAs ITpaBee NpsiMoii x = N, HE
OyJIeT OCBELICHA.

§ 13. Hekoropblie 10mo/THeHHS.

B stom maparpade coOpansl 3a1auun, KOTOPbIE Yallle BCTPEUAIOTCA B
IIKOJIBHBIX, YEM B CTYJACHUECKHX OJIMMIHNAAAX, HO aBTOPY KaKETCS, UTO
3HAKOMCTBO C COOTBETCTBYIOLIUMH UACAMU OYJET NOJE3HO U NPH MOATOTOBKE K
CTYJEHUYECKON OJMMITHALE.

§ 13.1. llesras 1 ApoOHAS YACTH YHUCIA.

[lenoit yacmvio [x] uyucia x wuazvieaemcs HaubdoavuLee yenoe Yucio, He
npegocxoosugee Oanuoe. J[poOHot uwacmelo {X} yucia HA3bl8AeMcs pPA3HOCHb
yucna u e2o yeno yacmu: {x}=x—[x].

HUmerom mecmo nepasencmea [x]< x <[x]+1, 0<{x}<1.
Ecnu xoms 6v1 00no u3z yucen x,y yeinoe, mo [x+ y]=[x]+[y].

5]
m
Iokazameinw Cmenernu, ¢ Komopbsim npocmoe 4ucio p 8X00UM 68 KAHOHUYECKOE

X
Hmeem mecmo moowcoecmeo [—1=1[
m

paznooicenue m!, pasen [%]4‘[%]4‘...4‘[%], eoe s onpeoesiemcst COOMmHouLeHuem
p<m<p"

13.1.1. TlonoxurenpHoe umcao x TakoBo, 4to [x]-{x}=100.Yemy moxer ObITH
pasHO uncio [x?]-[x]?

13.1.2. Jlana d¢ynaxmus f(x)=Ig[x]+Ig{x}. Jlms HEKOTOPOro BEIIECTBEHHOTO
4HCIa a OKaszanock, uto f(a)=2. Jlokaxwure, uro f(a’)> 4.
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13.1.3. Ckompko pa3 B MOCAeAOBAaTeNbHOCTH (a,), 3amaaHHOM (OpMyJIOW
1

a, =[v2n +§] , Bctpeuaercs uncyio 15117

13.1.4. Haiitu Bce Takue uucia a, 4to Bce uucna [al,[24],...,[Na] pa3znuunbi
. 1,2 N .

MEXAy coOOH, W BCE 4YHUCTa [5],[5],...,[;] TaK)K€ Pa3JWYHbl MEXAy COO00i

(marypambHOe N (PUKCHPOBAHO).
13.1.5. HarypanbHble uuciia m W » B3aUMHO NPOCThl U n < m .Kakoe yucio

Gomerme: [1-27+12- 2+ 2w - 2y 2- 24 v - 0
n n n m m m

2Jn+1
Jn+1-n

13.1.6. JlokaxkuTe, 4TO HU AJISI KAKOTO HATYypPajbHOTO 1 YHCIO | ] He

ABJISIETCA KBAJIPATOM HATypPaJIbHOTO YHUCIA.
13.1.7. Haiinute BCC MOJ0KUTETTbHBIC pELICHUS YPaBHEHUA
5[x*]+5[x]— x> —x = 2000.

13.1.8. BeruucauTs J.J.[x2+y2]dxdy, rne D={(x,y):-1<x<1,-1<y<I}.
D

§ 13.2. Pemienne ypaBHeHHIi ¢ TOMOIIBI0 aBTOMOPGHBIX (PyHKIIHIA.

Oyukmus f(x) HazpiBaeTcss aBTOMOp(dHON (aHTHABTOMOPGHON), eciu OHa
uMeem HeMmpUSUANbHBIN UHBAPUAHM (AHMUUHBAPUAHT), O eCMb CYUecCmeyem
makas.  Opoono-muneinan  gynxyus  W(x)#=x, uwmo W(x)e D(f) ona

Vx e D(f)ND(y), ucnpaseonuso f(y(x)= f(x). (f(w(x)=-f(x)).

Yemmnwle u nepuooudeckue QyHKyuu a6asomcs asmomMopOHbIMU.
Ecnu epagux  ¢ynxyuu umeem epmukanbHylo 0Cb cummempuu X =da, mo

Gynryus sensemes asmomopguoil (W (xX) =2a — x - unsapuanm f{x)).

Hanpumep, reéaopamnwiii mpexunen  f(x)=ax’ +bx+c (a#0) sesemes
asmomoppuoii pynxyued, Y(Xx)=———X - unsapuanm f(x).
a

Viaicem Hekomopwie c6OUCMEd UHBAPUAHINOG:
1) ecnu opoono-nuneinas pynxyus Y(X) - uneapuanm (aHMuUHEAPUAHM)
f(x), mo ™' (x) maxoce uneapuanm (anmuunsapuanm) f(x);
2) ecnu  Opobno-nuneinvie  Gyuxyuu  W(X), @(X) - uneapuanmo

(anmuuneapuanmet) f(x), mo @(y(x)) - unsapuanm f(x);
3) ecnu y(x) - unsapuanm  f(x), a @(X) - anmuunsapuanm f(x), mo

o (x)) u w(p(x)) - anmuunsapuanmer f(x).
Ipumep:
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(x2 —x+1)
f(x)= T - asmomMoppuas u umeem 5 UHEAPUAHMOB:
1 X
(/jlzl—x, (//3:—, (//5:—.
1-x 1-x

1 x—1
l//2 = l//4 =T >

X X

Heuemmuvie u anmunepuoouyeckue GyHKyul A6Is0mcs aHmuasmomop HuiMu.
Ipumep:

J(x)=

xIn|x 1
| ] - aHMuasmomMop@ua, Y, = —X, Y, = — - GHMUUHEAPUAHNbL.

1
Ho f(x) - asmomopgua, y(X)=—— - uneapuanm.
X

x*+1

Paccmompum ypasnenue

f(g(x) = f(h(x)) (*)
eoe g(x) u h(x) - nexomopwie ynxyuu. /[ eco pewrenus npumenum

uneapuanmol asmomoppuvix Gyuxyuil. Eciu y(X) - unsapuanm f(x), mo
peuLenus ypasHenust
p(g(x)) = h(x), (**)

eciu OHU npuHaoedcam ooaacmu onpeoeneHus ypaguenus (*), 6yoym peuteHusmu

(%)

, 1 1
13.2.1. Peuts ypasHenue [X] + ={x}+——, rae [X] - nenas vacts x,

7 (x

{x} - npo6Has yacTh x.

13.2.2. TIpn mo6om n € N n mobeix a,b :a # b pemmts ypasHeHuE

(x — a)zn + (x — b)zn = (a — b)zn .

Jlna pewenuti ypagHenuti euod f (g (x )) + f (h (x )) =0 ecmecmeeHHo

npuMeHsims aHMuasmMomopguvie ynkyuu. Lciu p(x) AHMUUHBAPUAHTN J (x)

Mo peuterust YpasHeHUsl J(y(g(x))) = f (h(x)) 0yO0ym peuteHusiMu UCX0OHOZ20.

13.2.3. Pemmre ypanenne (a +sin” x)/cos” x+ (a+cos” 3x)/sin” 3x =0,

rac 71 — 4Y€THOC HATypPAJIbHOC YHCJIO, 71 — HCUCTHOC HATYPAJIbHOC YHUCIIO, d
> 0.

13.2.4. Pemmnts ypasuenne: sin’ 2x|tg2x |= cos’ 3x| ctg3x

>
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13.2.5. JInsa mo0oro HaTypaibHOIO 77 PEIINTh YPaBHEHHE:

Z:(2x+k)4 = Z:(x2 “3x+1+k)*;
=0 =0

13.2.6. Pewmrs ypasrenne: [x]° +{x}’ = [xl]2 + {xl}3 .
4-{x;  _ 4-[x]

13.2.7. Pemuth ypaBHEHHE: — =— :
{x73=3{x}+3 [x7]-3[x]+3
13.2.8. Peunth ypaBHEHUE:

rx+l, x+1

x*+2x— ([ 5 1+ > 1)=0.

13.2.9. Pemuth ypaBHEHHUE:
P+ )|+ K|+ (7 + 2nx + k)| +2nx + k|) = 0.
k=0

13.2.10. Pemuth ypaBHEHUE:
2 2 _
4x +11n’2x‘+x 6x+10
2x X—

ln‘x—3‘ =0.

§ 13.3. Pemenne ypasuenuii suna f(f(... f(x)...))=x
Paccmompum ypasnenue

J,(x) =x, (1)
eoe f.(X) - nm-xpamnas cynepnosuyus pynxyuu  f(x), n=3. Buecme ¢
ypasHenuem (1) paccmompum ypagHemus

f(x)=x, 2)

f(f(x)=x. (3)

IIpuseoem HexOmMopwvie YMEepiICOeHUs, CEA3bIGAIOUUE MU YPAGHECHUSL.
1. Vpasuenue (1) aensemcs cneocmeuem ypasnenusi (2)

2. Ecmu mbo f(x) < x npu scex x uz OJ[3 ypasuenus (1), oo f(x)=x

npu ecex X uz OJ[3 ypasnenus (1), mo ypasnenus (1) u (2) — pasnocuivhe.
3. Ecnu ¢ynxyus  f(X) npu mexomopom a yooeremsopsiem 00HOMY U3

CILEOVIOWUX YCTIOBUT!

i {f(x)ﬁx, eciux<a

f(x)=x,ecrux>a

f(x)=>x,ecnux<a

24 f(a)=a

a< f(x)<x,ecnux>a

x< f(x)<a,ecnux<a

3:f(@)=a

f(x)<x,ectux>a
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mo ypaguenusi (1) u (2) pasnocunvHei.

4. Ecnu ¢pynryua f(X) aensemes sospacmaioweii, mo ypasuenus (1) u (2) —
PABHOCUTIBHBL.

5. Ecnu ¢yncyus [ (X) onpedenena u nenpepviéna na NpoMejsCymke u
ypasHeHue (2) He umeem peutenuii, mo u ypasHernue (1) ux moowce ne umeen.

6. Ilycmo ¢pynxyus  f(X) - yowsarowas. Eciu n - mneuemnoe yucio, mo

ypasHenue (1) pasnocunvHo ypagruenuio (2), eciu jce N - 4emHoe Yucio, mo
— ypasHenuio (3).

7. IHycme pynxyus  f(x) onpeoenena u oupgpepenyupyema na unmepsane
(a,b). Ecnu unu | f'(x)|>1 npu 6cex x uz (a,b), ww | f'(x)|<1 npu
moowix x uz (a,b), mo ypasnenus (1) u (2) — pasnocunvrbi.

C ypasnenuem (1) ecmecmeennvim 00pa3oM C8A3AHBI CUCEMA YPAGHEH U

S(x)=x,

J(x,)=x, ”

S (xn) =X
u ypasmenue
S (x)=1"(x), (3)

2oe f(X) - pynryus, o6pamnas x f(x).

13.3.1. Pemuts ypaBHEeHUE

3

1+ = X, TJ€ 3HaK JICJICHHUS OBTOPAETCS M pas.

1+ ,3

13.3.2. Pemute cucreMy ypaBHEHUMA

sinx, =x,
sinx, = X,
sinx, =X,

13.3.3. Pemute cucreMy ypaBHEHUMA
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5-2[x]=2x,
5-2[x,]=2x,
5-2[x, ]1=2x,
3
13.34. Pewmuts ypasHenue: 4 — 3 = X, TJ¢ 3HaK JCJICHUS
4—
4- %
4=
X

MOBTOPSETCA M Pas.
13.3.5. PemmTte cuctemMy ypaBHEHHH:

3x, +2[x]-3=x, +[x,]
3x, +2[x,] -3 =x, +[x;]

3x,+2[x,]-3=x +[x]

§ 13.4. I'eomeTpuyeckue npueMbl pelieHNsl YpaBHEeHUI
Ilpu pewienuu HexOMOPLIX YPABHEHUL NOJIE3HBIM SGISAEMCs UCNONb308AHUE
eeomempuyeckux cooopaxcenuil. Paccmompum psio ypagueHuii maxo2o mund.

J(gx)=x.

flg(x)=x<= {g(x) Y 7o eoms peuienue 0aemcs nepecedeHuem

J(»)=x.

epaguxa g(X) u cummempuuno2o omuocumenvio y =X obpasa epagpuxa f(x).

Vpasuenue sKeusanenmuo Co8OKYRHOCMU CUCTEM gx)=x, |g(x)=a—x '
f(x)=x. |fla—x)=x.
acR.

S/ x)=x

Pewenue — xoopounamer mouex na epaguxe gynxyuu [ (X), cummempuunvie
f(x)=y.
f(y)=x.

OMHOCUMENbHO Y = X. S/paeﬂeﬂue IKCUBAIIEHMHO cucmeme {

Ceoticmaa.



74

Ecnu  f(x) onpeoenena u nenpepvisna na D(f) u ypasnenue f(X)=x ne
umeem pewrenuti, mo ypasnenue f(f(x))=x ne umeem pewernui.

Ecmu  f(X) eospacmaem (ne ob6szamensio cmpoeo), mo f(f(x))=x u
f(x) = x oxeusanenmmuoi.

B3ameuanue. J[na yowiearowux ynxyuii 2mo nesepro (nycme f(X) =—x, moeda
f(f(x)=x (x=x) u f(x)=x (x=—x) nepasnocunvrv).

Ecnu f(x) mnocounen, mo f(f(x))—x denumca na f(x)—x.

g(g(x))=—x. (bmo wacmmueni cryuaii nepeoeo  ypaswenus npu

f(x)=-g(x)).
st pewenus ypasnenust Heobxo0umo u 0oCcmamoyno wanmu éce mouxu A

T
epagura pynxyuu g(X), Komopwle npu HOBOPOmMe HA — NO YACOBOU CMPEIKe

nepetioym 6 mouxu zpaguxa moi sce gyuxyuu. Ilpu smom abeyuccer mouex A
ecms peuleHusl ypasHeuusi (cm. puc. 3 6 omeemax). YpaeuweHue CBA3AHO C

g(x) =y,
g(y)=-x.

cucmemon {

S (x) +h(x)) + h(x) = x. (1)
Vpasnenue (1) saensemes cnedcmeuem ypasnenus
f(x)+h(x)=x. 2)
Ecnu f(x) sospacmaem, mo (1) u (2) sxkeusanenmruvi.
C ypasuenuem (1) ecmecmeenno ceszana cucmema ypagHenul

{f (xX) +h(x) =y,
S () +h(x) = x.
Ilyeme a - pewenue ypasnenus (2). Touxa A(a, f(a)) nexcum na L

y=x—h(a) (0na Kaxcooeo pewenus - c60s), MO ecMmb CUMMEMPUYHA

omuocumensio L camoii cebe. B obwem cuyuae: wucio d ecme pewienue
ypasuenus (1) moeoa u monvko moeoa, koeoa onsa mouxu A(a, f(a)) naiioemcs

mouxa B na epagure gyncyuu f(x), cummempuunas omnocumenvno L mouxe

A.

13.4.1. PemmnTh ypaBHEHHE: [sz_{xz —1}—1 = X.

1342, {x[x]_lzy’
wrl-1=x.
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x— 2?—”]‘ v,
13.4.3. < .

y- 2[y =
13.4.4. {’x‘}_x:y’

Ph-r=-x

13.4.5. 3—”3—”x‘—2‘+x2‘—2‘:x—xz.

§ 13.5. UrpoBbie 3a1auni U HHBAPUAHTHI.

B 3a0auax o npeobpazoeanusx 00bIYHO KIHOUEBbIM MOMEHINOM S8JISAeMCsl NOUCK
uneapuanma. PexomeHOyemcs cHauyana npogepums Hamuyue CmMaHOapmuvlx
UHBAPUAHMOG (paHe Mampuybl NPU ee 2NeMEeHMAPHBIX NPeodpaA308aHUsX, OTUHA
BeKMopa Npu OpmMoO2OHANbHOM NPeoOPA308aHUY U M.N.), d 3ameM HA4amb NOUCK
cneyuguueckux 015 OAHHOU 30044l  UHBAPUAHMOS. B uepoewix 3aoauax
uHeapuanmoM 00blYHO Obleaem NO3uyus, KOMoOpdas 0CHPOUIBOOUMCS NOCIe
00HO020 WU HECKONbKUX X0008.

13.5.1. B andasure s3pixka AY Becero nse OykBol A u Y. Ot

CJIEAYIOIIMX BOCBMHU 3aMEH OYKBOCOUETAHUH CMBICH JIFOOOTO CJI0BA HE MEHACTCS:
YAV AA, YAASAY, AAYoVYA, AAAYY (3aMeHy MOXHO JelaTh B
JI000M MECTE CJIOBa). SBISAIOTCS JIM B ATOM SI3bIKE CHHOHWUMAaMH ciioBa YAA u
AVYY?

13.5.2. B a3piueckoM XpaMme Mo Kpyry noABelieHsl 12 OyThUIoK,

OJIHA W3 KOTOPBIX BHUCHUT TOPJBIIMIKOM BHHU3, a OCTaJIbHbIC TOPJIBIIIKOM BBEPX.
Kpeu yTBepKAaeT, 4TO €CIM BMECTO HEE  MEPEBEPHYTOW OKAKETCA COCEIHSAA
OyTBIJIKA CTOUT OXHUAATh KPYIHBIX HETMPUATHOCTEH: a) €Cld JOOUTHCA HTOTO
nepeBopaunBasg mo 6 coceaHUX OYTHUIOK, TO OyIeT TpoM W MOJHHSA, 0) Mo 5-
3eMJIETpsACEHHUE, B) Mo 4- HaBOJHEHHE, T) Mo 3- KoHel cBeTa. Kakue cTuxuitHbie
OeCTBHS KPEIl MOKET BHI3BATH?

13.5.3. Kpyr pa3nenén Ha 6 cekTopoB. B KaK10M HaMKUCAHO YUCIO.

Pazpemaerca OJHOBPEMEHHO YBEJIMUMBATH YWCAA B JIIOOBIX JBYX COCEIHMX
cektopax. MOXHO JiM CJejaTh BCE UKCJIAa PABHBIMH, €CJIM B Hayaje OHU TaKHE:
1,0,1,0,0,0?

13.5.4. B yray tabnuubl 20x20 CTOUT MUHYC, B OCTAJIbHBIX KJIETKAX-

Iockl. Pazperaercss BeIOMpaTh JIOOYIO CTPOKY HJIM CTOJOCI W MEHATh BCE
CTOSIIIME TaM 3HAKW HA MPOTHBOMOJIOXKHBIE. MOXXHO /I TaKUMH OIEpalUsIMU
MOJIYYUTh TaOIUILYy U3 OJHUX TUTFOCOB?

13.5.5. Ilo okpyxHocTH pacctaBienbl 200 enununil. Kaxxayro MUHYTY

oepyT 12 moapsan WayIMx 4Mces, MEHSIOT 3HAK Y KaKJAOr0 M3 HUX M 3aMMChIBAIOT
UX Ha T€ XK€ MecTa B 0oOparHOM mnopsanake. JloKakuTe, 4TO €CJIM MOCE 3TOro
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nmoMeHATh 3HaK y 100 ywmcen, WMaymuyx 4epe3 OJHO, TO Ha OKPYKHOCTH OyJeT
posHO 100 egunHu.

13.5.6. Jlanma Tpoiika uwmcen: 2, V2, L

5

3aMEHATh TAKUMH. UX CYMMOM, ACJICHHON Ha \/5 , 1 AX PA3HOCTHIO, JICJICHHOW Ha

Pazpemaerca moObie aBa M3 HHUX

V2. Moxuo mm, MpPOJENaB 3Ty ONEPALMI0 HECKOJIBKO pa3, MOJYYHTh TPOHKY

qucen 1, \/5,1—\/5?

13.5.7. Maunsr Tpu uncna: 2000, 2001, 2002. 3a xox pazpeliaeTcs 3aMEHUTh YHCIa

a,b,c va ab/c, ac/b, bc/a. MoxHO N Yepe3 HECKOJBKO XOJOB IOJIYYHUTh YHCIIA
1998, 2001, 2004?

§ 13.6. BouiuucieHue onpeaesTeieii.

Ocnogrvle cnocobwl guiuCienus onpeoeiumelel n-20 NOPsOKa MaKosbl.

1. Ceecmu onpeoeiumeniv Kk MpeyeoIbHOMY 6UOY C NOMOWBIO DIEMEHINAPHBIX
npeoopazo8anuli.

2. Paccmompemv onpedenumenv Kak NOIUHOM OM HEKOMOPOU NepemeHHoll,
Haumu eco KOpHU, MO eCMb 3HAYCHUS NepPeMeHHOU, nNpu KOmMopou
onpeoenumens 00pawaemcs 6 HOIb (Hanpumep, Yy He20 CHMAHOBSMCS
NPONOPYUOHATbHBIMU — KaKkue-mo  cmpoxu). Toeoa onpederumens ecmo
npouszgeoenue JUHENHbIX MHOJNCUMeNel, COOMEEeMCMEYIOWUX KOPHAM, U
KO3ghpuyuenma npu cmapuieti cmeneny NOAUHOMA, KOMOPbLil 0OLIYHO J1e2KO
HAUmMuU.

3. Ilpeocmasums onpedenumelv 6 8uoe CyMMvl onpeoerumelieil, NoJIb3ysacs
Gopmynoii (komopasi cnpaseonusa, pasymeemcs, 01s o000l CMpPOKU Ul
cmonoya):

a,+b, .. a

+b b

11

b

1n

a a

1n 1n 11 1n

=l... . |t

a a a a a a

nl nn nl nn nl nn

4. Buipazumo onpedenumens nopsaoka n uepes onpeoeiumens
nopsoka n-1 (unu n-2) u npumeHums pexyppeHmHoe COOmMHoOUuleHUe
n pas.
Ecnu pexyppenmnoe coomtouterue umeem 8uo:
D,=pD, ,+qD,,, n>2,
mo pewums ypasuenue x° — px—q=0. Illycmo a, f — e20 kopHu.
Tocoa D,=C\" +C,B". D, u D, gviuucisaromcs
HenocpeoCmeeHHO, NOOCMABIAIOMC 8 (hopmyny npu n=1,2, umo
Ooaem cucmemy 05t onpeodenenus nocmosaunvix C,,C,. Eciu a = f,

mo D, =a"(n-1)C,+C,).
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5. C yenvto nonyyums onpeoenumenv, KOMOPbI 1€2KO GbIMUCTIACHICSL
UBMEHUMb TeMEeHMbl ONpedeumest, UCNOJIb3YsL CEOUCMBO. eClu
KO 8cem dj/leMeHmam onpeoeumens npudbasums 00HO U Mo JHce
YUCO0, MO OH YEEJIUYUMCS HA NPOU3B8e0eHUe SMO020 YUCIA HA
CYMMY aneeOpauyeckux OONOJHEHUI 8CeX NeMeHmOo8

onpeoenumelis.
6. Hcnonvzosams c80iicmeo

det(AB)=det A-det B.

Boamoocro osa sapuanma. a) Ymoobwr evruuciume det C
npeocmasums C 8 8uoe npouseedeHuss mampuy A u B,
onpeoeumeJiu KOmopwvix J1e2ko suluucisomcs. 6) Ymoodwi
sviyucaums detC, oomuoxcums C cnpasa (unu ciesa) Ha
Heocobyro mampuyy B (det B #0), maxyro umo ee onpedenumenv u
onpeoenumev mampuyvr CB (unu, coomeemcmeenno, BC) nezko
svruucaaiomcs. Toeoa uckomwiii onpedenumenv HAXOOUMCS NO
gopmyne:
det(CB)

detB
7. Yuecms cea3v onpeodenumens ¢ oovemom. Obvem V,  n—mepHoco

detC =

eunepnapaﬂﬂeﬂenuneda, nocCmpoO€eHHOcO HA 6EKmMopax X,,Xx,,...X, .

(‘x17‘x1) (‘x17‘x2) (‘x17‘xn)
I/nzz (‘x27‘x1) (‘x27‘x2) (‘x27‘xn)‘
(14,.5) (523) o (3,,3,)
Ecnu gexmopul x, 3a0aHbl KOOPOUHAMAMU 8 OPMOHOPMUPOBAHHOM
baszuce, mo
51 1 512 tee gln 511'
I/n — 521 522 §2n 7 xi — 521'
S T -

Hmeem mecmo Hepasercmso Aoamapa:

rr<TI2e

i=1 j=I
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1 2 3 ... n=-2 n-1 n
1 1 2 3
3 .. n—1 n n | 10—y 2 3
1
13.6.1.13 4 5 .. n n n|. 13.6.2.
2 3 1 5
2 3 1 9—x°
1 1 1 1
1 x-1 1 1
13.6.3. |1 1 x-2 1
1 1 1 x—n+1
1 1 1 1
X, X, X, X,
13.64. |x> x> x> .. x7|
xln 1 xzn 1 x3n 1 xnn—l

13.6.5. Jlokazate, 4TO ONpeACIUTElb, BCE DJIEMEHTHI KaKOH-11M00
CTPOKHU (WJIM CTOJIOLA) KOTOPOIO PaBHbI €AMHHUILIE, PABEH CYMME
anreOpandecKuX JO0MOJHEHMIT BCEX DJIEMEHTOB TOrO ONPEACIUTES.
13.6.6. Ilycte {a(¢)}, {b,(1)},i=1,2,.. n— TUHEHHO HE3AaBUCUMBIEC
cucteMbl (pyHKIUM. Jloka3aTh, 4TO CIEAYIOIIMMI ONPEACIUTENIb M —T0
nopsiaka (m > n):

Sahn) Yabn) . Yawn,)

Sa b)) Yahw) . Yahe,)|

Sat)b) Sat)bin) . da,b,)




n+l
2
3

13.6.7.

n—1

n

1
n+?2
3

n—1

n

1
2
n+3

n—1

n
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2 2
3 3
2n—1 n-1
n 2n

a, X
a, X

13.6.8.
X X a,

13.6.9. IIyctp f(x)=det(4+xB), x€ R, A, B— KBaApaTHbIC MaTPHULIbI
NopsiJIKa », IPUYEM BCE RJIEMEHTHI MaTpHULbl B paBHbl 1. a) Halitu

f"(x). 6) Haiitu f"'(x) mpu ycnouu, uto n=2k,keN, a,=-a

13.6.10.

f—

13.6.12. Haiitu onpenenurens

2
2
2

1 1

2
3
3

= W N~

1

S, =1 +2+3% + _+n*

A1) A(2)
A2)  AQ3)

|

Ji

2 a b ¢ d
3 —b —d
1361 “ I
4 —-c d a -b
-d —-¢ b a
n
S, S S, S,
Sl SZ S3 Sn+1
Sz S3 S4 Sn+2 , THC
Sn Sn+1 Sn+2 SZn
13.6.13. Haiitu onpenenurens 27 —ro nopsiaka MaTpuiibl
1 0 O
0 1 0
j, rae A(k) — nxn marpuua suga A(k)=0 0 1
0 0 O 1

13.6.14. Beraucauts onpeaenurens A(k) =

al.j(k)‘ n—Tr0 NOPsJIKaA, TIe

a.(k)y=C/" . C? — ounomuansHeie Ko>(QduimenTsl (C7=0 npu p,q),
i k+i-1 p p p

k=0,1,2,... .
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13.6.15. ITycth K(x,t) - HENpepbIBHAsA PyHKUMA B KBajapare a < x,t <b.

da
Jlokaszarts, 4To ps Z— CXOIUTCA. 371ECh

n=1

K(t.t) K(,t,) .. K(t,t)
FE P K(t,,t K(t,,t .. K(t
:Idtl_[dtz---_[dtn (2: 1) (2: 2) (2: n)

K(t,.t) K(,t,) .. K(tn, t)
13.6.16. Kak m3menutest onpenenntesns 2008-ro mopsiaka det{a, }, ecn

KasKJIbIH €10 DIEMEHT @, YMHOXMTHL Ha 2008 ? A onpenenurens
2007-ro mopsiaka?

PEHIEHUA

H -1 H(k D +k+1) _1-2-, (n—l)Hk2+k+1
o K+ e (k+ 1)k - k+1) T34 (D) ke — k41
2 Hk2+k+1 2 nr4n+l 2
l’l(l’l-l-l)k 2k2 k+1 n(n+1) 22 2-|-1n—>oo3'

(2 k4D =+ D2 —(k+1)+1)

1.1.

T
1.3. DTOT Mpeien pasex J. 1—x2dx = 4

0

14 Iny, =lnp H (1 + j — (1 + j DTO UHTErpajIbHAsA CyMMa
1 n) n n
pP= pP=
2 2
st J.lnxa’x, e xg?) = 1+£:>lnyn — J.lnxa’x = (xInx—x)
0 " 0 0
2In2-1; limy, = ™1 = g |

1.5. Pewenue 1.
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I-3.2n—1) < l no uaaykyu. Jius n =1
2-4..2n " n+l VI,
1-3...2n—-1D)V2n+1 <1
2-4..2n '
1-3...2n—-1)-2n+1)v2n+3 _
2-4-..2n-2n+2) B
1-3..2n=D\2n+1 J2n+1)(2n+3) o

Jlokaxxem cHavana, 4to d, =

- BepHO. [lycTh BepHO 1714 71

PaccMoTpuM BeIpakeHue s 1+ 1

2-4-.2n \ 2n+2
<] mo Hpe;[hfonomem/l}o <1:’1C.K.
JRr+1)Q2n+3
me2 e
SQn+1)(2n+3)<(2n+2)2<3<4
Pewenue 2.
i T
2 2 2 2n—1 2n—1 z
Iy = [sin”™ xdx = [sin”"" " sinxdx =—sin”""" xcosx 2 +
0 0 dr 0

T

0

2n-1 1-3-...-2n—1)

v
5 2 2 < 2n-2 2

+ [@n-1sin®" "2 xcos? dr =(2n 1) [sin*" "2 x(1—sin? x)dx =
0

=(2 Iy s =

n-0l,, ,-Q2n-01,, = 1,, =

2:4....-2n
T.€. HaJI0 HAUTH

/4 /4 /4
]

2 2
lim | sin?" xdx = lim [ sin?" xdx + | sin?" xdx |
n—>o n—w

-

—-&

'

z
+1 2

/1
——€

MuaVe>0 |I|< e Ha {0;7[ —8}sin2” x— 0= lim j. sin" xdx =
2 now o
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VA VA
7—8 N
2 2 2 2
= j lim sin“" xdx =0, re. Vg>OEIN:n>NJ.sin "xdx|<e+¢.
0 N—>0 0
Pewenue 3.
2n)! (2n)!

. . ITo ¢popmyne CtupnuHra mojryqaem

@) 27 ()
(27’2 jzn \/— —2n ( e jzn 1 1
a,=|— 2rne2 — = — 0.
e

n 27n 2rn

Pewenue 4.

n n
1 1
Ina, = Z In(1-—) ~ —Z — - PAJ PACXOIUTCS KAK DKBUBATICHTHBIN

rapMOHMYECKOMY, 3Haumt, lim a,, = 0.
n—o

1.6. Hatinem
a+(a+d)g+@+2d)g*+.. +Ha+nd)g" =a(l+q+q°+..+q") +
+d[(1+q + ¢ +..4q") + (@ + ¢+..+¢")+..+(q")] =

n+1
q-1 q-1

1+11+111+. +11L. 1=n+10(n—1)+10°(n - 2)+..4+10" - 1=
H/_/

n

| 10n+1_10 . I+11+...+111...1 10
= | ————~—n|= lim =,
9 9 n— 0 10" 81

Pewenue 2.
[TopenuM mowIE€HHO, TOTAA UCKOMBIH MPeAei- 3TO CyMMa pAaa:

R S [ ISy [ [ DO (1
lim =

n
n| — | . JlanHas cymMmma HaXOauTCA

CTaHAAPTHBIM CTIOCOOOM C MCTIOIh30BAHUEM (DYHKIIMOHAILHBIX PSTOB!

inz”zzinz”_lzz iz” ZZ( z j z Z:i.
n=l1 n=1 n=1 10

I-z) (-2

1.7.

1 1 1 1
+

n 1
= +...+ < + +...
\/n2+n \/n2+n \/n2+n \/n2+1 \/n2+2 n’+n
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1 1 1 n
+ ot = —
P41 2 +1 P41 41
2
1.8.3,: Sape_ _ A'Cv _ [ 2a+2acos =(1+cosa)’ — 4.
A S, e \A'C 2a ¢
¥l

A Cr

i v O
1.9. U3 uepreka BUIHO, UTO TUIONIA/b 3aMITPHXOBaHHON (purypsl paBHa 2(2R — 1)

[ 7
S 7

"
2 2
”§ < S(R) < ”5 +2Q2R-1) = RPS(R) > &
1.10. Tak kaK V. = X + 2 A k< x, -I—% = ¥, TO 1o TeopeMe Beiepmrpacca

CYLUECTBYET V: V, = ¥+ C,, TIe MOCIEN0BATENBHOCTh C;, MOHOTOHHO YOBIBAET K
nymo. [lonoxkum Y, = X,, Torma, cymmupys B npenenax 1<k < p pasencrsa

(—2)k X, = (—2)k (y+c, )+ (—2)16_1 X,_,. Haiizem crenyromee npeacraBieHne

y 1) 1\ 2 K
A X, Xp =7 2—|—(j -I—(j Z(—Z) ¢ . Ho mo teopeme
3 2 2) 4

p
Ironpma lim (lj i(—2)k ¢, =lim (—2)p ﬁ = =2lim(-1)"c, =0,

TaK 9TO X P —> §y U IMOoCJIACA0BATCIBbHOCTD CXOOUTCA.

Peuwenue 2.
[TocrenoBarenbHOCTh 2, = MaX{X,,X,_ |} HEeBO3pacTarOIas U OrPaHUUCHHAS

CHM3y HyJeM, 3HAauWT OHa uMmeeT mpexen. Ilycte d), =z, —min{x,,x,_},.
dk ZO xk+1 SZk —dk/2, xk+2 SZk _dk/49 TO €CThb Zk+2 SZk _dk/4 Ho
torna d, <z, —z,.,, a 3Hauut, d, - 0. YuursiBas onpenenenue z;,d,

mojaydacm, 4To xk HMCCT MPCACII.
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1.11. Beenem f(x)=x(1-x),0< f(x)<x,0<x<1. Torma
0<p(0)=p (S =SS = f(pa(X) < pa(x) <o <x =
MOHOTOHHO YOBIBAIOIIAs MTOCIIEAOBATEIBHOCTb. ! —l: ! 1+ ok
f(x) x 1-x 1-x
e 1 gy Pa® X
pr(‘x) pr—l(‘x) l_pr—l(‘x) l_x
b1
Yepemusiem mo ¥ or 1 go k. Tlomyuwmm: 1<M<1+1x ,
— X
a1 yx<1+Xa-5 50
kp (x/k) k ko
Ortser: kpk(xj —> L
k k—)oox-i-l
Z 7| 1e AN
1.13.  Ina,=In| [] 1+(—j =——>In 1+(—j — [In(1+ x* )ax =
k=1 n R =1 h 0
=2-m2-%: 4 —>lez_§
227 02 '
1.14. uy=u;=...=u, =0, Tak KaK B 5TH NPOM3BEACHUS BXOIAT MHOKHMTEIH

Y4 -2 =0 = limu, =0.

n—>®

. 2
sin(x
1.15. Her. TTpumep f(x) = ( ); limf'(x) =1lim2cos(x*) He cymecTByer.
x X—>®0

X—>0

2
1.16. —-.
72.2
1.17. Hago oprtoronanm3oBarh 0a3uc w3 (PyHKIUH Lx,x*,...,x" Ha OTpPE3KE
2 1 2 < 2
(0;1)e L*. Toraa J.(Pn(x)) dx= Y Cn,k - 0=
0 k=0 k—o0

= VkC,,—>0=a,—0.
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n lim In Yath N
) % +b 11— C
1.18. lim —e CITH

b+1 : o0
# 1, To lim= 0

n—o C c
1 ! 1 1
B 27121 1o lim nln| 1+ | a” —1||= lim n-* Ina="Ina u
n—>o c n—>w Cn C
lhwt
npeaen e =da‘.
1.20.
w(k+1) w(k+1)
T ocos?xdx "2l cos?xdx 7] ¢ dx
f 5 = > f =) cos 2z f 5 =
ol+tcos™(nx) r=0 1+ cos? (nx) k=0 Tk 1+ cos” (nx)
7N 7N
7wk mw(k+1
( 1o TeopeMe 0 CpeHeEM &, € [;()nj)
n
_ k+1 _
nl 2 17[( ) dt nl ) 1T dr
= > cos” & — J. 7222005 fkaz
k=0 o 1+cos™t k=0 nol+cos™t
T n—1 T T
dt 1 dt
= J.i Z 0082 A J.2 : J.COS2 tdt = Bouncnuth.
ol+cos™t k=0 Nn—onl+cos™t
1.24. Cymma He W3MEHUWTCA, ecnv B Hee mobasuth cimaraemoe ¢ [ =0. Torma
a, =S, ilm a, = ilm s,. TAe  S,,- cpeaHee  apU]MeETHUECKOE.
g = ksy +a, ks +5, Torma §, —§, = Skt T8k _ Sk TSks
o k+1 k+1 £ k+1 (k+1)k
k-1 (Sl — S5 )2
=(-1) W MHuosxutens 2 no0aBuiau, 4TOOBl MOMYyUHTh (haKTOpHal B
+1)!
1 -
sHamenarene. s, = 0,5, = —. Ilostomy s . Cymmupyem
0 175 y S5~ =(-1) (k+ 1)' y Py

1
no k or 1. B mpenene HonyqaeM —. OtBet: —
e
X
1.25 BoiHocuM w3 mox kopHs max{l, x” (7j }. Janee mpemen HaXOIUTCS
2;

cranmaptao. OtBer. 1, 0<x <1, x, 1<x< ,2 < X < oo,

x
2



n kl/z n+l X
1+ 5 J. \é; dx. Pa3noxuth B P
- n d n
1+ Ty, n3 — < 1+ n3 — W TOJCTaBATH B MHTErpan  (OUEHKH
yCI/IHI/IBaIOTCﬂ)
4 de( S N
3/2 3/2 3/2 3/2
5 3n n 3
1 1 ¢ Jk 1 (n+1? 1
+§‘—<Z T
1 1 1 (n+1)2 1
S———< <3 =
3 16n 3 >
%,1_/ . 712 3n2
njoo§ N 1
n~>003
Pewenue 2.

HpeI[CTaBI/IM BBIPA’KCHHUC B BUAC CYMMEI CJIAraCMbIX BH 4

Jra-1= %+O(0{2), o =l\/E= o), o) = 0(%), Tpn
nyn n n

X
CYMMHWPOBAHHH TIEPBOE CIaraéMoe JacT B Mpeeiie J.—dx , @ BTOPOE CTPEMHTCS
) 2
K HYJTIO.

1.28. Jla. PaccmoTpuM mociieA0BaTENbHOCTh MPOMEKYTKOB {An} TaKy1o, uto A,
neee A,,,. Ilyets f(2)=(=1)" npu t €A,. A mexny A, u A,,, (yuxkmms |
maneiina X, = f(n). Ecimv mmnbl cMexkHBIX ¢ A, MHTEPBAIOB HEOrPAHMYEHHO
BO3pacTarT, 10 X, — X, —> 0. C mpyroi cTopoHsL, moadupas mocjiea0BaTeNbEHO
JUTAHBI An JOCTAaTOYHO OONBIIIKME, MOXHO JOOWTHCS, UYTOOBI Cpeau 4YHucen
X+ 4x,

p OBUIM CKOJIb YyromHo Onm3kme Kak Kk +1, tTak ' k —1, T.e. He

Xt.A4x,
cymectsyer lim———"—""

1.30.



1 <krldu<1'il<7du<il
(k+1)2+t2 B ) SR T A

u +t K+t = +1° o
K | I 1 2 1 1
:———arct = — )
! & ;kzwz Z:;k%rtz 147
= V4 1 1
<——arctg—<t
kz +t2 | ) &y kz;k2+t2’
TO ecTb limti# - 1.31
o P2 2L
n n .o n i‘l 1
im Y 7 o gim Y ,nn_-l-lzj.dxj.dy w4,
n—)oon3l:1].:11+] noe, Tyl om0 T x4y 1803
non
- kr ¥ .k
1.32. IT C, = COS7——~. S, =] |sSIn T
yer " ﬂ 2n+1° ﬂ 2n+1 o
n
k k 2k
2ncnsn:H(ZCos d d j H sin ~7 Ho
k=1 2n+1 2n+1 k=1 2n+1
. 2kr . ( 2k7rj . 2n-2k+Dr
sin =sin| 7 — =sin u pH
n+1 2n+1 2n+1

k= {Z} +1 {2} +2,...,n ¥ BHPAKECHHE (2n — 2k + 1) npoOeraeT B IOPAIKE

Y6I>IBaHI/I$I BCE€ HEUCTHLIC 3HAYEHUA OT /1 — 1 unu 7 (B 3aBHCHUMOCTH OT YCTHOCTH

nk=12,. |:2:|(2k) npoGeraeT Bce YeTHbIC 3HAYEHHUA oT 2 10 1 — | mim 7 (B

n
3aBUCUMOCTH OT YETHOCTH F1). TaKI/IM o0pazom, 2 csS,=S,atTk S # 0, To

2i 3HaUUT hm\/> = —

3
1.33. dma x>1: ! T < x5<L4:> l(—n— ! T ! T <
(x+1)" 1+x x 24 (r+1)y (n+1)

2n 3
n3f al 5dx<n (L—%j l
n1+x 387 n 24
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MosxHO PEeLINTD o MPABUITY Jlonwurans:
2n
X 5 dx 2n+2  n
, 1+x . 5 > 7
lim — lim 1+32n 1+n —
n—>0 L n—>00 B i 24
1’23 1’24
134. Tyere VneN:a <M, a f(n) - xommdectBo ueHOB

mocyenoBaTebHOCTH, oTamyHeix ot 1 (re. @, =2) ¢ k €l,...,n. Torna

S
rla,...a, = 27 >1. Tlo TeopeMe o0 cxKaroil  MOCIEIOBATEIPHOCTH

AQ)
ll_I)IlZ no=1, OTKyJa lgn f( ) =0. Hanee, OUYEBUHO,
1<W<1+(M l)f(n):)lzllng 1
1.35.
n“logyn
n n? n? log, n -2 1- oh
| 2 2 n
(n?q < n ) :2 - :21’2 logzn—2 -9 - O:>
(nl)y _
lim°555-=0.

1.36. Tak Kak 4mMCI0 77 HMppamMOHANBHO, TO t€k onpenenen npu mobom k. U3
hopmybt

_ tgk—tg(k-1)
1+tgktg(k—1)
HaxoJum
tokta(k—1) = BF-@K=D )
tgl
3HAUNAT

tgltg2 +tg2tg3+...+tg(n—1)tgn = Z[tgk—ttgl(k—l) —lj =
g

k=l

1
tok —to(k — 1 1— t n—tel n—-1)=—-=+ten—n.
tglkl(g g(k-1)) Z (tgn—tgl)—(n-1) mh

To ecTb HCKOMBIN NpeAEN paBeH
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1
—t
limtgltg2+tg2tg3+...+tg(n—1)tgn lim tgl s

n—w tgn—ntgl n>w tgpn—ntgl
1.37. Tlycts m - umciio OKPY»KHOCTEH B HUKHEM psay. Toraa Becero

. 1+m m(m+1)
OKPYKHOCTEH 1 = ———m = —

[lycTs cTOpOHA TPEYTOJIBHUKA d , @ PANYC
OKPYXHOCTH 7 (CM. pUCYHOK). Toraa

a= 2r(m — 2) +2r+ 2r\/§ , CJIeA0BATEIIbHO,

a
F= . Torna y‘\

=ctgl.

2m-2+23 &
_ xa-m(m+1) HS—QZ\E
" 2m=-2+23)-2 4
th——h am(m+1)-4 T

wn S o2 B2m—2+23) 23

1.38. Takkak 0<x, <X , TO JaHHAS MOCIIENOBATENLHOCT YOBIBAET U

X .
orpanudeHa, moromy x, — A >0. Ecim A =0, To ~2L — 1, ¢ apyroii
x

n

1

2 |
CTOPOHBI, 11X, —> 400, TaK 4TO = > — 0. lony4enHoe
X 1+ nx,

n

IPOTUBOPEUHE JOKA3hIBAET, uTo A =0 .
1.39. Tlo onpenenennro uenoi yacty uncna kx — 1 <[kx] < kx

S (k-1 < Zn:[kx] < Zn:kx
k=1 -1 -1

x(1+n)n <Z[kx]< (1+2n)n
£‘1+n_l£L2 [hx] < <X (1+n)
2 n n nig 2 n

X
Tak kak jeBas u mpaBast 4aCTH HCPABCHCTBA CXOOATCA K — IIPU 71 — o0, TO

BBIPA’KCHHUC, 3aKIIOUCHHOC MCIKAY HUMH CTPCMHUTCA K TOMY KC IIPCACITY.

Ortser: X )
2
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1.40. Hcnonszyem mpasuio Jlonuras:

X 2 X X
[J‘etzdtj 2_[ e di-e” J‘etzdl‘ o
0

e

lim =lim - — =2lim*——=2lim——=0.
X—>00 5 X—>0 x X—>00 x x—)oo2 x
J‘e% i e e xe
0
1
141. a -a,  =————.
(n=1)-n-n!
CnemoBaTebHO,
DM S ! I
" m=D-n-nt (n=2)-(n-1)-n-D! 7 1.2.2
g 3.2t 3-2  n-(n-D _
! 1.2-21 2.3.31 7 (n-1)-n-n
1 1 1 1 1 1
=3-—+ — + - + =
20 2.2 2.3 3.3! (n—1)-n! n-n!
1 3-1 4-1 n-1 1 1 1 1 1 1
=2+ —+—+—+..+ + =2+—+—+—+..+—+ :
20 2.31 3.4 (n-1)-n! n-n! 2! 31 4 n! n-n!
lima, =e.
n—>x0
1.42.

ln(lz/(n+1)(n+ 2)-...-(2n)) = —lnn+l(ln(n+1)+ In(n+2)+...+In(n+n))=
n n
=—lnn+ l(ln(n(l + l)) + In(n(1+ z)) + ...+ In(n(1+ 2))) =
n n n n
- l(1n(1+l)+1n(1+3)+...+1n(1+3)).
n n n

lim(~ (ln(1+—)+1n(1+—)+ +ln(1+—))) j In(1+x)dx=2mn2-1.
n—> n
2In2-1 — i

3HAUUT, UICKOMBIH TIPEAEN PABEH € :
e

1.43. O6o3Haunm a, = Z

3aMeTHUM, 4TO

N

4 < k _ 1 i (1+n)n

1
TE el It S 2ntel 772

< k 1 S (+n)n .

1
e nten ntengs nten 7 "2
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. . . 1
[To Teopeme o cxkaToit mepeMeHHON 3aKro4aeM, uro lima, = 5
n—0
2
x /
2

e’? f(x)
2
%

1.44. Tlpumennm nBakasl paBuiio Jlonurans k pyHKImAn . Torma

e

A A ,
fim £ () = lim Q(x) _ Lw (xf(i)%+f (x)) _

e xXe
| &7 (¥ +1) £ )+ 20" (x) + ()
= lim - =
o e)% (x2 +1)
’ (2" +1) £ () + 25" (x) + f"(x)
=1mm =

¥ x*+1
3ameuanue. OTa 3amaua npeajaranace Ha onumnuanae C.-llerepoypra 2006 r. Ot
CTYJIEHTOB HE€ TpeOOBaJOCh JOKA3aTENbCTBA MPABOMOYHOCTH MPUMEHEHUS
npasuia Jlonutans. OTMETHM, YTO BO3MOKHOCTh €r0 MCMOJIb30BAaHUS HE TpeOyeT
JIOTIONTHUTENIBHBIX ~ OTpaHudeHuit Ha ¢yHkmmio f(x). CmoTpu, HampuMmep,

JIOKA3aTENbCTBO npaBuia Jlonmrams (I M. OUXTEHTOJIBII, Kypc
mudpepeHnraT HOTO W UHTETPAbHOTO Wcunciienna. Tom 1), e He TpedyeTrcs
MPEAMOIOKEHHE O TOM, 9YTO (PYHKIMS B YHCIHATENE APOOM CTPEMHTCS K
OECKOHEYHOCTH.

1.45. Tlpeobpazyem cymmy

Zk k'—z (k+Dk!-k!)= Z((k+1)!—k!):(n+1)!—1 . Torma

k=1

Zk 'mM:I.

”—>00(n+1)' o (n+1)!
1.46. HpI/I6aBI/IM K 00eMM 4YacTAM PEKYPPEHTHOTO COOTHOILIEHHS 1:

a; ;nt1=a; +2al., ;+1, BBemem obosmauenme b, =a; ;+1, momyuum

b,

ij+l

=b,, 2 Cre10BaTeNbHO, b = (b- 0)2” , b,,= (b 0)2n )

in i n.n n,

n—>0 M n—>0 n—>0

2}’1
lima,, =lim(5,, 1)=1im(2in+1j “l=e' -1,

1.47. Tlomoxum

1 °F xdx
I = 37r£

Jloctarouno Berunenuts J = limnJ . » TAK KaK TOTJa HCKOMBIM Mpenen OyaeT

n—>w0

arctg(nx)

paBeH
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1
im(1+J )" =lim((1+J )" )" =e¢’ .

1 % T
Hcnonp3yss paBeHCTBO —— I xdx = > npeoGpasyem J
T

2z 2z 2z
J = 1 J~ xdx 21 xdx:L . xdx 2 i
3r < \arctg(nx) ) m3rm- 3z \arcig(nx) =«

T

[Tpumenss npasuno Jlonurans, HAX0aUM

limt[ L _ Ej = lim#lim t(r—2arctgt) =

>\ arcigt T =% rarctgt -«
2
2 . m-2arctgt 2 .. 114 4
=—lim g _ ~lim 1+t2: >
T 1/¢ T —1/¢ T
t—>0 —>w
BhIMoJIHAA nTpeAenbHbIN MEPEXO 1101 3HAKOM UHTErpaa, rnojiy4yacm
: 4
J=1mn/ =—
1—>0000 RY/5

JIii1 000CHOBaHUSA MEpexoaa K MPEACTy 3aMETUM, UTO, 110 JOKA3aHHOMY,
1 2 4

! I
arcigt 1w V4

2.1. Iyers () =u(Bf)=0n v#0,xe (Ot; ﬂ), CJIEI0BATENBHO, (DyHKIHUS %

max

nr<t<2nr

4
)
OtBeT: &7 .

!/
! !/
u u uv—uv
HENpepHIBHA Ha (Ot; o) ) n = (0. ITo Teopeme Posns (j = = 0
x=a,p v

B HEKOTOPOH TOUKE BHYTPH (Ot B ) , YTO TPOTUBOPEUYHUT MPEATOTOKCHUIO.
+

n+l 2
2.2. f(x) — "

— aO‘x n
cywectByeT Touka, rae 0= f'(x)=ax" +ax"" +..+a,.

%4- ax, (O) = f(l) =0, ciemnoBaTesbHO,
fla) ola) w(a)

23. Hyers F(x)=f(b) @(b) w(b).F(a)=F(b)=0, cneosarensHo,
f(x) o(x) w(x)

cymectByer & Takas, uto F'(£) = 0.
2.4 Tlyers @(x) = a+ y(x) Tak, uro Y(x) + y'(x) = 0. Ecom Y(x) He Menser
3Haka (mycts Harpumep \Y'(x) > 0 mpu X > X, ), To Y(X) MOHOTOHHO BO3pPACTaeT

v

n
a,x
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U JOJDKHA CTPEMHTLCS JMOO K KOHKpeTHOMy mpexeny [, nmubo k00, Ecmm
Y(x) = 0, 10 P'(X) —> —00, uTO MPOTUBOPEUNT NMpeanockuike. Ecmm \y(x) — [
, To J'(x) = —I, uro nesosmoxno, ecmu [ # 0. Ananormuno, ecmm \'(x) <0
npu X > X,. Ecim \J'(X) MeHS€T 3HaK MPH CKOIIb YTOAHO Gonmbmmx X, To WY(X)
uMeeT MAaX ¥ Min mpasee JOOOro CKOJb YroAHO OONBIIOro uucia. Ilycts X
JIOCTATOYHO BEJMKO M COOTBETCTBYET MAX wim  min \Y(x), Toraa
W(x)+y'(x) mano, a \y'(x) =0, rak uro Y(x) mano. [pyrue 3nauenus \J(x)
TeM OoJlee MaJIbl IO aGCONOTHOM BETMUMHE, KOTAa X JI0CTATOYHO BEIHKO.

4

2.5. (x2 — lr - xopuu —1, 1 xpatHocTH 7. ((x2 — l)n) o Teopeme Poist umeer

2
KOPEHb C € (— 1;1) u kopuu —1, 1 xparnoctu (n— 1),((x I j 0 TEOPEME

Ponst umeet kopuu Ha (—1;¢) u (c,1), a kopuu —1, 1 kparvoctu (n—2), ... u .1,
d
dxn

CIIEIOBATENBHO, 3TO BCE €r0 KOPHH.
26. W3  ypaememma cmemyer —l=z(a,+az+az*+...). Tlycrs

|z|<%;lz‘zHal+azz+a3zz+...’££‘Z‘(l+%+%+..): ‘Z‘l 11 22‘2‘. Te.
2

2 " > .
(x —1) UMEET 71 KOpPHEW Ha (— 1,1). Ho 5To monuHOM cTeneHu 7,

1< 2’2‘ — |Z| > % - MPOTHBOPEUHE.

2n
2.7. Myete r(x) = Z(p(x)q(x))(k) = r(x)—r'(x)= p(x)g(x). Ecm r(x)
k=0
nenutes Ha p(x), 10 u r'(x) =r(x)— p(x)q(x) memurcs ma p(x). 3uauwr,
KXl Kopenb P(X) sBnsercs kpatHeiM KopHeM 7(X), a T.x. p(X) KpaTHbIX
KOpHe# He uMeeT, To nojHoM 7(x) nenutes Ha p*(x). Ho 5To HEBO3MOKHO, T.K.
crenens nonuHoma 7(X) < 27 pasHa crenenn nonuHoma p~(x). Ilpotueopeune,
T.¢. 7(X) He MOKET nenuThes Ha P~ (X).

2.8. p(x)=(x—x)(x—x,)...(x—x,);

p'(x)+0{p(x):(x—xl)...(x—xn)(a+ +..+ J:(x—xl)...(x—xn)go(x).
xX—Xx X—Xx,

Ecmu kopHm mpocthie, TO migs p'+0p X,...,X, HE SBISIOTCS KOPHIMH.

PaccMoTpuM (P, Ha Ka)I0M U3 OTPE3KOB (X5 X, ),(X,;X;) ... y Hee Oymer
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nmo 1 kophro, Bcero (n—1) KopHeii.
| Ecm o >0, To mossurcs KOpeHb

u
1 . ',
Lo A negee X, ecni oL <0 - mpasee X, .
- : T
X 4 -5 \|x Ecau X, - KOpeHb KPaTHOCTH 1, TO VIS
F;
| p'+0p X, - KOpeHb kpatHOCTH 1 — |

,d OCTAalIbHBIC KOPHH
HaxXOoOATCA TAaK KC, KaK AJIA IIPOCTBIX KOpHeﬁ.

F(®)=0 [ f(x)=0
29.  f()=f(==x)= (%)= (x)=|", = =
f(x)zl f(x):irl
. X =7n
sinx =10
= . = . Panmonaneubiii kopenb X = 0.
sinx = *1 X=mm+ —
a a a a a
210 ——4+ —2 4 4+ =pe —— -1+ 2 —1+...
a+x a+Xx a, +x a, + x a, + x
a 1 1 1
- 1=0—x + + ...+ =0, Tk 970
a, +Xx al+x a)+x a, +Xx
CBOJMTCS K TIOJIMHOMY CTETICHH /1, TO KOPHEH He OOoJbIe /1. YpaBHEHUE CBOIUTCS
xp, (x
K BUY —5”T(x)) =0, rne p,(x)=(a, +x)(a, + x)-..(a, + x), no p,(x) umeer
M BeIeCTBEHHBIX KOPHEH —a,,,~d,,,...—d,, = p,(x) umeer (17— 1) xopens, na

eie oauH Kopens X = 0.
212, p(x)=ax"+bx"" +cx"*+.... IlycTh 5TOT NOIMHOM HMEET KOpHeEH

Oombie, yeM 1 — 2, Hampumep, 1 — 1. Mexay KOpHSIMH (YHKIHH €CTh KOPEHb
MTPOU3BOTHOM. [Tpomuddepenmpyem n—2 pasa, CJIEIOBATEBHO,

|
p"P(x)=a %xz +b(n—1)!x+c(n—2)! nmeer Bemectsennbii kopens. Ho,

wexpmananr 57 ((n = 1)1)” ~2acn(n-2)!= ((n - 1)!)(192 - ij <0,

CJIE0BATENBHO, Y HETO HET BEIIECTBEHHBIX KOpHEH. [IpoTuBopeune.

213, Tyes  O<[x]=r<a, wu a+ax+.+ax"*=0. Torm
2
2 k '
dg = Za jx] 51 o HEPABEHCTBY Komm
J=1

k k 2
: r
a(% < Za%Zrzj < (l—ag)z, T.e. dy <r. Oteer: KOpHel Ha (—a,;q,)
1 1
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2.14. Dxerpemym ¢QyHkmam Yy =25 ' =2"[n2(2x-1)=0. Ilpu
1 : 2 L]

X ==—min (YHKIHH. 297 =24=—<1;
2 -l 2
3
: 1
3sinx, 1> 3)6—3L 1 23—>1, T.C. B TOUKE
2 2
X = % 27 < 3sinx, o B Touke x =0 2% =1>3sinx =0, a npu

2 .
X —> o0 2% >38InX, ciuenoBaTensHo, CYIECTBYET KOPEHD ( M JaXe 1Ba ).
215 x"—kx—1; x.,%,....x, - xopu. n>2 X' =kx;+1 - cnoxum BCE

n

n n n
YPAaBHCHHA Z.Xln = kz .Xl. +n=n , TaK KdK I10 TCOPCMCEC Buera in = O
i=1 i=1 i=1

2.16. f(x)=x"-ax+b(a>0,b>0),x>0(x’ —ax+b) =3x’-a=0,

i

w\é

=0= f(0)=5>0;,f"(x)=0=6x B Touke neperuda x =0.

ITpoBemem kacatenbHyto B Touky X =0:y=—ax+b; f (x) BBILIE KAacaTelTbHOM,
CJEJ0BaTEIbHO, HAMMEHBLIMH  MOJOKUTENbHBI KOpPeHb OONbllle  KOPHA

—ax+b=0, T.€. X = g. Haiinem SKCTPEMYM npu
x="9. a2 R 2a Tibom VIO
= Y= — =— . OBEIIEM CEK uepes
N /3 3./3 poREA T b

(0;6). KpuBass - nmxe cexymeit (f'">0), cnemoarensHo, xopenb (GyHKImH

MEHBILIE KOPHS CEKYLIEH, T.€ y—b —> x—%
P YHieH, T.€. rala e b REYE

33

2.17. y" =(x’ + Dx)y;

a)dc gna x>c¢ x>+ Dx>o >0 mo teopeme IlItypmMa umcio KopHeil He
MIPEBOCXOIUAT YKUCIIA KOPHEH V' = QLY

6) )dc ana x <c¢ x*+ Dx <—a <0 no Teopeme IlITypma kopHe# y pemeHns
Ha J000M OTpe3Ke He MeHble, 4YeM y V'=-—0)y - peueHue
cos~/oLx; sin~/oux; T.e. KopHeii GeCKOHEUHO MHOTO.

2.18. f'(x):e_x—xe_x—e‘x+x:x(1—e_x)>0 mpu x#0. Tpu x=0

f(x)=0, r.e. x = 0 - exuncTBEHHBII KOPEH.
2.19. P(x)= a(x — X )(x — Xy, ),a #0. Torma P'(x)= B(x)+..+P(x), roe
F.(x) - TIOJIAHOM CTENEHH n—1>1 B.(x)=0 npu
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k#i= P'(x)= P(x,)#0. PaccmoTpum TIOJIMHOM
F(x)=-1+ P}(x) +..+ P7(x) ; F(x) - TOJIUHOM CTENeHn
Pl(x) 7 P(x,)

<n-1 F(x)= ZII))EX)) ﬁ,((’;_))—lzo, Te. F(x) wumeer n
pasMuHBIX KOpHEH, crnenoatensio, F(x)= 0. Tak kak crapmmii kosddumnueHt
kakgoro m3 F,(x) pasen a, 1o xodddumment F(x) npu x*' pasen
a " a
P'(x) ™ Plx,)’
Bropoe pemenue.
ITycts P(x)= H(x — X,). PaccmoTpum MHOTOUIEH

Po(x)zP'(x)-[Pv(lx ) +...+ P'(lx )]

L) P
Py P,

HO 3TOT KO3((PHUITUEHT paBeH HYJTIO.

HokaxeM, uto £ (x,)=0 wumm

[Tonyuum

21;[()“ Y e ) =5 =) - ) ()
-5 G, -5, “x) M(x —%,) (X, = X, )

ik
k=2

PaccmoTpum nony4eHHOE BEIpaKEHUE Kak MHOTOWIeH P, (x,) cTeneHu n — 2.
Torma P,_,(x,)=-1 nna x, =x,,...,x_. To €CTh MHOTOWIEH CTEIEHU N —2
NPUHUAMAET 3HaueHue —1 B n — / Touke, 3HauuT P _,(x,)=—1. CnenosarensHo,
P,(x,)=0. Yro n TpeboBanock 10Ka3aTh.

2.20. Myers f(b)>0 (ecmn f(b)<0, 1o m3are — f(x), cnemosarenso,
f(x)>0 na orpeske (a;b), f(a)=0 (taxas Touxa a cymectByer mu3-3a
yenosus  f(0)=0. Iycrs nocnenosatensuocts @, —> a;g(x)=1n f(x) na

o )]
it} (e

f (a) — 0= g(a, ) > —o0, 9T0 MPOTHBOPEUNT MPEABIAYLIEMY HEPABEHCTBY,

| <klb—a,|<k. Ho

T.€. TOUKH, B KOTOPO# [ (b) >0 (um f (b) < 0 ) me cymectsyer.
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2.21. 2% -2002-2" —=2003=0 - KkBagpaTHOE YPaBHEHHE OTHOCUTEIHHO 2

=2003

Torma . Takum 00pa3oM, KOPHU FTUX YPABHEHUH JekKaT HA

OKPYXKHOCTSX ¢ LIEHTPAMHU B Ha4ajle KOOPAMHAT U paauycamu 2003 >2; 1.
Kopnu ypaBHeHuUA

(z+1)" +1=0(z+1)"" =1

JIEKAT HA OKPYKHOCTH C LIEHTPOM B
—1e C u paguycom 1.
OO0MMH KOPHSIMU MHOTOUYJIEHOB

MOI'yT OBITH TOJBKO Zy 1 Z,,

OTMEUECHHBIC HA PUCYHKE.
Tpeyronpnuk 0,-1,z,

PaBHOCTOPOHHUM, TaK KaK BCE €r0
CTOpPOHHKI paBHbI 1. CiaegoBaTenbHO,

argz, =180" - 60" =120". Ho torna

z,) #—1 u z, He ABAAETCS OOIMM

KOPHCM MHOI'OYJICHOB. O‘{eBI/II[HO,
UTO TOrJ4a z, TAKIKC HE ABJIACTCAH

OOIIIMM KOPHEM, TaK KaK BCE
K03(HUIHEHTH MHOTOWJICHOB

BellleCTBEHHbIE. OOIMX KOPHEH HET.
2.22. ®O(x) - MHOTOUIEH CTENEHH /1, CIIEIOBATEIBHO, OH UMEET /1 KOPHEH (C

yUeTOM KPaTHOCTEH ), JIeKANMX HA HEKOTOPOM TTPOMEKYTKE [a,b]. Paccmotpum

dynkmmo @(x)=e>* - ®(x). Tak kak lim e™>* - ®(x) =0, To mo Teopeme Posns
X400

MPOM3BOMHAA @'(X) UMEET HE MEHEE /1 KOPHEH Ha MPOMEXKYTKE [a,+oo).
@'(x)= e (22D(x) + P'(x)) =
(n) " (n-1)

—aX ! ‘x —aX

2(—2]‘(x)—f()c)+... J ( )+f(x)+f( *) +%) 2( 2f(x))
CnenoBarenbHo, f(X) MMEET 1 BEMIECTBEHHBIX KOPHEH.
2.23. 3ametum, uto x° = x” + X, CJI€I0BATENIBHO,
Zx —(Zx) —2Zxx +>» x,=0+0-0=0.
2.24. Tlepmoiit cnocod. Ilepenecém cnaraemoe —l B JIeBYIO 4acTh ypaBHEHHUS W
paccmotpuM ynkuuio  f(x)=x%+[x]+1. Torga, JaHHOE ypaBHEHHE MOYKHO
3amucath B BHue: f(f(x))=x. Tak kak VxeR BBIMONHIAETCS HEPABEHCTBO

[x]<x<[x]+1, T0o f(x)>x. CnemoBatenbro, f(f(x))> f(x)>X, TO €CTh JaHHOE

ypaBHCHHE KOPHEH HE MMEeT. 3aKIIOUHNTEIIBHBINA BBIBO MOXKET OBITh IOJIYYCH B U3
apyrux cooOpaxenuii. CrnpasemmmBocTh paBeHCTBA f(f(X))=x o3Hauaer, 4To
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dbynaknueii, obpaTHol k f(x) sABmaerca oHa cama. [ padukn B3amMHO 0OpaTHBIX
(yHKIIMHA CUMMETPUYHBI OTHOCUTENIBHO MPAMOW V= X, IPUUEM, U3 HEPABEHCTBA
f(x)>x cnenyer, uro rpaduk ¢pyaknun [ (x) JlomkeH pacmosaraThCs BhIIIE STOH
npsaMon, 3HauWT, Tpaduk oOpatHOW k HeW ¢yHKIME — HIwke. CaeaoBaTeNbHO,
COBTACTH 3TH J1Ba rpadka HE MOTYT.
Bropoii cnoco6. Ilycts y=x?+[x]+1, torna }*+[y]=x—1. Tlonyunm

CUCTEMY YPABHEHUM:

X +[x]+1=y,

y:+[y]+1=x.

2

Ee cnencrteuem sensercsa ypasHenme ()’ -x2)+([y]-[x])=x-y. Ilycte x>y,
torga x*>3? u [x]=[y], To ecTh mpaBas yacTh TOTO yPaBHEHHS MPUHHAMAET
HEOTPHUIIATEILHBIC 3HAUCHMS, a JIEBAasl YaCTh — HETOJIOKHUTEIbHbIC. AHAJOTHYHAS

CHTyauus BO3HHMKAaeT M B Clydae, Korga y>x. Takum 00pa3oM, PaBeHCTBO
BO3MOJKHO TOJIBKO, ecyid Y = x . ClleIoBaTenbHO, JaHHOE YPaBHEHHE PABHOCHIILHO
ypasrenno X2 +[x]+1=x, koropoe He MMeeT pernenmii, Tak Kak [x]+1>x wis

JIFO00T0 BELMIECTBEHHOTO X .

2.25. Bee kopHH ypaBHenus z° + |a|z? +|b|z +|c| =0 Takxe nexar na okpyxsocTH

’Z‘ =1. Jlna nokasarenbcTBa MOJOXKHMM, YTO Z, Z,, Z, - KODHH YPaBHEHU:
3 2 I 1 1 _
zZ+az" +bz+c¢=0. Torna b=zz,+2z,2,+ 2z, =22,2,| —+—+— |=ca. Tak
zZ, Z, Z
1 2 3

KaK ’c‘:(zlzz%):l, TO ’a‘:’b , W BTOpPOC YypaBHCHHWC NPHHUMAET BH]I
3 2 w

z +’a’z +‘a‘z+1=0. OnmuH W3 KOpHEH »Toro ypaBHeHUs paseH (—1), a mBa

JAPYTUX SBJISFOTCS KOMIUIEKCHO COTIPSOKEHHBIMH YMCIIAMU, TIPOU3BEICHUE KOTOPBIX

paBHoO 1. CnemoBarenbHO, OHU TAKIKE JIEIKAT HA OKPYKHOCTH ’Z‘ =1.

6
x -1

2.26. O0o3Hauum p, = X Hxt X+t x+1= Y1 Kopuu X, momuHoma
x J—

6
D, YHOBIETBOPSOT cooTHomeHnio X, —1=0. IlpoBepum, 4ro KkopHH P,
SABISIOTCS KOPHAMH MHOFOWICHA Xio" (xf + 1) + x2m (xf + 1) +x0mr2 (xf + 1) =

x = 1‘ =xs 14X Fxe+xi +xl = p(x:)=0. CrnenoBarenbHO,  JAHHbBIA

MHOI'OWICH ACIIUTCA Ha pl .
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2.27. Cnenaem 3ameny W, =¢,—Z,..., W, =c¢, —z. Torma 3amaua cBOAMTCA K

JIOKA3aTENbCTBY TOTO, YTO 4KCa0 O JISKUT BHYTPHU M-YrOJIbHUKA, 00PAa30BAHHOIO

KOMIUICKCHBIMH  YWCJIaMH ~ W,,..., W, TIpA YCJIOBUH TOrO, 4YTO H-YTOJIbHUK

BBINTYKJIbIA u quciia Wi, W, CBSI3aHBI COOTHOLICHUEM
-1 -1 -1 0

w,o +w, +.+w, =0. Jokaxem chopMyIHpOBaHHOE  YTBEPIKACHHE.

-1
BekTtopsl, nzo0Opaxaroine KOMIUIEKCHbIE Yicia W u W 00pa3yroT ¢ ocbro Ox

paBHBIE W CHMMETPHYHO PpacmojokeHHbie yribl. (YToOB 3TO TIPOBEPHUTH,

JOCTATOMHO 3amucaTh W ¥ W B [OKA3aTeIbHOI dbopme). Jlarmee, eciim BEKTOPHI,
n300pakarone KOMIUIEKCHBIC YHCIIA, JIeKAT IO OJHY CTOPOHY OT MPSAMOM,
npoxojsiie yepes 0, To X cymma He paBHa 0 M JISKUT 1O Ty )K€ CTOPOHY OT ATOMU
npsiMON  (TIOCKOJIbKY KOMIUICKCHBIE YHCJIa MOYKHO CKJIaJbIBaTh TIO TPaBHITY
napaijieiorpaMma).

I[OHYCTI/IM, yro 0 JISKUT BHE BBIITYKJIOITO MHOI'OYIrOJIbHHKa € BCPIIMHAMH

W,..,w, . Torma uepes 0 MOXKHO HpPOBECTH MPAMYIO, HE MEPECEKAIOLIYIO

MHOTOYT'OJIbHHK, @ BEKTOPBL W, ,..., W, JIEXKaT IO OJHY CTOPOHY OT 3TOH IPIMOM.

-1 - -1 .
Bekroper W, W, ,..,W, = Oya;yT TaKke JIeKaTh [0 OJHY CTOPOHY OT HEKOTOPOH
npsAMOM W, 3HAUUT, UX CyMMa He paBHa 0, 4TO MPOTHMBOPEUHUT YCJIOBHIO 33/JaUH.

Hrak, 0 n€KUT BHYTPH MHOTOYTOJIbHAKA € BEPIIMHAMA W,..., W, .

2.28. Ilyctb f(x)# x s Bcex x € A. I1ycts [a,b] - HauMeHb Wi
3aMKHYTBII UHTEpBaN, coaepxammii A. Tak kak A 3amkHyTO, a,b € 4.
ITo npeanonoxenutro f(a)>a, f(b)<b.Ilycth

p=supi{xe A: f(x)>x}. Tak Kak A3aMKHYTO, a f HENMPEPBIBHA, TO
f(p)=p,3Hauur f(p)> p. Insga Bcex x> p, x € A, umeem f(x) < x.
3nauunt f(f(p)) < f(p),4TO NPOTUBOPEUUT TOMY, YTO [

HCBO3pacTaromias.

T /4 n
2.29. Kommnexcroe umcio X; = COS— + lSln—k ects kopers Z(X). Mycrs o = —

3k
Taxk xak & (x) €CTb  JIEJMTENb f (x), f (xl) =g (xl) =0. To ecm
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0=x"+x"+1=(cosRex) +isin(2a)) + cosax +isina+1=0, oTKyIa

(2cosa+1)(cosa +isma)=0.  3wauur, 2cosa+1=0, 10  ecm

2
o= iT—i- 2rc,c€/. Tycts X,- KOpeHb MOJNMHOMA h(x). Tax xax

3k
x" =1
k

h(x) =

KOpHHU IIOJIMHOMA h(x) Pa3JIMIHbI u TaKOBBI:

2rs . . 27ws
X, co0S——+isin——, s =3a=*1, a € Z . Nocrarouno nposeputs, uto f(x,)=0.
3k 3k ’

Vmeem f)=x"+x"+1=
= (cos(4sax) +isin(4sax)) + (cos(2sa) + isin(2sa)) +1 =
=(2cos(2sa)+1)(cos(2sa) +isin(2sax)) =0, rtax xax 2c0S(2sx)+1=

2cos(23(4_r2?7[ 1 270)) +1= 2cos(%) t1= 2cos(4?7r(3a +1)+1=0.

3.1. Tlyers f(b)>0 (ecnm f(£)<0, 1o m3sms — f(x), cnenosaremsno,
f(x)>0 na orpeske (a;b), f(a)=0 (taxas Touxa a cymectByer mu3-3a
yenosus  £(0)=0). Iyers nocnenosatenshocts a,, —> a;g(x)=In f(x) na

a0} lg) - g@)| g @ )b-a|= L)

/(e,)

f (a) — 0= g(a, ) > —o0, 9T0 MPOTHBOPEUNT MPEABIAYLIEMY HEPABEHCTBY,

-|b—an

<klp-a,|<k. Ho

T.€. TOUKH, B KOTOPO# [ (b) >0 (um f (b) < 0 ) me cymectsyer.

32, @D(x)= f(x)-a—-bx;@(x1)=®D(xy)=D(x3)=0 x| < xy < x3.Torna

@'(x) umMeer, no KkpaiiHeil Mepe, O ONHOMY HYIIO B KaKAOM M3 HHTEDBAIOB

XSX<X U X)) SXxX<x3=>Q" (x)= f" (x) MMEET, 10 KPalHEH Mepe, OIHO

M3MEHEHHE 3HAKA MEKIY X; U X, .

33 f'(x)=(g'(p)p) =g"(PXP) +&'P"=g"(P)2ax+b)’ +g'(p)a=
2

= g”(p)4(azx2 +abx +ac—ac + %j +g'(p)a=4ag"(p)ax” +bx+c)+

+Hb* —4ac)g"(p) + g'(p)a = g"(p)dap + b* — 4ac) + ag'(p).

34. d?(x, y) - cymma paccrosamit ot ()M(x;y) mo Touek
0(0,0); A(4;0); B(04); C(9.3) wm 1o  HepaBeHCTBY  TPEYrOJbHUKA
D(x,y)=|0OM +|MC|+|AM|+|MB| = |OC|+| 4B

,  TpAYeM  PABEHCTBO
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mocToBepHO s Koraa (-) M OmMHOBPEMEHHO MPUHAIICKHUT OTpe3kam AB u
OC. Touky M(3;1) maxoqum Ha nepeceyenun npsmbix AB: x+y=4 u
OC. x—=3y=0. Orser: (31).

3.5. U3 ypaBHeH#us BUAHO, uTO yenosue V'(x) =0 BomonHeno mis touek (X;))

1
runepbonsr H(x) = (x2 + 0,5)2 ¢ acumnroroii A(x) = x. Ha npomexyTke X > 1
pacemorpum  F(x) = H(x)— y(x). F(1) = % —1>0. Jlonyctum, urto sTa

(yHKIIMA MEHSET 3HAK. X, - HWKHAA TpaHb (3aMKHYTOTO) MHOXKECTBA KOPHEH
ypasuenust F(x)=0. Torma X, - TOXe KOPEHb STOTO YPaBHEHHs, a JICBEE X,
(Gynkuus — momoxkwmrenbHa,  cnepoBarenmsHo,  F'(x,)<0. Opmako, Tk
W(x,) = H(x,), Touxa (Xx,;¥,), rae ¥, = ¥(X,) nexur Ha runepbone U 3HAUYUT
V'(x,)=0. Tosromy F'(x,)=H'(x,)>0. IlporuBopeune, CcieI0BATENBHO,
F(x)>0. AHAOru4HO (c MCIONBb30BAHUEM yCITOBUH

G()=G'(1) =0, G"(1) =1 ycranasnusaercsa, uro G(x) = y(x)— A(x)>0.
Urak, x < p(x) < HX) =2 0<y(x) —x< H(x) —x < % Oteer: A(x)=X.
3.7. Beraucmam G (x):

fi(x) ... f(x) .
f(x) ... "(x)...

—_

G'(x) = LGM(x) = |
£(x) .. "(x) ...
fim(x) - fim(x) -

G®(x)=0, Tk. B onpenenurene OyayT 2 OIMHAKOBBIE CTPOKM WIIHM (€CIH

=~

nuddepeHIUpPOBaTh MOCIEAHIOK CTPOKY) fl.(S) (x) =0, Tx. f, - momanomM 4-i
crenenu, T.¢. G(X) - HOIMHOM He BbILIE 4-i CTETICHH.

3.8. Mosket He uMmeTh. [Ipumep: [ (xo , )0 ) =0; f (x, y) = —1 na myre HeKOTOpOUH
OKPY’KHOCTH, IIPOXOALIEH 4epes (xo ;Y0 ); f (x, y) =1 B OCTaNbHBIX TOUKAX.

3.9. PaBenctBo ¥ = J(X) pPaBHOCHJIBHO OJHOBPEMEHHOMY BBINOJHEHUIO ABYX

.1 2 23
yenosui —> <x,y<lmx"+xy+y = 4 (TouHee, pacCMaTpUBAEM TOJIOBUHY

3TOrO AJIMICA, T.K. KOPEHb B YCJIOBHM HEOTpuLATeNeH). M3 CHMMETPUUHOCTH

3TUX YCIOBMH cleayeT, 4ro (yHKUMsA ) coBHmagaer ¢ OOpaTHOH, MO3TOMY

paccmartpuBaemMas MocyIe0BaTeENbHOCT uMeeT Bua Y(X), X, Y(X), X,... © MOKeT
1

cxomdThess  nmmmb  npu  yenosum  YP(X)=Xx, Te. mpum X=x, Te.

2)

ITOCJIC AOBATCIIPHOCTD PACXOIUTCA IIPH X =, IIpH X = = OHA ITOCTOJHHA.

2 2
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- yObIBatoOIAs dhyHKIHAS (HeTpephIBHAS)

F()-s(@) Jb-va 1

[Tokaxem, 4To

A (\/% ) > \/31—\/_ > f! ( ath j , OTKyJa H CJeyeT YTBEPKICHHE
+Na

2
I > I > L Ouepumno, (a<b)= 3()c
2ab ™ a++b V2+b+a ’ ’
o Jbivasiab obra+2Jab<a+2b=2Jab<a+b

YAOBJIETBOPSIOIIAS YCIOBUIO: [ '(x) - HETIpepbIBHA 1 MOHOTOHHA.

Bropoe pemenue.

Elce(a,b):f(b)—f(a):#(b—a), Je =27"'(Jb =),

C

c=(a+b+2ab)/4=((a+b)/2+ab)/2e[(a+b)/2,\ab)].

3.11. 3nauenme QYHKIMH €CTh JJIMHA JIOMAHOM, COCOUHSIONIEH TOYKH

(a,0)—(x,1) = (»,2)—(2,3) —(b,4). Munumym nocTMraeTcs, Koraa TOYKH

pacnonosxensl Ha oxuoi npamoit (a,0)— (5,4).

3.12. ®ukcupyem y>x>0. Tlo teopeme Komm B HEKOTOPOM TOUKe
b —a® yor' oy by—ay<bx—ax

. . . — 2 X
Oce(@b) jror=romr=ye sy = <o

, T.€. hyHKIHAS

MOHOTOHHO YOBIBa€T.
Bropoe pemenue.

X X b
b —a = It “ldt . 0<a<t<b<]l. Oynxums " MOHOTOHHO yGBIBACT (OT X
x a
).
3.13. ®yHkusa yAOBIETBOpsAET cooTHoueHno ' = —2xy+ 1. Havanbubie
XxX=da
YCIIOBUS 2 DyHKIMS MOHOTOHHA, eciu mpoussoaHas # (. Ykasan
y=be

3HAK TPOM3BOAHOMN B (-) Ha Wwiockoctr (),X). Ha BeTBsax runepons y'= 0, T.e.

UHTETPAJIbHBIE KPUBBIE Hauiero Aud@epeHManbHOr0 ypaBHEHHS
napayuiesibasl ocu OX .
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Ecnu HavanpHas TOYKA HAXOAWTCA B oy
obnmacti 1, TO WHTErpasbHas KpUBas oo J}‘y\:
He mepeceyeT BETBb MIepOOIbl, €CH

B oOjactu 2 win 3, To mepeceuer. To ‘\X\SF
rrr

ecTtb (yHKIUA OyJaeT MOHOTOHHA, ¥
Koraa I
HauajbHbIE  YCJIOBHS  TOpUHAJjexar obmactu 1, TO  ecTb  mOpH

2% +1> 0 2abe™ +1>0.

3.14. f)=1Lgx) = f(x)- _Oxe<1+oo>
g()= f()———O g(0)=0.

=3x,: f'(x0)+iz=0
Xo

3aMeudaHue i MpenoaaBaTeieH. B03M0>I<H0 <<pa3MH0>KeHHe>> 33/1auM C 3aMEHOM

MCXOJHOTO HEPABEHCTBA HA ‘ f (x)‘ < —, Wi ’ f (x)’ , WJTH TIPOCTO Ha
x° X+ 2)
yObIBaHWE Ha OECKOHEYHOCTH.
1 I x-sinx cosx 1

3.15. f(x): , ——=+>O;XE(O;ﬂ);f'(X)=— ——+—=

sinx x  xsinx sin“x  x

. 2 2 . 2 .
SIN~™ X — X~ COSX SN~ x coSxSinx .
= — > 0); > x?, == +sinx >2x;
x*sin’ x COSX cosx cos® X
1 sin® x

COSX + +2 >2.

. COSX COS X

2
3.16. Ilycts F (a) =0 (ecnu wer, TO pacemorpum  F(x)— F(a))
F(x)=e"g(x); F(a)=0=g(a)=0,F'(b)=0= ke’ g(b)+¢e"g'(h) =
= g'(b)+ kg(b)=0. Ecnu g(b) =0, 10 F(b) =0, 1e. F'(b)=kF(b). ITycts
g(b)>0. Torma, T.x. £k >0= g'(b) <0. B Touke a ¢pynkuus g obpamiaercs B
Homb, a B (-)b yOwiBaer, cnenosarensho, I(-)c €(a;b), B xoTopoil oHa MMeeT
MakcumyM, a B Makcumyme g2'(c) = 0= F'(c) = kF(c).

2
3.17. Ilpu ¢pvkcupoBaHHOM 3HAYECHUH Y, y‘ <1, pynkumsa x° + yx mocruraer
HanOOJBIIEro 3HAYeHNs Ha KOHIaX nHTepBasia. CieaoBaTeNbHO,

n‘n‘alx(x + yx) =max{l + y,1-

minmax(x” + yx) =min(1+|y)) =1.
’y‘ﬁl ‘x‘ﬁl ’y‘ﬁl
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Tak kak npu PUKCUPOBAHHOM 3HAYEHHUH X,

JMHEHHA 10 Y, TO €€ HAMMEHBIIEE 3HAYEHHUE TAKXKE JOCTUTACTCsl Ha
KOHLAX uHTEpBana. Orcroaa
I’m‘in(x2 +yx) =min{x’ +x,x" —x}=x" —
y|<1

max min(x’ + yx) = max(x —|x|) =0.
<t st Jxl<

Oteer. max min(x” + yx) = 0 <1 = minmax(x” + yx).

<t [yt it st
3.18. F'(x)F"(x)- F(x)F"'(x) ectb nub0O TOXACCTBCHHBIA HYJb (HYXHOE

CTPOTO€ HEPAaBEHCTBO HE BBITIOJHEHO), JUOO TOJIMHOM HEUETHOW CTETICHH
(cTapime CTENEHW HE COKPAIAIOTCs ), TIOATOMY OH 00s3aTelIbHO MEHSIET 3HaK Ha
BelecTBeHHOM ocHu. [lpumep ¢yHknuwu, obmamaromieii HY)KHBIM CBOMCTBOM:

exp(exp(—x)).
3ameuanue niast npenogasareneii. [Tockoneky F'(x)F"(x)— F(x)F"'(x) ectb

BpoHckuad [7 u F'", 3agauy mMoxHO mepeopMyIMpoOBaTh: A0Ka3aTh, 4TO eCiau F
MOJIMHOM CTETNCHH Bhillie mepBoii, To F u F" He MOryT ObITh OJHOBPEMEHHO
peuieHusmMu quddepenimanbaoro ypasienus '+ p(x)y'+q(x)y =0,

3.20. 1) Bepno. Ecmu £(0)=0, 10 x,=0, ecru f(1)=1, 10 x,=1. Ecm
f (O) =a#0,f (1) =b#1, TO PaccMOTPUM (GyHKIUO
p(x)= f(x)-x:0(0)=a>0;p(1) =b-1<0;¢p - HeTpepbIBHAs,
cnenosarensio, 3(+)X, €[0;1], uro o(x,) =0, Tee. f(xo) =

2) Hesepno . [Tpumep: f (x) = x? ne umeer HEMOABHMIKHBIX TOUYEK HA (O‘l)

321, flera)-2"" = r(0)- £2(x) @)
S (x+a)-flx+a)+47 = f(x)- /7 ()= f2 (x+a)—f(x+a)=
—(4_1—f(x)+f (x)):> (x +Jf x+a f2(x+a). s (1)

= B3ATh "4 Torna o (1)
f(x+2a)= L Jf (x+a)- f2(x+a) = f(x), T.e. nepnon pasen 2a.

Bropoe pemenue.

Hycts ¢, = f(x+na)=F(c, ), F(t)=1/2+~t—1t> . O6nacts 3Hauenuii F
ects [1/2,1]. Ha stom otpeske rpadux F (4eTBEPTh OKPYKHOCTH) CHMMETPHUECH
OTHOCHTENIbHO OMCCEKTPHUCHI MEPBOro KBajapaHTta, nodromy F(F(t))=1t. 3uauwr,

¢ ., =C, ,TO €CTb IEPUOJ PaBEH 24.

n+2

3.22. U3 mnepasencta cneayer f () =0 (pynxkumsa [ maddepennmpyema B
moboii Touke yER = f (y) = const .
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3.23. Jloka3zaTtenbCTBO OT NpoTUBHOTO. [lycTh 3TO yTBEpPKICHHE HEBEPHO,
cnenosarensno, AN >0 VneN dx,: x,>n YIOBJIETBOPSET YCIOBHIO

f(x,)e[0;N], Tx. f(x) nenpepeisua, a smaunt, ce sHauenns ma [0; V]
orpanmueHB, To Haiiietcs Takoe smauemme M, uto ecmn f(X)< N, To

f(f(x,)< M, 1e ana VneN 3x,: x,>n, ana xoroporo f(f(x,))< M,

4TO IPOTHBOPEYHT YCIIOBHIO lim f ( f (x)) = 400, 0)
X —> -0
f(x)= 1. (0,00) = (0;0); lim f(x)=0; , uo lim f(f(x)) =limx = .
X X—Dw X—>+0 X—>®0
1 1 a ka+Ck
324 f(x)=[f)dy = Yap[flbpx+cpydy =Y "5 [ fl(2)z,
0 1<k<n 0 1<k<n Sk px
ka+Ck
TakuMm 00pasoMm, ecimu [ (x) HENpPEPHIBHA, TO J. f (Z)dz HENPEPBIBHO
bkx

mddepenmmpyema, Te. f € C urn,te. f eC”.
325. P(x,y)=x*+(xy—1)* >0, wo B TouKe (8,1j 2P(8,1j =& wm
£ £

1
ao6oro €, T.€. P(s,— — 0, vo 0 He gocTHraeTcs.
g &0

3.26. Pacemorpum F(x) = f(x + ;j — f(x),x€ {O, ;ﬂ Hano mokasars, uTo

CYLIECTBYET Xy, TaKOe 4TO F (xo) =0. Hwmeem:

F(0) = f@ - f(@f@ - f@ - f@
(535 A A s )= 70 o)
om0 1)) A0

3HauuT, B JIeBOH wacTh 16O Bce HysM (TOraa 3agaua pemreHa), b0 ecTh Ynucia
pasHbIX 3HAKOB. [lycte 310 [ (xl) u I (xz), rie 0<x,<x,<4/5 Tlo

HEIMPEPBIBHOCTH F cymecTtByer X X < Xy < X, TaKOE, YTO

F(Xo)=0:>f(xo +;j=f(xo)-
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3.27. [ToacraBum B TOXKJIECTBO x=1-1;0. =3P (1) =0
—3P(—1) =0, — P(l) — ZP(O) = 0. T.e. P(x) uMeeT KOPHH
X = 1; X, = —1; X; = 0 U, CIIEAOBATEILHO, ACIUTCA HA (x 3 — x). [IycTh Q(x)
- MHOTOuIeH, Takol, uto P (x) = (x3 - x)Q(x) [loncraBuM B TOXKIECTBO:
=D+ = (x+ D0+ 1) = (x +2)(x° — 1)0(x) = 0,
(= De® +3x2 + 250 + 1) - (x + 2)(x> — )0(x) = 0,
(x=1)x®+3x2 + 2x)0(x +1) - O(x) = 0
= Vx e R:O(x +1) = O(x).
Mycts (J(0) =c. Torma muorounen (J(X)—C wuMeeT GeCKOHEYHO MHOTO

xopueii: 0,1,2,3,... T.e. o170 0. OtBer: (X — X).
3.28. IlycTh Ajig HEKOTOPBIX C;,C;, C; < Gy f (Cl) # f (Cz). [Tycth

| = f(c2)_f(cl)

C, —C
S= {x ele;e,]: |f(x)—f(cl)| < —%(x—cl)}. 310 COOCTBEHHOE

HOAMHOKECTBO [C,C, |, CONEPKHT C,, HE CONEPKUT C, . OHO 3aMKHYTO, TaK KaK

> (). PaccMOTpHM MHOXECTBO

J/ uenpepsiBHa. [Iycts § =Sup S, s <c, Bopmem x > s u3

[
TOCJICIOBATEIIPHOCTH, 3aJJaHHOMN B YCIIOBHH: | f(x)= f(c )’ < E(X —¢,). Torna

x € S . IIporuBopeune.
3.29. AcumnroTel GyHKIMU f(X): y=kx+b,

f(x) —z X —> +0
k =lim =4, b= lirP (f(x)—kx)z lirP (—arctgx) =
: o o I xo-w
2
/4
/4 Yty
HpI/I.x_)'i‘OO y=4x—5:>x: 42, y_)_i_oo’
T
/4 Y B
pH x—)—ooy:4x+5:>x:T, Yy —> -0,

AcumnTotsl 06patHOM GyHKkuuK ' (X) (IpAMBIE, CHMMETPHUHBIE
OTHOCHUTEIBHO MPAMON ) = X K aCUMITOTaM MPAMOH (PyHKIIUH):
X 7 X 7

= +>=  npumx—+wo, =>-=  1pu x—>-o.
Y=g ™ Y=g ™

3.30. Ilycts A4,B,C - TpU BCIOAY IIOTHBIX MHOXECTBA, JAW3BIOHKTHUBHO
TOKPBIBAIOIIMX BCIO MPAMYIO (HapUMep, pallMOHaIbHbIE YACTA, UX CABUTH HA /2
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¥ BCE OCTAJIbHBIE), TOT/Ia MPOU3BEIACHUE XaPAKTEPUCTHUCCKUX (DYHKITUH JTFOOBIX
JIBYX U3 3TUX MHOXKECTB €cTh 0 Ha BCel mpsamMoit, HO QyHKIIMK BCIOAY Pa3pPHIBHBI.

3.31. ®yskuua noctodHHa. Eciu npeamnojoxuTh, 4TO OHA MPUHUMAET JBa
Pa3/IMUHbIX MPPALMOHAJIBHBIX 3HAYEHUs, TO B CHIY HENPEPHIBHOCTH OHA
MPUHUMAET W BCE MPOMEXKYTOUHBbIC 3HaueHHs (Teopema bomsmano-Komm). Ho

MCIKIY JTFOOBIMH HPpPaluOHAIbHBIMHW YHUCJIAMH CCTh PAlHMOHAJILHLBIC. HonyqaeM

npotuBopeurie. OTBeT: f(2)= Je

3.32. Ilycts v, — HauanbHas CKOPOCTh, (¢ — YroJ HakyoHa. Torga cocrasnsroniue
cKopocTH OyayTV, =V, COS, Vv, =V, sina — gt .

. gt2
Cmemenne cHapaa no ocam: X = v, Cosa, y =1y, SIna — BN

[Imomane nox Tpaekropuen
2t, 2t, 12
S = I ydx = I tv,sina —gT v, cosa dt,
0 0

rae f, — BpeMs, 3a KOTOPOe CHapA/[ MONAAET B BEPXHIOI TOYKY TPAEKTOPHU:
v, () =0=y,sina — gt,
Vv, Sina

g

TO €CTh [, =
Torna
2 :
S=S)= Evgg_z sin’ a cosa .
Haiinem maxcumym dynxmn S(a), 0 <a <7 /2.
2 : :
S'(a) = Evgg_z(— sin & + 3sin*acos’a)=0.

tg’ o =3

Torma § | sina =0
O<a<7/2

Otxyna nonyunm o = 77/3.
Otset: o0 = 77/3.
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2N
3.33. Ilyctb ~1+1 = Zaktk +o(t*"), Torna

k=0

N
23 a, 1" + ot ) =1+t +1=1 =2+ 231-1* =2p(-1%) =
n=0

= ﬁ;y(”)(O)# +o(t*")

n

OTKyJla, CpaBHUBAsA KOd(pPuImenTsr MHOTOUICHOB Teitopa, HaX0 UM, UTO
M () = n

y7(0)=(-1) J2 - nt a,, . 3HaueHus kKo3pULUUEHTOB a,, ONpenenseTcs u3

0

pasnoxennst Maknopena: ~1+¢ = a,* => C}*-t* n npusonsr k popmyne

(}’l) — n . -(4}’2—3)” ) )
Y (0) = (=1)"\2 n!—4n(2n)! .
R S (V1
OTBeT. y( )(O)—(—l) \/EH'W

3.34. Paccmotpum ¢dyukiuio F(x)= f(x)+x—a—b. Ona nenpepoiBHa Ha [a,b ]
,apuuem F(a)= f(a)-b=a-b, F(b)= f(b)—-a=b—a,toects F(x)
NPUHUMACT Ha KOHIIAX OTpe3Ka [a,b| 3HaueHHs pa3HbIX 3HAKOB. 3HAUUT,
CylecTByeT TouKa ¢ € (a,b) takas, uro F(c)=0, cnenosaresbHo,
f(e)+c—a-b=0< f(c)=a+b-c.lpumenum Teopemy Jlarpania k
dynkimu f(x) Ha otpeskax [a,c] u [c,b]. To ectb cymiecTByer Touka X, € (a,c)

f(c)—f(a):a+b—c—a:b—c

Takas, aro f'(x,) = v Touka X, €(c,b)

c—a c—a c—a
by—f(c) b-a-b+c c—-a
'mmmgnof(%):f() f(): = . Ho Torna:
b—c c—a b—c
b—c c—a
f'x)f(x,)= : =1, 4ro u TPeOOBAIOCH.
c—a b-c
3.35. Ilycts P(x) - wmHOrowneH. PaccMoTpum  MHOTOWIEHB — BHIA

q.(x)= ( P'(x))2 t P'(x)+1. OueBunHo, 4yro MX nepBooOpazHeie (. (x) ecThb

P'(.X)Z C]+(.X);C]_(.X) W,

BO3pACTaAlOIIE€ MHOTOWIEHB. A  TakKXke, UTO

1 1
cnenoBareiabHo, P(x)= 5Q+ (x)— EQ_ (x)+C, uTo 1 TPeOOBAIOCH TOKA3ATh.

3.36. Ilpeanonoxum, uro f(0)<O0. Torma 0=3-0+sin0= f(f(O)) <f(0)<0 -
MpoTUBOpeure. AHANOTHYHBIM oOpa3zom mnpeanonoxenne f(0)>0 Taxke
npuBoAAT K mpotuBopeunto. Crenosarensho, [f(0)=0. IIpomuddepenmmpyem
TOKJECTBO TPH pasa:

F(f@®) f'(t)=3+cost,
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FfO)(FO) + £1(f©) f(0)==sint,
FUFO) (O +3£"(FO)- L1 £ O+ £ 1(f(B))- f"(t)=—cost.

[Toacrasum =0 u f(0)=0 , u yurem, uro QyHKIHS HEYOBIBAIOIIAS:
! " " 1
f©0=2, f"(0)=0, f (O):_E'

3.37. B cuny HenmpepblBHOCTH f 00pa3 BEIECTBEHHON NPAMOI — 5TO TIpsAMasi,
JTyd, OTpe30K Win Touka. C APyroi CTOPOHBI, 3TO MHOKECTBO JOJDKHO OBITH HE
6onee, ueM cueTHo, mockonbky f (D), oueBnano, He Gonee, yeM cueTHO, a
F(R\Q), mo ycnouro, Toxke He GOIEE, YeM CUETHO. 3HAYHUT, HTO TOUKA.

3.38. Jlnsa Beex X,y € (—o0,00) , BRMONHEHO HepaBeHCTBO f(X) > Xy — f(V).
2

X
TMoacrasum B Hero ¥ = X u nomyunm f(X) = x° — £(x), 1o ects f(x) > e

2
X
Jlokaxewm, uto f(x) = ER Ot npotuHOTO. [1yCcTh CYINECTBYET X, , TAKOE, YTO

2
X
f(x,)> %. JIoKaKeM, 4TO [7Is1 BCEX ) BBIMOJHEHO HEPABEHCTBO:

S = (o= F) 2 f(3x,)— % >0 (1)

210oro OyJeT JOCTAaTOUHO, TAK KAK HEPABEHCTBO MPOTUBOPEUYMUT YCIOBHUAM 33aUH;
W3 HETO CIIEAYET, YTO

£ () 2max(e, = () + /() = 75) > max(xy = /(7).

HepasenctBo (1) paBHOCHIIBHO CIEAYIOMEMY:

X
70—x0y+f(y)2 0.
%
Vuaureisast, uto f()) > > MPUXO/IMM K HEPABEHCTBY

2 2

Xo Yy

Yooy,
) VT

2
KOTOpOE BEPHO, TaK KakK JIeBas 4aCTh PaBHA E(XO -y).

2

Otser. f(x)= %
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3.39. a) B npoTUBHOM Cilyuae CylIECTBYIOT X,V TAKHUE, UTO

g(x0=g(y), x#y, otkyna g, (x)= g, (»), 4TO NPOTUBOPECUUT
YCIJIOBHIO.
0) GUKCHUPYEM X W MPEANOJIOKUM, YTO Xx < g(x). Torna, BBUILY

BO3pACTAHUSA g,

g(x) < g(g(x))=g,(x),8,(x)=g(g(x)) < g(g,(x)) = g;(x),...
g,.(x)<g, (x)=Xx, TO €CTh X < X, TO €CTh IPOTUBOpEUUE. TOYHO TAK
K€ JIOKA3BIBAETCS HEBO3MOKHOCTh HEPABEHCTBA X > g(X). 3HAYMT,
g(x)=x.

B) Eciiu n HeweTHO 1 g(x) yOBIBAET, TO g, (X) Takke yOBIBACT.
[Io3TOMY paBeHCTBO g, (X)= X HEBO3MOXKHO /Ul BCEX X .
CrenoBaTebHO, g BO3paCTacT, a Torjaa g(x)= X COIJacHO IyHKTY 0).
Ecmu g(x) cTporo MOHOTOHHA, TO g,(x) Bo3pacraet. [IycTs

n=2k, f(x)=g,(x). Torna f, =g, v K QyHKUMAM [, f, MOKHO
NPUMEHHTH PE3YJIbTAT 3a1a4u 0), COrIaCHO KOTOpOMY f(x)=g,(x)=x.
r) YTBEp:KIeHUE BBITOHIETCS IS (p(x) =X—g (x) . JIeCTBUTEIBHO, TaK KaK

g (xo) * Xy, 10 & (x)To g(X) ybsiBaer cormacro 3anaue 6).CrenosarensHo, ()
Bospacraet. Jlanee, 6naronaps B), g, (x) = X mnascex X € R . IMosromy

P(g(x)) = g(x)— g(g(x)) = g(x) — x = —@(x) . nauur,

g(x) =y (p(g(x))) =y (=(x)).

In
3.40. Her. ®yuxums f(X) = e” rtaxoke obnanaer sTHM CBONCTBOM, Tak Kak C€ = ="

4.1. )T:axx+a><b:>a><x:ax[axx]Jrax[axb}:a(a-x)—
X-(a-a)+ [ ] +a_><[c_z><l;}. Ho
axx=x-axb=x-axb=-x-a’+ax|axb]|=

o ax b+ ch[ 5]

X = 1+a* '

4.2. Tlycts M - BHEWIHSS HOpMab K S . Hamo mokasats, uto ” ndS =0, r.e. mis
S

KOKIOH KOMIIOHEHTBI ” ndS =0, (i=1,2,3). Bo3bMeM MOCTOSHHOE BEKTOPHOE
S

none F' = (1;0;0). Torna ” ndS = ”f divFdv =0 (mo tTeopeme OcTpOrpaackoro
S Q

-Taycca). n, = (F,7). Ananoruuso mis #, u 1, (B3ats F = (0;1,0) wm (0;0;1).
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4.3. Y kyba 6 rpaneii. Eciiu B ceUeHUU NATUYTOIBHUKA, TO NEPECEUCHBI 5 U3 HUX,
3HAYKT, CPEIH HUX €CTh MapajlielbHbIE, ClIEI0BATENBHO, CTOPOHBI IATUYTOJbHHUKA
HapajuiebHbl (HO y NPaBHIBLHOTO HATHYTOJIbHMKA HET MapajljiebHBIX CTOPOH).
4.4. () A comemaercs ¢ (+) B Ha okpyxkuOCTH, crienoBarenbto, XY 1 AB u nemur
AB nononam, cneposarensao, BC = AC,
X CJIEIOBATEIIBHO,
B P OC+ AC=0C+CB = R = const,
CIIEIOBATENIbHO, TEOMETPHUECKOE MECTO
C o touek C - smmuanc ¢ poxycamu O u A.
Jluanss XY - xacarenpHas k siumuncy B (+)C,
T.K.
Vv LOCX = 4BCY = £L0CX = LACY
(CBOMCTBO KacaTeIbHOU K 3JUIHIICY )
4.5. TIpaBUiIbHBIA MHOTOYTOJIBHUK MOKHO BIIMCATh B OKPYKHOCTH, HO OKPY>KHOCTb
C DJUIMICOM MOXKET HMETh HE Oojiee 4-x OOmMX TOUYCK, CJICIOBATCIIBHO,
[PaBHJIBHBIN [IECTHYTOJBHUK BIKCATh B DJIJIMIIC, HE SBISIOLIMNACS OKPYKHOCTBIO,
HEJIB3S.
4.6. Tak kak och KOHyca 00pa3yeT paBHbIC YIJbl CO BCEMHU 00Pa3yIOIIUMU KOHYCA,
T.€. ¢ OCAMH KOOPIHHAT, TO OHA MMEET CBOMM HANPABJIAIOIIAM BEKTOPOM JTHOO
(LL1), mu6o (L;1;—1), mu6o (1;—1;1), ma6o (1;—1;—1). Paccmorpum mepsbiit
BapHaHT U 0003HAYMM HATPABIISIONIMI BEKTOP uepe3 d. [lycts 7(X;V;Z) paaayc -
Bektop Jroboit  Toukm konmyca u kK =(0;0;1) ypaBHenwme koHyca
k*(a,r)* =r*(a,k)* wmn xy+ yz+zx =0. Asanormuno npyrue 3 BapHaHTa.
Otser: Xy +yz+zx =0, mwm yz—xy—zx=0, wmxy—yz—zx=0, wm
xz—yx—zy=0.

4.7. Mycre o0 < B <y - mnockue yrsl mpu Bepuirde O. M3 TeopeMbl KOCUHYCOB

HAXOUM: cosoc—z' cosB—é' COS __L
. - - 99 99 ’Y 99

0<y<a+p<n=cosa-cosp—sinasinP <cosy =

= (cosa - cos f—cosy) <(1-cos’a)(1—-cos’ )= cos’ a+cos’ S+

+c0s*y —2cosa.cosfcosy <1. Onnako, HaiileHHblE 3HAYCHHS KOCHHYCOB

JAIOT JUTSl JICBOW YaCcTH HEPABCHCTBA 3HAUCHWE =—~~, T.€. Takasd KOH(HUTyparus

729°
HEBO3MO’KHA.
Bropoe pemenue.

Iycts a=O0A,b=0B,c=0C. CocraBum Mmatpuuy Ipama. (a,a)=6" =36,
(b,b)=6" =36, (c,c)=3"=09,
(a,b)=((a,a)+(b,b)—(a—b,a—b))/2=(6"+6"—47)/2 =28,
(a,c)=((a,a)+(c,c)—(a—c,a-c))/2=(6"+3*-T7")/2=-2,
(b,c)=((b,b)+(c,c)—(b—c,b—c))/2=(6"+3>-5%)/2=10. Marpuiia

['pama nmomxHa OBITH MOJOXKHUTENBHO OMpeAeaeHa (3TO KPUTEPHA peaTu3yeMOoCTH



112

B IPOCTPAHCTBE, HO 31eCh JOCTAaTOYHO HeoOxomumocTh). OmHaKo, 31eCh
onpenenutels [ pama paseH -256<0, To ecTh KOH(UTYpaAITAI HEBO3MOKHA.

4.8. Bosemem monyoch a = 3, ¢oxycs A(—1,0); B(1;0), xpyr K pamuyca 2 ¢
HeHTpoM B jiexur BHYTpHW dyutmrca. [1o cBoicTBy symmmrca [yist Jro6oii () E Ha
HEM ’AE’ + ‘EB’ =2a=06.

1) Iycre Touka M nNOKpHITA KaKUM-TO KPYroM ¢ LeHTpoM FE Ha sMmnce
paguycom ’EB ‘ - 2. Torna, o HEPABEHCTBY TPEYroJbHUKA

|AM|S’AE‘+|EM|S’AE|+HEB|—2‘=4, T.e. M TpHHANIEKHUT TOMOTHEHHIO

C xpyra K go xpyra I' ¢ nentpom A wu paguycom 4, comepamemMy JaHHBIHA
SIUTHATIC.

2) Mycte M mpunamiexut mHokecTBy C. He orpanuuuBasi OOIIHOCTH, MOYKHO
cuntarh M nexarineit BHe dyumnica, T.K. Bce Tocku C BHYTPH 2JITHIICA, OYEBH/IHO,
HOKPBITEl Kpyramu, kacarommmucst K. Torma, mya AM mnepecekaer smmmrnc B
HEKOTOpOit TOUKE E TaK, 4TO
4>|AM|=|AE|+|EM|=|6 - |EB|+|EM|=|EM|<|EB|-2, 1e. M
nokpeiTa Kacarommmcst K kpyrom ¢ rieatpom E. [hnomans C' paBHa Tutormmaam
[ - mpomame K =16 —4n =121,

4.9 Ilycts ¥, = a, +Vv,t - paguyc-Bekrop k — it Touku, N - HOpMaJIb K INIOCKOCTH.
BekropHoe npomssemenue |1, —1,1,—1]|=N- f(t) (f(t)—xBagpaTnuHas
¢byHKIMA oT ¢) obpamaeTcs B HOMb, €CITA TOYKH JIS)KAT Ha OAHOM mpsimoit. Ho
eciv KBajpaTtuuHasi GYHKIMS PaBHA HYJO TPH TPEX PA3IMUHBIX 3HAYECHHUSIX [, TO
OHa pPaBHA HYJIIO TOXIECTBEHHO.

4.11. Tlycrs 3amana (-)(X;);z). YpaBHeHWE BCEX KaCaTENbHBIX IUIOCKOCTEH

XX,
0 + AL -|— —1 Xos Vo-Z9) - TOUKA KacaHMs. Tak Kak BCE 3TH IJIOCKOCTH
bz 05,0540
“aye yy 0 _ 1
npoxoaat uepes omny (-)(X;y;z), To b2 TO €CTh BCE TOYKH
KaCaHUs JIEKaT B TUIOCKOCTH, 3aJ:[aHH0171 ITAM ypaBHeHHeM.
2 37
4.12. + = 1. Ecin qnst moGoii Toukw symnca (1) yKakeM TOuky
270D 2
(a+r)y (b+r)
2P
AITATICA (2) — + 7 =1, paccrosnue 10 KOTOPOro 7, TO PACCTOSHUE OT STOM

ToukH A0 osmmmnca (2) (3r0 min  Takux paccTosHMM)S 7. B IOJNApHBIX
KOOPJIMHATAX JUTHTICH 334AF0TCSl YPABHCHUSAMMU:

X, =(a+r)cose X, =dcos@ 2)
=(b+r)sing v, =bsing

HaﬁHeM PacCTOAHUC MCIKIAY TOUKAMHAU C OJWUHAKOBBIM YIJIOM (P .

X — X, =7r COS([); yl - y2 =r Sin(p, CJIICA0BATCIIBHO, pacCcTodIHUE PaBHO 7.

4.13. YpaBHEHHE UCXOTHOTO JIy4a:
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X=x,+It
y=y,t+mt.
z=2z,+nt

[TpomoIkeHHE Jlyda ITIEpPecedeT BCe MIIOCKOCTH, T.K. OH He MapaslelieH HU OJHOM
u3 HUX. [Ipy OTpaskeHHMH TOJY4YMTCSA NpAMas, Y KOTOPOH OJHA M3 KOOPAMHAT
(Xo: Vo:2o) MeHsieT 3HaK ([, m wnm 71 ToXke), T.€. TOCIe 3-X OTPAKEHHUHI HOIYUHM:

X=-x,—1It

Y =—), —ml - ypaBHCHHE JIyH4a.

z=—z,—nt
4.14. YpaBHEeHHE KacCaTeJIbHBIX K runepoosie:
2 L2
X X Y XX Y
—Z—y—2=1: = —ylz =1, =5 _yzz =1. Iycrs (X.Y) - TOUKA
a* b a b a b
nepecedyeHns KacarenbHeix. Torga ¢ukcupyem X, Y u Bumum, uto Touku (X;);)
. xX yY .
u (X,:),) Jlexar Ha IPAMOA —5- — J[;—Z = 1. Ho touka (c;d) nexur Ha 510 ke
a
y cX dY
NPAMOH N0 YCNOBHMIO, a SHATAT 5 = 25 = 1. Teneppr ¢uxcupyem c.,d,
a

(koopmuHatel (X)) TOoukM mepeceueHus OKa3bIBAIOTCS CBSA3aHHBIMHM ITHM
COOTHOIIIEHHEM), TO €CTh BCE TOYKH NMEPECEUEHMS KAaCaTeNbHBIX JICKAT Ha 3TOM
PAMOI cX _dr _ 1

T :

4.15. Bweibepem wmacmTad: AC=6,CB=2 AB=8, paguyc Ooubluei
MOJTYOKPY>KHOCTH paBeH 3, MeHbInel- 1.paauyc y paseH 4. [To Teopeme [Tucdaropa

LEHTP 7 PACMOJOXKEH Ha paccTosHHE +/(3+4)° —1° = 443 or npsimoii AB.
[TycTs paamyc uckoMoii (BIUCaHHOM ) OKPYKHOCTH PaBEH 7, paccTosiHuil oT AB

Ycnosue kacauus Manoii nomyokpyxksoctd u b (r+1) =(r—1)° +)°,
Ycnosue KkacaHms Gonbmiol monmyokpyxksoctd u b: (r+3) =(r—57+)".
Venosue kacamms ¥y u b: (r+4Y =(4-r) + (4\/§ —y)’. DTu ypaBHeHus

coBMmecTHBI. Perienne: ¥ =4/3, y =4/ J3.

4.16. Jla (cm. 4.6.). MoxHO 6e3 cchutk Ha 4.6. VIcX0oas U3 CHMMETPHUN YPaBHEHUA,
BO3MOXKHasi OChb — TMpsAMas X=)=2Z C HalpaBJIAIOIMKAM BEKTOPOM

N =(,1,1)/ \/§ . Ilpoekmus r=(x,y,z) Ha OTO HampaBJeHHE €CTh
V= (x—i—y—i—z)/\/g. Paccrosuue or F g0 stoit mpamoit p° =([r,N])’ =
=((x=y)P+(y=—zV +(2z-x))/3=2x"+y +2° —xy—xz—yz)/3.
VpasHenne xy+ yz+zx=0 npuBoautci K BUAy 2V° =p°, TO €cTh 3TO
MOBEPXHOCTh BPAIIICHHUSI.
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4.17. Tlycth yron Mexkay NpsMbIMH 2(0,. BUCCEKTpHCY yrila MexIy >STUMH
npsMbIMH  BbiOepeM 3a ock OX, a oce QY BeprukanbHa. Torma
x* cos’ @, + a’=r"=x>+3". Orciona cpasy ToNyyaeM ypaBHEHHE 3IUTHIICA

x*sinfoq, )* 4

3 + =5 = 1, Tounee ero wactu 10 TOUKH (
a a sin @,

4.20. JlokaxkeM, 4TO LEHTP CUMMETPHUH JIFOOOro napajienorpaMmma,
BIIMCAHHOTO B DJUTUIIC, COBNAJAET C LICHTPOM CUMMETPUH SJUIMIICA.
Ecnu cxkath 3UIMIC BOJL OJHOM M3 OCEi TaK, YTOOBI MOJy4HIach
OKPY>KHOCTb, TO MAPAJIEIOTPAMM TMEPEHJIET B NTAPATIICIIOTPAMM, A TaK
KaK y YETBIPEXYTOJIbHUKA, BIMCAHHOTO B OKPYKHOCTh, CYMMa
MPOTUBOMNOJIOKHBIX YIJIOB PaBHA 7 , TO ATOT MapasiesiorpaMm OyJaeT
MPAMOYTOJIbHUKOM. CJIEIOBATENBHO, €TI0 IMArOHAIN SIBJITFOTCS
JAAMETPAMH OKPY;KHOCTH, a4 MX TOYKA MEPECCUCHUA- LIEHTPOM
OKPYKHOCTH. BO3Bpaiiasce ¢ NOMOIIBbKO PACTSKEHUS K UCXOJHOMY
BJUIMIICY, TIOJIYHaEM HYKHOE YTBEPHKICHHUE.

Tak kak auaroHaayd pom0Oa B3auMHO NEPIEHIUKYIISIPHBI, €10 BEPIIMHEI
ABJISIFOTCSA TOUYKAMU MEPECEUEHUS C SJJTUNICOM B3aUMHO
MEPNECHAUKYISPHBIX MPSIMBIX, IPOXOAAIIMX Yepe3 LHEHTP. JloKkaxkeM, 4To
TaKWE€ TOYKH SIBJIAIOTCS BEpIIUHAMM poM0Oa. Tak Kak mapajjenorpamm ¢
NEPICHANKYISPHBIMM JUATOHAISIMU SIBJISIE TCSI pOMOOM, I0CTaTOYHO
JI0OKA3aTh, UTO 3TU TOUKH SIBJIAFOTCS BEPIIMHAMU MAPAILIEIOrpaMma. IT0
CIEeAYET U3 TOro (pakTa, YTO TOUKH CUMMETPUYHBI OTHOCUTEIBLHO
LEHTPA DJUTUINCA (TaK KAaK OTHOCUTEJIEHO HETO CUMMETPUYEH DIUTUTIC U
00¢ MpsAMBbIE).

2 2
X
+ y—z =1, onurcaHsl

JIokaem, 4T0 BCe pOMOBI, BITUCAHHBIC B 3JIUIHIIC —

a
OKOJIO OJIHOM M TOM K€ OKPY;KHOCTH. [TyCTh npsimbie y =kx, y=—x/k -

JUaroHaau

pomba ABCD . Pemast CHCTEMbI YpaBHEHUI
2 2 2 2

S RS N R A

+_
at b’

IR
v =kx, y=—x/k,
Hatinem xoopaunatel Touek A, B,C,D:

2
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B +ab B +kab
+kab +ab

x’ = 5 y’ = s
RN SEINPET TR N S R

Otcrona
ab\1+k* ab\1+k*

CrenoBarenbHO, JJIMHA BBICOTHI OF , ONyIMIEHHOH 13 HeHTpa O Ha
cropony CD, paBHa

oc| -

OD|=

loC||oD| ab

2 : [12 2
Jloc +jopf Vb +a
TakuMm o0pa3zoM, palyCc OKPYKHOCTH, BIIUCAHHOMN B MPOU3BOJIbHbIIM

ab
Vb' +a’
JAHHOTO pajuyca C HEHTPOM B TOUKEe (O COAEPKUTCS BO BCEX poMOax,
BIMCAHHBIX B JTaHHBIK >7unc. Kpome toro, mobast Touka BHE JAHHOTO
OTKPBITOTO KPyra OKa3blBa€TC BHE HEKOTOPOTO OTKPBITOrO pomoa.
OtBerT. IlepeceueHueEM BHYTPEHHOCTEM BCEX pOMOOB, BIIMCAHHBIX B
AJUIMIIC € MOJYOCSIMU a,b , ABASETCS BHYTPEHHOCTh Kpyra ¢ IEHTPOM B
ab
Vb' +a’
422. U3 coobpaxenuit cummerpun 8V (R)=V(C)—V(Ill), rae I -map,
4

orpanndeHnsiii S, orcroma V(R) =8 — 3T

ﬂ‘OE’:

poMO ABCD paseH . OTO O3HAYAET, YTO OTKPBITHIA KPYyT

LICHTPE DJIIUICA U paanyca

x2 2xx' 2y’ 7Fxdr| _ S
4.23. a—2+b—2:1; = + 2 =0 (*); S-= T =(x+F)i +y,;
- = (x+ F)y' =’
dr =dxi +dyj > S=(x+F)dy—ydx > o0 = 5 (**). U3

ypasHenuii (*) u (**) naxomum (Xx';)").
4.24. 3agaaum >JUTAIC MApaMETPUUECKU:
{x =acose

. B> A e—0.
y=>bsing
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HNnuna IyTH
2 2

b 1
—sin’ )2 dp =

P P
AB: L(p)= j.(a2 sin” @+ b” cos” p)dp = bJ.(l 4
0

2 2 2

b @ +..)dp = b(0+ @’ +o(¢’). YpaBHeHHe IpsAMOi

_bj(1+

. _X-—a __y-Il9)
“acos@o—a bsmo—I(p)

. Touka mepeceuenuss P »To#i npsmoit ¢

OX: ¥ =g al()(cosp —1) _

OCbIO

bsing — ()
az_bz 2
. (bcwr e +o(¢’ )j(2+0(<0 )]
=d a 3 2 2 ?
@ 3 a —-b" ; 3
bl p——+do” |-bp— +
(co ‘ coj P o(¢”)
b 3
= +olp) 22
Iimx=1lim| a+a =qg———
@—0 @—0 e é+a2_b2 +0( 3) a
6" 6b ¢

Bropoe pemenue.
B npenene Bce Oyner Tak ke, Kak Y OKPYKHOCTH C PaJNyCOM, PaBHBIM PaauyCy

2 12N\3/2
X'+
KpMBH3HBI 3jukmca B Touke A. Pammyc KpuBu3HBI R = ( y)
yix'=y'x"
b’ cos’ ¢ +a’sin’ @)’? b
= ( 9 ?) = npu p=0. [enTp OKPY>KHOCTH
ab a
02
X, =a—R=—, touka Ha okpyxkHOCcTH X =a = R(l1—-cost),y = Rsint, Touka
a

xX—a YRt
—R(1—-cost) Rsint— Rt
— Rt(1—cost b
a ( COS)—)a—3R=a—3—HpHI—>O.
—sint a
4.26. 7, (1), 75(2); rc(t) - paauyc - BEKTODBI TOYEK

Ha mpsamoi x=a,y=Rt. BC: . Tlepeceuenue c¢

ocei0 OX: y=0,x=

A,B,C. AB=7,—F; AC=F.—F, HODMHPYEM HMX W TIOJyYaeM
Fg—Fy | Ic—Fy  _
5=l i_7,
””B ’”A’ ””c ’”A’
dr, dr, | r,-7, T.-T,
4 A | Tp—r T
: n 0 (*).

MEPHECHANKYJISIPHO KacaTeIbHON o TO €CTh P
¢ t

ouccekTprucy (MX CyMMa) - 3TO COBITAIaeT ¢ HOPMAJTBIO.

Fp =7 ‘ "”c FA‘
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Takue xe yemosus g C  w B, Hago  gokasars,  4TO
’773 — 77/1’ + ‘fc — 77/1‘ + ’I7C — 773’ = const. Halinem Npou3BOAHYIO 1O [ OT CYMMBbI:
d

—(|ZB - 7/1‘+ |7C ~7, | + |7C — Ty |) B cuny Tpex cooTHouieHui (*), ona oOparuaercs

dt
B HOJIb.
4.28.
CD 1 O4: CB|| DA:
A AB1OA AD=BC=R=1
D B OD =|0C|cosp = Rcosp =cos; ,

o p |OA‘ =1+cosp, TO €CThb ypaBHEHHE
U KPUBOW B TIOMAPHBIX  KOOPIHHATAX
p=14+coso.

4.29. PaccTosiHue LeHTpa 3-# OKPYXKHOCTH OT ueHtpa 1-it R +7, or nenrpa 2-i
R, + 7. Pasnoctb 5THX paccrosHuii R, — R, = Const, T.e. reOMETPHYECKOE MECTO
IIEHTPOB - THnepdona ¢ (okycaMH -IICHTPaAMU OKPYKHOCTEH W BEIIECTBECHHOM

R —R
MOJIYOChIO % Opnna BETBb - BHEITHEE KAcaHWE OKPYXHOCTEH, apyras -
BHYTPECHHEE.
431. Ilycte P - HekoTOpas ILIOCKOCTb, MEpEeceKaromas sumncong £ 1o
okpy:kHOCTH ¢ 1ientpom B () A. Tlposenem uepes A miockocts (J, 3amaB  ee

ypaBHEHUEM X =x, Ilepeceucuue Q =n E - BJUTUIIC
2 2 2
z X
F=<(x:v,:2,): Y Itk .Tlonyocu F° wumeror
0 0°><0 bz Cz dz

pasnuunyio mny, mnostomy P # Q. Tlyers [ = PN Q; B, B, -Touku

nepeceucHuss  npsamoi [ u E. Toraa ’Ble

spasrorieiicss  nepeceucHreM P u E. OH He MPeBOCXOAMT HaWOONbIICH U3

2
X

oceit symmmnca F', o ecth Benmmumnbl 2b, 1 — d_02 < 2b . 3nauwmr, paguyc o060

- IUAMETP OKPYKHOCTH,

OKPYXKHOCTH, Nexamieii Ha £ ne npesocxomut b . TTokaxeM, 4To CyIIECTBYET
OKpYyXHOCTh pamuyca R =b. Tlposeaem miockocts P uepes nonyocs b u
yepe3 aumamerp mumHel d =2b  smmnca ¢ nonyocsamu @ u c. Torna B
nepeceueHud P M £ moay4um 3JUIHIC, Y KOTOPOro AuaMerp d SBJISETCS OChIO

CHMMETPHHU M, TEM CaMbIM, OJ{HA U3 €TI0 TOJIyOCeH paBHa 5= b, a Bropas

HoJyoCch oproronansHa d u taxke pasia b. Cnegosarensno, P M E asnsercs
OKPYXKHOCTBIO paamyca b.
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al aZ a3
432 Tpu ABYMEpPHBIX  BEKTOpa » e 17 5 JIUHEWHO  3aBUCHMBI
3

1 2

al aZ a3

< dA,B,C: A + B +C =0=> Ax+By+Cz=D, Te.  TOUKH
bl 2 b3

KPHUBOM JIEKAT HA 3TOW MJIOCKOCTH.

4.33. OTBET: OTPE30K OT CEPEAMHBI OCHOBAHUS IO CEPEANHBI BHICOTHI, OMYIIIEHHON

Ha HETO.

4.34. PaccMOTpUM yTOJ, BETUYUHOMN TE/ 3 ¢ BepummHON Ha cpemHEH HPAMOIA.

Bo3pmeMm B kauecTBe mapamerpa yroa OU CTOpoHBl ¢ mOpsaMon. Mensas O,
MOMBITAEMCA TMOJIYYUTh WCKOMBIN MPABUJIBHBIA TPEYTOJbHUK. YCJIOBHS HTOTO:

'a — b =0. Tycp f(a)= ‘a — b . Oynkuus [

sine . (& sine . (~«
sm(g—aj (——aj
HernpepbiBHA U f () —>Ooo;f(a) — —oo. [Tosromy ¢, : f(r,) =0.
a— a—Z0
3

4.35. [Tycth M, (xn \ yn) - BEPIIINHA n-ro TPEYTOJIbHHUKA.
=0 x,=2; x;= %4‘ 3+%,...,xn :%+3+5+...+2n2_1 =
= n+%(l’l—2) =m-n y,= %\6 . Mexmounm A,

1 3 1
CIIeI0BATENBHO, - =3 (x + Zj - mapaboma. p= 5; F (5; 0). paccrosHue OT
BEPIIHHBI n-ro TPEYrOJIbHUKA 710 dokyca F
1Y (2n-1 =Y 2 1 3
p= \/(nz —n—Ej +£ 5 \5] = \/(nz —n) —(n2 —n)+z+z(4n2 —4n+l) =

2
:\/(nz—n+1) =n* —n+1 - nenoe uuciIo

4.36. O6o3Haunm touky nomaganust Ha (JZ uepes C. Dra Touka He MeHseTcs,
eciu coBepunth moBopoT touke A orHocutensHo ocu (OZ . TloBepreM Tak, 4TO
ona oxaxercst B miockoctn X(OZ, rae naxoaures touka B. Torma A'B -
OTpe30K MpsAMoii, nepeceuenue koroporo ¢ OZ naer uckomyro touky C.

4.37.
=> <D= D a+ ) —ar+ Y al+ ) (-a),

i i i:aF>0 itaF <0 i) >0 ira? >0

3Ha4YuT, XOTA OBl OJJHA U3 CYMM HE MEHbINE 1, Hampumep,

Zaix: Zaier Zaiy > Zaix:Zaile.

i:al >0 ira’ >0 i:al >0 i:al >0 iral >0

a, ar+a ar a’
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4.38. JlokazaTenbCTBO MpOBeaeM st 001Iero cinydas. Pacemorpum k-mepHabiit ky0
(k=4 nnma wmamero cnydas). BBemem cucTtemMy KoopamHAT, 4TOOBI IEHTP KyOa
COBMAJI ¢ HAYAJIOM CHUCTEMBI KOOPAMHAT, KOOPAMHATHBIC OCH OBLIN MapaJuICIbHBI
pedOpam kyOa, a qiuHa pebpa Obiia Obl paBHa 2. Torma BepiIMHBI Ky0a — TOUKH
BUJA (81,82,. . .,gk), rae £, =x1(j=12,...k). PaccMOTpuM runepriockocts I', He
napajyIeNIbHYI0 HU OOJHOMY W3 pebep. YpaBHenue I': a,x, +...+a,x, = b, ipu 5TOM
Bce a, 20 (i=1,...k) (ecim a, =0, To T nmapayensHa 1-oi KOOPJAMHATHON OCH W,

CIIE/I0BATENbHO, MapajielbHa HEKOTOphiM pebpam). Hango nokaszare, uto T
COACPIKUT He Oosiee n, BepuMH Kyba (rae n,=6). 3aMeTHM, 4TO BCE d,...d,
MOKHO CUUTATh OOJIBLIIMMU HYJSA, T.K. MHOXKECTBO BEPIUUH Ky0a MHBApUAHTHO
OTHOCHUTEJIBHO 3aMEH 3HAKOB KOOpPAMHAT HA NPOTUBONOJOkKHbIE. [loaTomy
IIOCKOCTH, 3a7aBaEMble ypaBHEHUAMH ax, +...+ax, =b u

la,|x, +...+|a, | x, =b, conep:xaT OAMHAKOBOE YHCJIO BEPIIHH Ky0a.

Ecmu a,=...=a,, To ypaBHenue I ummeer Bua: X, +...+x, =—. I comepxur
a
1
1 b
TOJIKO T€ BEPIIMHBI Ky0a, B KOTOPBIX PoBHO L kKoopauHar, rae L =5 k+—|,
a
1

paBHbI | (a octambHbIE paBHBI -1). UKCIIO TakuX BEPIIMH PaBHO HYIMO, eclii L ¢ 7. ,
a Taxxe eciu L<0 u L>k, u pano C, eciu L € {O;l;. . .k}. Hetpyano npoBepuTs,
yro C;<n, npm Bcex L, HOITOMY B O3TOM Cjyyae YTBEpHKICHHME 3a/aum
BBITIOJTHEHO.

ITycTs Temepsb a; # a; A HEKOTOPBIX 1 1 j. Torna Bee uucna

—a,—a;; —a,+a,, a,—d;; a,+a; - paznu4Hbl. 3aUKCUPYEM &, € {+1;— 1} VIS
Beex L #1,j. Torna ¢ wu &, yIOBIETBOPAIONINE PABCHCTBY &, +...+a,&, = b,
MOJKHO BBIOpaTh camoe Oospiiee oAHUM crocodoM. T.k. Habopos {EL CL#1, j}
cymecTByeT 22, TO UMCIO peIleHNH ypaBHEHHS A&, + ...+ a,&, = b,

g € {+1;— 1} (L.=1,2,...k), paBHOE unCITy BEpIIMH KyOa HA TUTIEPTUIOCKOCTH I, HE

k-2 k-2
npesocxomuT 27 . Ho 277 <n,, u, cnenoBarenpHO, U B 3TOM ClIydae

YTBEP)KICHUE 3a1a4U JOKA3aHO.
4.39. Ilycth S — uckomasi MOBEPXHOCTh. Ee nmepeceuenHne ¢ miocKoCcThio X + y + Z
= g 0o mycTo, MO0 ABIAETCS ceueHrueM cdepbl paanyca #, OTHO3HAYHO

OnpeenaeMoro fo a, To ecTh ypaBHeHue S umeeT su 7~ = f(a) um
4y 4+ = f(x+y+z).Mpuz =0 r*=x>+y*, a=x+y, TaK uTO ypaBHEHHE
3 2
. a +3a
KPUBO#H MOXKHO 3amucarth B Buae 3(a +1)r’ =a’ +3a’, otkyna f(a)= EVFER
a—+

Ortser: 3(x+y+z+1)(x2+y2+22):(x+y+z)2(x+y+z+3).
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4.40. Tlycts koopauHatsl TOUKH A(X,,—). YpaBHEHHE KacaTeIbHOM:
X
0

k k

y=——5(x—-Xx)+—=——(x—2x,), T0 ecTh KacaTeIbHAas IEPECEKAET OCh
Xo Xo Xo
aberce B Touke B(2x,,0). CTporm OKpY>KHOCTB € LIEHTPOM B TOUKe A

pamnycom AQ (O - Hadano koopauHar). OHa mepecekaeT och abcuuce B Touke B
. AB u ecTh HCKOMAas KacaTeIbHAs.

4 41. Tak kak TpeThe ypaBHEHHUE SBJIACTCS CIICACTBUEM TIEPBBIX JIBYX, TO
JOCTATOYHO BBISICHHTH, KOT/Ia CUCTEMA

kx—y=k,
2kx—y =2k
HMCCT CAUMHCTBCHHOC PCHICHUC, TO CCTh

k-1
A= =k+#0.
2k -1

Ortser: k #0.
4.42 . Tlycth ocu unuHAPOB coBnaaaTt ¢ )/ . Torja oCHOBaHMS ITUIHHIPOB
JICKAT B TUTOCKOCTSIX z = /1, TO €CTh 3TO JUTHIICHI C ITOJTyOCIMHA

a(hy=a1-h*/c* , b(hy=bJ1-h*/c* . V(h)=2hS(h)=2mabh(1-h*/c?).
V'(h)=2mab(1-3h*/c*)=0. Haxonum skcTpeMyM (ByHKLHH:

43

=—abc.
9

max
4.43. O603HaunM (*) ypaBHEHHE MOBEPXHOCTH. Y PaBHEHUS MPAMOM UMEIOT BH/T
X=x,+mt
(**). ¥y =y, +nt . lHoacrasnsas (**) B (*), numeem:
z=z,+ pt
(x, +mt)’ +(y, +nt)’ =(z, + pt)" . TIpupasauBasg KOIOOUITHEHTH TIPH
COOTBETCTBYIOLIMX CTEMCHAX /, OYyUUM:
0=p" > p=0>z=z,
m+n =0=>m=—n,
 Sm'x, +5n'y, =0= x, =—y,,

LS 5 5 s 1 _
L Xy Yy =%, =%, =z, =0=>z,=0.
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[Tostomy (x, +mt)’ +(y, +nt)’ =0, 4TO BEPHO I y, = —X, U m=—n.
X=X,

Eciu ke m=0,T0 M n=0, TO €CTh 1V =, , YTO ONPEACIAET TOUKY, a HE
zZ=2z,

I
npsamyro. OTBET:
z=0

4.44. Tlycrs napabona umeer ypasHenue »°=2px m M (x,,y,) - uckomas

touka. byaem cuutarh, uro p>0, y<0. UtoObl HalTH ™IOIIAAb CETMEHTA

nepeiieM K TMOJAPHBIM KOOpPAMHATaM X —X,=rcos@, y—y,=rsing. Toraa

_2 1
2pcosQ : Vo smg Tomam
sin” ¢

ypaBHeHHE Tapadojbl OyaeT HWMeThb BHUA F =

1

Pot
CErMEHTa BBIUMCIAMM 10 Qopmyiae S :EJ‘ 2p? (go)d(p, rnc @, — yrou
P

HAaKJIOHAa HOpMalM K mapabone B Touke M ,. Tak kak BEKTOp HOpPMajlu pPaBEH

(p.=y,), 10 1ggp, = =22

Tenepb BBIYHCJIMM I/IHTeraJT

J‘(Do 2 2( d@ J‘¢o+ 4p COS »— 8pyosm(pCOS(p+4y0 Sll’l @d
P

sin® ¢
4 o+ L P
- 3 _ 442 Y —
P(ee’e) 2 apy— o 4y; (ctgo)|)
4 , 3 3 1 1
=2 (g, —ctep, )+ 4 - -
P (Hte'n —otg’e, ) +4py| — P
3
4(y;+ 1)
~4y; (~tgp, - ctgg,) = 3

Huddepenumpys 3Ty miomane no NepeMEHHON y,, U, UCCIIEqysl IPOU3BOIHYIO,
nonyuuMm y, =+ p . OTBeET: (%,ipj.
4.45. Tlpeamonoxkum cHadana, 4to d=>, To ecTb YTO HIIMIC ABIAETCA

2 2 2
OKPYXXHOCTBIO. B 3TOM cnydae TeHb, 0OTOpacsiBaeMas OKPY>KHOCThIO X~ + V™ =d

HA TIPAMYIO X+ y=-2+2a’ TIpH ABWKEHWM TOYKH 1O MPAMOH X+ y=2+2a’

HMCCT HAMMCHBIIYKO AJIMHY TOI'Jd, KOI'Jda TOYKa ABJIACTCA HpOGKHHeﬁ OCHTpPa
OKPYKHOCTH Ha IpAMYKO, B HYCM MOIKHO Y6GI[I/ITBC$I C INIOMOMIIBK IPOCTBIX
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AJIEMEHTAPHO-TE€OMETPUUECKUX TIOCTPOCHUN WJIM BBIUKMCIICHUEM. BbINOTHUM
JMHERHOE Mpeo0pa30BaHKe MIIOCKOCTH, NEPEBOISIILEE AIUIUIC B OKPYKHOCTh. Tak
KaK OHO TMEPEeBOAUT MPAMBIC B MPSAMbIE W HE HU3MEHSET COOTHOULIECHUA JJIUH
NapaJuIeTbHBIX OTPE3KOB (A TaKXe CBONCTBA MEpPECeKaTh 3JUINATC), TO HWCKOMas
TOYKA MOJIyyaeTcs OOpaTHhIM MpeoOpa3OBaHUEM U3 SKCTPEMAJbHON TOUKH Jid
OKpykHOCTH. Hy)XHBIM CBOMCTBOM 00nagaeT pacTskeHue Baoib ocu OXc¢

a
kodppunmenTom k = 7 Ero xoopaunaTHOe BEIpakeHue & = kx, 17 =) TO3BOJISET

g

HaWTHU ypaBHEHUS 00Pa30B MPSAMBbIX: r +1=%+2va’ +b* . Tak Kak K Takoit paMoi

NEPICHANKYJIAPEH BEKTOP (l,k), TO TIPOCKIMEH Hayaja KOOPAWHAT SBISICTCS
1
TOUKA BUJA (t,kt). [ToncraBnsas B ypaBHEHHE, MOJydaem t(%+kj:2\/a2 +b*,
2ab

OTKyJa [ = ——
Ja' +b°

t
HaxXOquM HCKOMYIO TOUKY. (%,kfj .

. IlpumeHss Kk HaAAECHHOW TOUKe OoOpaTHOE IMpeoOpa3oBaHuUE,

24a° 25h*
\/a2 +b* )\/az +b*

OrtsBer:

2
i

Vi | (i=1,2,3) 3a1ar0TCs

4.46. KacarenbHble K mapaboie B TOYKAX

2p
. Y, VY, Y+,
ypaBHEHUAMH ))' = px—|—7. OHM TiepecekaroTcsl B TOYKax PR
p
CnemoBaTebHO,
2
N yo1 W, Nt 1
2p 2p 2
1|y, L3y »+y
S e = —|22— 1, S.. =—|222 273,
B =5 2p V> K= 2p 5
ys b I
2p 77 2p 2
1 1
Otcrona HaX0AUM, UTO Sy, = ES e = ES .

4.47. Ilycts O — 1IeHTp AaHHOW OKpy»x)HOCTH /, A — manHas Touka. Ecmu A nexur

Ha OKPY)KHOCTH [/, TO Apyras OKpPy>KHOCTh KacaeTcs [ M IPOXOIUT uepe3 A Toraa u
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TOJIBKO TOT/Ia, KOT/Ia OHa KacaeTcs [ B TOUke A; ee IICHTPOM MOXKET OBITh JF00as

Touka npsaMon OA, kpome Touek O u A.

[ycte A nmexur BHyTpHu OkpyxHoctd /. Ecim (O, - HEHTp OKpYKHOCTH,

NPOXOANICH Yepe3 A, To ee paanyc paBeH , 1 OHA KacaeTtcs / Toraa v TOJIBKO

TOrza, KOrja ‘01/1‘ + ‘010‘ =7, rae ¥ - paguyc /. MuoxectBo Takux touek O,
ecTh mHIc ¢ hokycamu B O u A.

Auanornuno, ecnmu A NEXHT BHe OKpyxHoctH /, To Touka (J; mOMKHA
YJOBJIETBOPATh OJHOMY W3 PAaBEHCTB: ‘010‘—‘01/1’ =7, €ClIM OKPYKHOCTb C
nentpom B O, mpoxomamas udepes A, kacaerca [ BHEIMIHMM 00pa3oM, WM
‘01/1‘ — ‘010’ =¥, eCllW KacaHWe BHyTpeHHee. MHOXkecTBO Takux Todek () - 910
rurnepoona.

4.48. PacemotpuM Ayry mapabomer ¥ = ax’ Baytpu kpyra X~ +(y —1)° =1,
npeanonaras mpy 3ToM, uto d > 1/ 2. Tlapabona ¢ OKpy:KHOCTBIO IEPECEKAIOTC B
pex toukax: (0,0) u (xa'V2a—1,a”'(2a —1)). Nokaxem, uro ms
nocTatouHo Gonpmux ¢ anmHa L ayrm napaGomsr mesxay Toukamu (0,0) u
(a'\N2a—1,a"'(2a 1)) Gonbiue, yem 2, 4TO B CHIly CHMMETPUH 1aET
TpeOyeMblil pe3ysibTar.

a'J2a-1 2\/7
L= j 1+(2ax)2dx—— j V14 x2dx =
1 22a-1

=2+—( | (1+¥ —x)dx-2).
2a

Hna x 2 0 BeImosHEHO:

1 1 1
Vi+x2 —x= > > .
J1+x2 +x 241+x*  2(x+1)

HO3TOMy JJIA JOCTATOYHO OOJIBIIIOTO ( UMEEM:

22at 1Y dv _In(1+242a-1 D

J‘ (V1+x? —x)dx>§ I 1 5

0

Otkyna u cnej:[yeT, uyro L >2.
4.49. MapuipyT JOJIKEH MEePeceKaTh 3KBATOP, MO KpaitHel Mepe, B IBYX
JMaMETPAJIbHO MTPOTUBOMOJIOKHBIX TOUKaX. HacTh MapipyTa, NpOXoAsiias mo
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HUYKHEW TTOJIOBUHE IUIAHETHI, UMEET TY K€ JUIMHY, YTO U OCTABIIAACA YACTh.
[TosTOMyY HOCTAaTOYHO HAWTH KpaTYAWUILHWI MAPLIPYT, COEAUHSIOMINI
MPOTUBOMOJIOKHBIE TOUKHM 3KBAaTOpa. Pazpexem MOBEPXHOCTh BEPXHEH YaCTH MO
OTPE3KY, COEMHSAIONIEMY TIOIOC S W BIOPAaHHYIO TOUKy A Ha SKBaTOpE, U
pa3BepHeM ee. /lnameTpaibHO NPOTUBOMNOI0KHASA TOYKA TOraa OyaeT cepeInHOR
B nyru nonyuennoro cekropa. Ciie10BaTebHO, KPaTUaMIIAN MApIIPYT — OTPE3OK

1 a\/i B 72'61\/5

npsamoit AB . Jlanee, wmna nyru AB pasna —271 5 5

72

Cnenosarensuo, ZASB = , OTKy/1a

72

’AB‘ =2a sin(lZASB) = 2asinZ¥ Orser: 4asin
2
4.50. TokaxkeM, 4yTo Ayra runepOo0Jibl, HAUMHAOIIAACS B BEPIIMHE TPEYTOJIbHUKA U
3aKaHUYMBAIOIIAACS HA MPOTUBOMOJIOAKHON CTOPOHE, LIEJIUKOM JICKUT BHYTPH
TpeyrojabHukKa. Tak Kak BETBb runepOO0Iibl — BBIMYKJIAad KPUBasi, TO 3TA Ayra JEKUT
BHYTpPH yTJia, 00pa30BAHHOIO €€ XOPAOW U KacaTebHOW K TunepOoe B BEPIIUHE.
BBuny ontudeckoro cBoMcTBa runepOosibl KacaTeabHasA B BEPIINHE ABJISIETCSA
OMCCEKTPUCON TPeyroibHUKA. Tak Kak MPOTUBOMOJI0KHAS CTOPOHA SIBISETCA OChIO
CUMMETPHH, TO BIOPaHHAA BETBb TUIEPOOJIbl MEPECEKAET €€ POBHO B OJHOM
TOUKE, MPUYEM 3TA TOUKA JICKHUT MEKTY (POKYyCaMH, TO €CTh Ha TIPOTHBOTIONOKHON
CTOPOHE. 3JHAYUT, Ayra COACPKUTCS B TPEYTOJIbHUKE, 00PA30BAHHOM
OMCCEKTPUCOM, XOPAOH U CTOPOHOM, M TTIOATOMY COACPKUTCS B UCXOTHOM
TpeyrojabHuke. M3 10Kka3aHHOrO ClieAyeT, 4To Jrobdas napa runep0oi1 uMeeT
06mryro Touky (0 BHYTpH TpeyroyibHHKA. JIOKaXKeM, uTO TPEThs rurepoosa

MPOXOAMT 4epes 3Ty Touky. Ilycts S, S5, - paccrosuus ot rouku O 10
COOTBETCTBYIOLIMX BEPIUUH, ,D,C - JUIMHBI CTOPOH, IPOTHBOTIOIOKHBIX
omHOMMeHHBIM BepumHaM. Torma S, — S, =c—a, S; — S, =c—b, orkyna
S,—S;=(c—a)—(c—b)=b—-a, uro u TpeboBaOCh TOKA3ATH.
4.51. PaccMOTpUM MIIOCKOCTh MHOTOYTOJIBHUKA KAK KOMITJIEKCHYIO €
HAYAJIOM B LICHTPE MHOTOYTI'OJIbHUKA U BEIICCTBEHHOM OCBIO,
npoxonsmeii uepes 4,. Torma B=e%, A =™ "
]BAk ’2 =¥ —e") e —e ") =2+e e +e e,

n n n n
S|BA[ =2n—e"> e —e "> e =2n, Tak kak » e* =0.

Je=1 Je=1 Je=1 Je=1
3aMedaHye. AHAIOTHYHOE PEMIEHUE MOKHO MOCTPOUTH C OMOIIBIO
BEKTOPHOM anreOphl.
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5.1. A - OpPTOrOHAJIbHA, CJIEAOBATENIBHO, AA" =A"A=E,
detA=detAd” =—1, det(A+E)=det(4+ AA" )=detA-det(E+ 4" ) =
=—det(E+A) =—det(E+ A)= det(E+ A)=0..

5.2. BemeM crcTeMy KOOPAMHAT C HAYajOM B JICBOM HIDKHEM yriy. [1o ycioBuro
snement M(x,y) - nuneiinas (HeoaHopoaHas) ¢yHKuus Mo X ®u mo y, T.e.

M(x,y) =14 ax + by + cxy. 3agaua >KBHBaJICHTHA CHCTEME:
a+3b+3c=M(1:3)-1=8
Da+2b+de=M(2:2)-1=17.
3a+b+3c=M@3:1)~1=4

1 7
PemeHne  CHCTEMBI (—Z;Z;l ,  CIIEIOBATE€IbHO, WCKOMBIM  DIIEMEHT
3 21
M(3,3) = 1_Z+Z+9 = 14,5
5.3. BuibepeM Hayano MNOPSIMOYIOJILHOM JIEKAPTOBOM CHUCTEMBI KOOPAMHAT
PaBHOY JaJIEHHBIM oT BEPIIUH TETpadapa. ITycTh

04 = (aay;as) = a; OB = (b1by:b5) = b, OC = (¢i¢y565) =«

OD = (d,;d,;d;) = d. Torna a* = b* = ¢* =d* =r*, tae ¥ - paguyc onucaHHO#
chepbl, W 1O H3BECTHOH (opMylle aHATUTHUCCKOM TeOMETpUH It 0o0beMma
TETpadipa UMEEM:

0 1 1 1 1 O 1 1 1 1

1 0 (a—b)* (a—c¢)* (a—d)* 1 aa ab ac ad
A=l (b—a)’ 0 (b—c)* (b—d)*|=-81 ba bb bc bd =
1 (c—a)* (c-b) 0 (c—d)? 1 ca ¢b cc cd

1

1 (d-a) (d-b? (d-c? 0 da db dc dd
1 0 0 0 o0 1 1 1 1
01 a a a|{l 0 0 0 O
=80 1 b5 b, b|0 a b ¢ d =8(6V).
01 ¢ ¢ |0 a, b ¢ d,
0 1 d d, 4|0 a b c d
5.5. Ilokaxkem, 4uTo:
I ... 1TyYy1 ... 1 n .. n
(E—In)(E—Llnsz;Iﬁz S | O e TRV E3 )
n-—1
1 1)1 1 n n
1 1 I n n
(E-IXE-——FI1)=E——-—I -1 +——I =E- [+ I =E
n—1 n—1 n+1 n—1 n—1
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5.6. Jlonycthm, 4TO TPU HEKOTOPOM ’Z’ <1 cronbupr 3aBucumer. IlycTs kp -

MaKCUMAJIBHBIH 10 MOIYNTIO KOA((UIMEHT COOTBETCTBYIOIIEH JIMHCHHOW
komMOuHanuu. PaccmarpuBas CTPOKy, COJEPIKALIyI0 3JIEMEHT pP-TO CTOI0LA,

[e0]
z
paBHBIA 1, mMOJyYaeM OLEHKY ’Kp’ = Z?xkzn" < P‘P’Z 2| ZIK},‘ ’ ’ , U3
y 1
KoTOpOii cenyer 1 — ‘Z‘ < ‘Z , T.C. ’Z’ > 5
57. Bbmumtaem 2¢ w3 l-ro, 3-e w3 2-ro,.., CIEIOBATENIBLHO,
X+ =0 %+x=0..x,+x,=0=>x=—x, =x;=..=(-1)""x,

[Toxcraum 510 B 1-¢ ypaBHeHHe W noayunMm X, =1 mpu 4eTHOM /! W HEBEPHOE
paBenctBo O =1 mpm nHeuetHom /. T.e. cucrema COBMeCTHA TpH YeTHOM M (
x, =(=1)"" k=12.....n) uHecoBMecTHa NpH HEUETHBIX /.

5.8. det A(z) - mommuom, HO A(z) obparuma mpu JIFOOOM Z, CIIeIOBATEIBHO,
detA(z)#0 npu Vz = detA(z)=const #0 (ocHOBHas Teopema anreOpsi).

DJeMEHTHI 0OPaTHON MaTPHIIbI %, rae A;(z) - monuHOM (anrebpanueckoe

JIOTIOJIHEHHKE), CIIC/IOBATEIBHO, 3TO MOJHHOM.

510. A +24+E=0= E=— A -2A=(-A-2E) - A=A -(-A-2E)=

A" =(=A—-2E), To ecth 06paTHAs MATPHILBI CYIIECTBYET, a 3HaunT U det 4 # 0.
1 100 0 O

5.11. 0 100 0 = 0.

0O 0 1 100
10° 0 0 1
5.13. o yclioBuI0, HaM U3BECTEH XAPAKTEPUCTUUECKUIT MHOTOWICH
@(A) =det(4— AE). 3ameTum, 4TO
A(A" = AE)=E -4 =-A(4- A"'E). B cuny 00paTuMOCTU MaTPHULIbI
A ee onpenenuTeNnb HE PABEH HYJIIO U, CJICIOBATENBHO,
det Adet(A™' —AE)=(=1)"A"p(17").

Otser. (det A) ' (=1)" A'p(A7").
5.14. Tak kak 92 umncna UMEIOT OCcTaToK | OT AeiaeHus Ha 3, TO HAWIyTCA JBE

CTpOKH B Matpuile A, Bce 2I€MEHTBI KOTOPBIX 001aJat0T STUM CBOMCTBOM. [1yCTh,
JUISL POCTOTHI, 3TO MEPBBIE IBE CTPOKH. Torma

a, a, .. a,| [3b,+1 3b,+1 .. 3p, +1
det A a, a, .. a,| [3b,+1 3b,+1 .. 3b, +1
€ — = —
anl anZ e ann anl anZ e ann
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3(b11_b21) 3(b12_b22) 3(bln_b2n) bll_bZI blz_bzz . b, =b

1n 2n

3b,, +1 3b,+1 .. 3D, +1 33[721+1 3b,+1 ... 3b, +1

a a a a

nl n2 nn nl n2 nn

rae a;,b, —uenbie, 4To U TpeOOBAIOCH 10KA3ATh.

1
5.18. Ha neByro uacTh cooTHomeHHS —- X' A =-X' (momyuenHoro wu3

A

onpenenaeHHs COOCTBEHHOIO 4YWCIa M COOCTBEHHOIO BEKTOpa € IOMOMIBIO
TPAHCIIOHUPOBAHUS M JEJIEHWS HAa —A MOKHO CMOTPETh Kak Ha PE3yJbTar
CIOKEHUS CTPOK MaTpHIbl A, Kakaad M3 KOTOPBIX yMHOKaeTcd Ha
X .
COOTBETCTBYIOLIEE YHCIIO —x’, i=12,....,n. Cnenaem Haj CTPOKAMH IaHHOTO
OMpPEIEIUTENST aHAJOTHYHYIO [EMOYKy mpeodpasoBanuii: k (7 + 1)-oif cTpoke
. X .
npubaBuM  § -yl0 CTPOKY, YMHOXECHHYKO Ha —a 1= 1,2,...,n. Orciona
A X
A X 1
X 0| |0

5.19. Ilepevim xo000mM HaOO0 coeramp
UEMHBIMU CYMMDBL 80 6ceX Cmoabuax. Imo
MOJMCHO cOenamb, M.K. 00maa cymma
HeuemHas, 3HAUUM 6 KAKOM-mo cmoioue
Heuemnaa cymma. Hyxcno eviopamo
nepeslil U3 Mmakux cmonbyoeé u, Hailoa 6
Hem JJIeMeHm,  PAGHbLIl eouHuue,
3AMEeHUMb €20 HyJleM, U NOMOM 8 IMOIl
cmpoke nomenams 1 na 0 u 0 na 1 mak,
umoosl 60 6cex cmoduax Ovlia YemHas
cymma. Bmopoii uzpok evinyxcoen 6yoem 6
KaKom-mo cmo.ioue usmeHums 4emHocmb.
Haoo onamb coeramv ee UemHOIL.
Boiuzpams eémopoii He Moycem, m.K.
nobeoa - Hy1eeas mampuya ¢ UemHou
cymmoii. Ocmaemca 00Kazams, 4mo uzpa
KoHeuHa. YmHoxucum cymmy 6 I-om
cmonéue na 2°, 6o emopom na 2°, 8 3-m
na 2°, ¢ 4-w na 2%, 6 5-m na 2. Cocmasum
cymmy B=25, +2'S, +..+28S,, 20eS, —
cymma 6 1—om cmoabue. Tak kak nepewlii

3AMEHACMDBIIL IeMeHm 00J1xceH 0vimp 1,
mo npu Kaxycoom xooe B ymenvuiaemcs
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Ha uenoe uuciro. Iloymomy, € KoHue
Konuoe, o6yoem B=0, Ho 3mo Oyoem ons

HY1e6011 MAMPUIbL.
3.20.
a b c

b d e|=adf +2bec—dc* —ae* — fb* >0

c e f

. Heobxooumo, umoovl

A < adf < 2bec <dc* +ae* + fb* < adf + 2be
Jokascem, umo adf > 0:

df > >0, f>0 3Hauum, Hao0o

ookazams, umo ad >0, no d>0, mo
ecms ocmanocv noxkazame, umo a >0.

2c? 2becf —e*c* — f°b°
dbec -5 — 2 <0,
r 7
mak kak >0 u (ec— by >0;
A=a(df —e’)+2bec—dc’ — fb*;

adf —ae” = a(df —ez) umeem mom jce

3HAK, umo u d, NOIMOMY PACCMOMPUM

emopoe ciaazaemoe
2.2

2bec —dc* — fb* <2bec—%—ﬂ>2 =

_ 2becf —e’c’ - f7b?
- J

ompuuameibHo, mo A <O -
npomueopeuue, ciedosamensno, a >0 u

(yace ookazano) 2bec—dc’ — fb° <0 =
2bec —dc® — fb* —ae’ <0, umo  u
mpeboeanocv 00Ka3ame.

Sameuanue. Ecnu ecnomuums Kpumepuii
Cunvéecmpa, mo cpazy noayuaem, 4mo
Mampuua nOJI0HCUMETbHO Onpeoesiend.
3nauum, OUGZOHAIbHbIE IJIeMEH bl

a.d,f NONONCUMETbHOBI. Janee,

2bec =2(fb)(ec)/ [ < ((fb)’ +(ec)’)/ f =
S+t f < o+ (fd)e | f = fbF +de* <

<0 u ecnu a -
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521. Iycte D =0, cnenosarenbHO, CTONOIBI JIMHEWHO 3aBUCHMBL. MOKHO
CUMTATh, 9TO KOIPPHUITUEHT B JTUHEHHON KOMOWHAIIMW TIEPE]T TIEPBBIM CTOJIOIIOM
paBeH | . Ecnu oH pasen 0, To nuHelHas komOuHanua 2-ro u 3-ro pasHa 0. Ho u3

Ab, +ub;=0= M > ]K, a torma Ac, +uc; #0, Tk ]ucg\ > \Kcz , a ecm

koddumment orauden ot 0, To Ha HeTO HOpMUPYeM. [IycTh ’n’ > W > u’, TOraa

u3 BBIPAKEHUS na, + Aa, + pa; = 0= nag, = —\a, — ua; =
A A

a,=——a, —£a3 = ‘all < ﬁ‘az‘ + %‘% , UTO TIPOTUBOPEYUT  YCIIOBHIO
n n

| > |ay| +|as|. Ecrn mepasenctso [A| 2 || = 0|, To 6pare Mby + A, + by =0 n
AHAJIOTHYHO JUTSA M > ‘n‘ > W, opats NC + Ac, + Uc; = 0 u onats npotuBOpeune.
5.23. 13 mepecTaHOBOUYHOCTH MATPHI] CIEAYET, UTO CYIIECTBYEeT OO COOCTB-
eHHbIH BekTOp. JleHcTBUTENBHO, mycTh A, - cobctBeHnoe umcno A, V) -

COOTBETCTBYIOIIICE COOCTBEHHOE MOAMPOCTpaHCTBO omeparopa A. Toraa
BV, >V, (ecnm x €V}, te. Ax=Ax, 10 A(BXx)=BAx=A4ABx, 0 ecrb
Bx €V)), cnemoBarensHo, cOOCTBEHHOE YHCIO A, - omepatopa B B V| m
coOCcTBeHHOE TIpOoCcTpaHcTBO V, €)). Ananoruuno, oneparop C orobpaxaet V, B
V,, ciaemoBaTenbHO, CYIIECTBYET A; M COOCTBEHHBIA BEKTOP X €V,, KOTOpBIi
ABIIAETCS COOCTBEHHBIM Tarke st A wm B. KommiekcHbie uwcna Aq,A,,A;
ABJIAIOTCA JBYMEPHBIMH BeKTOpamMu Hajx moneMm [R. ITo3TOMy OHM JMHEHHO
3aBUCHMBI Hal IR | T.e. 1711 HEKOTOPOro HEHYJIEBOTO HAOOPa BEIECTBEHHBIX YUCEI

o,B,y: ok +Bhy +yA = 0= (@A+BB+yC)x=(ak + A, +y4)x=0, Te.
marpunia @ A+ B+yC - BbIpOXKICHHAS.

n

1 1 n—1
5.24. x x| =A"= (1 +£j A - JIOKa3bIBae€TCsl IO MHAYKIIHH:
- — n
n n
n-1 1 1 X X
lim(1+xj =1¢ ¢
b ¥ x|=
H—>0 n _ O O
n n

. . 4
5.25. a; =SInXx,CoSy; + SNy, COSX,, 3HAUHT, ONPEACIUTENIL PABEH CyMME 2

OTpeAeTuTeNeH, CTPOKH KOTOPHIX (SINX; COSY,,SINX; COSY),,...,SINX; COSY, ) uiu
(sin y, COSX;,SIn y, COSX,,...,Siny, CoSX,). Ecimm B HeM €cTh JBE CTPOKH
OJIMHAKOBOI'O THMA, TO OHW MPOMOPIUOHAIbHEI, T.€. onpeaenuresb paseH 0. Ho

JIBE CTPOKHM OJIHOTO TUMa 00sS3aTebHO OyAYT, €CIU pa3Mep OMNPEACTUTENs HE
MEHBIIIE TPEX, @ Y HAC OH paBeH 4, T.€. BCE ONMPEACTUTENM PaBHbI HYJIIO.
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m+k

5.26. Pacemotpum (A + B)"™ = ZCi A'B"* =0, mockomnbKy Bce cliaraeMbie

m+k
i=0

pasubl 0, u6o i>m (m A’'=0), 6o m+k—i>k (u B"=0). Toraa
0=det(A4+ B)"" =(det(4+ B))""* = det(4+ B)=0.

5.27. det A = (det A)*, no det(—E) = —1 s marpums! 5-ro mopsiaka. [losromy

2 .
paBeHcTBO A° = —E HEBO3MOXHO, TO €CTh TAKON MATPHIIBI HE CYIIECTBYET.

atbh a->b 1 1 1 -1
528 A= =a +b . Hmem B B BHIE
a-b a+b 1 1 -1 1

N 1 -1
IR A
2 2 2 2 11 1 -1
B? = x? +3° =2x +2y° :
2 2 2 2 11 11
11 1 -1 11 1 -1
B* = 8x* +8y* . B* =128%° +128y° ;
11 11 11 11

a+b:128(x8+y8)‘ X = 128
a—b:128(x8—y8)’ b

3ameuanue. CTeneHb 8 B yCIOBHHM MOKHO 3aMEHHUTH Ha JII00YIO HAaTYPaJbHYIO.
5.29. (A-B) = A" -34°B+3AB’ - B’ = A-3AB+3AB-B=A -B;
det(A-B)’ = (det(4 — B))’ =det(4— B) = det(4— B)=0;1;-1.

5.30. Ilockonabky MaTpulia BEIIECTBEHHAa W CHUMMETPUYHA, TO BCE KOPHU
a0, 0, ee XapaKTePUCTUUECKOTO yYpaBHEHHUS
det(A-AE)=A"+aA"" +a,A"> +..+a,=0 Bemectsenns. TpeGosanue
paBEeHCTBA BCEX KOPHEH MPHBOIUT K COOTHOIIECHUIO: Z(O{i -a, Y =0, wm

(reopema Bumera) (n—1)ai —2na, =0. Belpaxas aq, ¥ a, 4epe3 >IIEMEHTHI
HMCXOJTHOW MaTPHULBL, MOJIYYAEM

(n=1)D (a;)* —2n) (a,a, - a;);

i<j

(n— I)Z a.’ — 22 a,a +2nz a;;

i<j i<j

Z(aﬁ —a;) + 2nZa§ =0.

i<j
T.e. BCE KODHM PaBHBI TOTJa M TONBKO Toraa, korna a, =0, i # jua, =a;, T.e.
A =aE, rne E - equanunas marpuna.
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Bropoe pemenue.

BemectBeHHas cUMMeETpUYHAs MaTpHIla MPUBOAMTCA K AWArOHAJbHOMY BHIY.
CoOcTBeHHbBIC UKClia PaBHBI, 3HAUUT, 3Ta MaTPHIIA TPONOPIIMOHAJIbHA €AMHUYHOM.
Ho Torna ona o0namaeT 3TuM CBOMCTBOM B JII000M Oa3uce.

5.31. ObGe uacTi ypaBHEHHS YMHOKMM Ha S Cl€Ba, CIIpaBa, a TaKXKe CIeBa U

cupasa. Oto gaer SX +SXS =SA; XS+SXS=AS u SXS =SAS. Orciona
paxomuM X = A —SX - XS=A —SA — AS +2SAS.

1

x 0 0 .. 0 A! o .

) |

I x 0 .0 A! 1 x 0 .. 0 1
0 -2 x .. 0o 1 0 2 x .. 0 1
5.32. lim A! _ lim =1imizn.
nool nsopnll... ... ... ... .. .| »no>on!

1 0 0 0 .. x 1

000 A! 0 0 0 .. —n 1

0 0 0 .. -nV

B 7, mpubaBnsieM K mepBOH CTPOKE BCE OCTAIbHBIE CTPOKU, MPH 3TOM /I-TYIO

CTPOKY YMHOKaeM Ha T 11)' x"'(i=2,3,....,n+1). B pesynsrare
i—1)!
0O 0 0 .. 0 R,(x
-1 x 0 .. O 1
O -2 x ... 0 1 x?2 x"
I, = ,Tne R (x)=14+x+—+ ...+ —.
2! n!
0O 0 0 .. x 1
0O 0 O —n 1

Orkyma I, = R (x)-(=1)""*" - (=1)" - n!

lim 7 = lim R (x)=e".
n—w ! n—>00

5.33. CoctaBuM BCIOMOTATENbHYIO MaTpUIly 8 x 8, B KoTOpo# BMecTo chx
HanmieM 1, a BMecto shx — (-1). [Ipu kakaom xoze BO BCIOMOTaTEIbHON
MaTpUIIEC OJIHA CTPOKA WJIU OJMH CToJIOE yMHOXkaeTca Ha -1. [Ipu 3T1oi onepauun
paHT MaTpUIlsl HE MeHsAeTCs. Ho y mCXOAHOM MaTpUIlsl OH paBeH 1, a 'y TO#, 9To
TpeOyeTCs MONYUUTh — 2. 3HAUUT, 3TO HEBO3MOXKHO.
5.34. 3aMmeTuM, yTO MaTPHUIIbI, YKa3aHHbBIE B YCIIOBUH 3a/aur, 00pa3yloT Ipynmny 1o
OOBIYHOMY YMHOXEHHUIO MATPHIT;

1. emMHUYHBIM >JIEMEHTOM TPYMIHI ABJIsIeTCS E — equHMYHAs MaTpuIa;

2. MPOUW3BEICHUE IBYX TAKHX MATPHI] TAKKE yIOBJIETBOPSIET YCIOBHIO

3a/1a49¥ (MPOBEPAETCS HEMOCPEICTBEHHO );
3. acCcOUMaTUBHOCTH MO YMHOKEHHIO,
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4. marpuna A”' - coBNafaeT ¢ TPaHCIIOHMPOBAHHOM MaTpuueit A’
TaK KaK U3 YCIOBHA CIIEAyeT, YTO MaTPUILa OPTOrOHANbHA.
Tak Kak rpynna KOHEYHOTO MOPSIKA, TO /Ul HEKOTOPOTO HATYPAIbHOTO /1 OYAeT
BbinonHeno: A” = E, otkyna A" - A=FE u, cnenosarenbho, A" = A" = A", uto

U TpeOOBAJIOCH 10KA3aTh.
2

8 2 -2 8 2 -2
535. A(BA) B=(AB)(A4B)=| 2 5 4 | =92 5 4 |=9(4B)
-2 4 5 -2 4 5
A(BA)B = A(9E)B , ymHoxkuM cnesa u cnpasana A’ B
(4" A)(BA(BB" )= (A" A)OEYBB") (*)

A" A, BB - kxBajpaTHBIE MaTPHIIEI BTOPOTO TOPSIKA.

JlokaxeM, uTo oHH oOpatuMel, To ecTb det A’ A =0, det BB #0. IlycTts uuv

cTonGubl MaTpuibl A (u#,v - TPeXMEpHbIE BEKTOPbI), TOrga ' ,v' - CTPOKH
matpunsl A
u') — - ulu uT V) mam\ =\ —
det A" A =det| _ (u v)zdet _ =(uTu)(vT'v)—(vTu)(uTv)=
v’ viu v

—_ =\ y— o — — . —\2
=(uT-u)(vT'v)—(u T-v) >0
(mepaBenctBo Komm — bynsikosckoro — I[IIBapira, mpuieM paBeHCTBO HYITIO
SKBHBAJICHTHO TOMY, YTO U,V - JIMHEHHO 3aBUCUMBI ) WM HHAYE

e~

— 0 =N\(— 7~ -2 N2 RFR R P (== —2 -2 . L= - -
(Z/l M)(V V)—(I/l 'V) 2’1/!’ ‘V’ —‘Z/l‘ ‘V‘ COS (u,v 2’1/!’ ‘V’ sm | u,v IIMXV’ZO -

3HAUUT, u,V JIMHEHHO 3aBHUCHUMEI.

8 2 2 0 18 18 0 0 0
Ho 2>RgA>RgAB=Rg| 2 5 4 |=Rgl 0 9 9 |=Rgl 0 9 9|=2
-2 4 5 -2 4 5 -2 4 5

RgA=2 . 3nauunt, u,v - TMHEHHO HE3aBUCHUMBI.

det A" 4= ‘u X v‘ # 0 (dacTHBIH caydaii Teopembl bune — Komm). AranoraaHo

det BB" # 0. Ha oGpaTuMble MaTpPULLI MOKHO COKPATUTh PABEHCTBO (*):

I 0 9 0
BA=9FE=9 =
[O 1] [O 9]

9 0
OtBeT: BA = )
0 9

5.36. Bce coOCTBEHHBIC UKCIIa MATPUIIBI BEIIIECTBEHHBI, TAK KAK OHA
cumMmeTpuuHa. CyMMa UX — CJie/l MAaTPHUILIbl — TOJIOAKHUTENBHA, TOCKOJIbKY CIIE]T
MaTpHUlIbl ONEPATOPAa MHBAPUAHTEH OTHOCUTEIBHO 3aMEHbI 0a3uca v, 3HAUUT,
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COBIAAAET C CYMMOM JUArOHaJbHBIX 3JIEMEHTOB UCXOIHOM MATPHIIbl, KOTOpas
nojoXkuTeabHa. [loaToMy x0T Obl 0HO M3 COOCTBEHHBIX 3HAUCHMI

IMOJIOKHUTCIIBHO.

5.37. IlpencraBuB NocaeAHUA CTONAOEI] B BUAEC CYMMBbI, MOJYyUYUM

3 1 3 1 I 0
1 4 1 4 I 0
D = B nepsoM onpenenurenie BeUTEM
I 1 I 1 n 0
I 1 I 1 I n

MocjeAHUN CcTON0eI] U3 BCEX CTOJIOLOB, @ BTOPON OMPEACNIUTENh PA3IOKUM MO

0 0 1
3 0 1
nociueaHeMy croaoduy. D =|... J+nD _=m-1)+nD _,, TOo ecTb
n—1 1
0 1
Dn Dn—l 1
— ——"——=—_ PaccmoTpum
nt (n=1)! n
D, D, 1
323
+
D, D, 1
434
ot
Dn Dn—l 1
-0 n
D, 1 1 1 D
OTKyAa MONy4YnM —*——==—+—+ . +— H, cieaoBaresibHo, —= ~ Inn, Takum
nt 21 3 4 n n!

00pa3oM, UICKOMBIH TIpeaen paBeH 1.

3 3

ZZ% b, =TrAB. W3 ycnoBus Clemyer, uTO MaTpULbI

=1 j=1

5.38. A, B

NOJIOXKHUTENBHO ompenenensl. Ilycts /7 - Takad OpTOroHajbHas MarTpHLa, 4YTO
WAW ™ = 4, - nmaronanbhas. Torma matpua WBW ™' = B, Toske NOJOKUTENBHO

onpeeneHa. CrnenoBaresnbHO,
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d 0 0
TrAB =Tr(WABW ™ )= Tr((WAW ™ )(WBW ™)) = TrAB. Ho A4=|0 d, 0|,
0 0 d,]
bl* * *
rae d,>0,d,>0,d, >0 u Tr4dB,=d,-b +d,-b,+d,-b,, rne B=| * b, *
* ¥ p
3 -
Tak kak B, - NOJOXHUTEIBHO ONPENEIECHA, TO bl* ,b; ,b; >0, m wu3

TrAB, =d, b +d,-b, +d, - b, cnenyer Tpebyemoe.
5.39. Her. Ecimu na, To
-1
A-B=(A’+B’) (A’+B’)(A-B)=
-1 -1
—(A*+B') (A'+B°A-A’B-B’)=(A’+B’) -0=0.

[IpoTtuBopeune.
5.40. Paccmotpum xapaktepuctuueckuii mMHorowneH A" —P (4)=0. Tak kak
npaBas 4acTh 4eTHa, P, (A1) Toxe ueTHO Ui medbix A (Tak Kak craraeMble
MMEIOT XOTsA Obl OJMH YETHbI MHOXWTENb BUAA d,), TO A" - YETHOE.

CnenoBateabHO, HH OJJHO COOCTBEHHOE UHCIIO HE MOXKET OBITh HEUETHBIM.
5.41. PaccMoTpuM 4acTHBIN ciaydad ipu # = 2. Toraa mis mo0ok HEHYJIeBOH
JMArOHAPHOM MaTPHIThI HMEEM:

a 0 a 1 0 -1
A4, = = + . JIerko 3aMeTHUTh, 4TO ONPEAETUTEIN 00EHX
0 b -1 0 1 b

MaTpull paBHbI eauHUIlEe. Tenepb paccMoTpuM citydait 7 =3 . Tak kak MaTpuia
JIOJI>KHA ObITh HEHYJIEBOH, TO XOTS Obl OJIUH JIEMEHT HA TJIABHOW TUAroHaIn
otnivueH oT HyJis. [Ipeanonoxum, uto ¢ # 0. [Iycte ¢ > 0. Torna umeem:

a 0 0 a —-r 0 0O r O

A,=10 b 0]= 0 O |[+|-r b O ,FI[GFZ\/Z.
00 ¢/ lo o ¢2) 0o 0 ¢2 ¢

Ecmu ¢ <0, Torna
a 0 0 a r 0 0O —-r O

A=0 b Oj=lr 0 O |[+|-r b O,FI[GI”Z’—%.
c

0 0 ¢ 0 0 ¢/2 0 0 c¢/2

Jlerko mpoBEPHUTH, YTO ONPEACIUTEIIN OOCHX MATPHUII PAaBHBI SIMHHIIC.
JIroOyr0 KBaIpaTHYIO MaTPHILy MOYKHO MPEJACTABUTh B BUJE OJIOYHO-AHArOHAJIBHOM
MaTpHULBL, COCTaBIEHHON U3 OJI0KOB A, W, ecnu n HeueTHoe, A,. Takum oOpaszom,

~

YTBEPKJIECHUE JTOKA3AHO.
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542. Her, ne wmoxer. M3 ycmoBus XY —-YX =X croeayeT paBEeHCTBO
XYX'-Y=FE. Ho marputisl XYX ' u Y nomoOGHBI M, TEM CaMbIM, MMEIOT
OAWHAKOBBIM ciied. [loaTromy Tr(XYX 4 ) =0,00 TrE=n=0.

YTBEpKIEHHE O PABEHCTBE CJICAOB MOJOOHBIX MATPUI] MOXKET ObITh JOKA3aHO
AL )=det(X (Y - AE)X ") =det(Y - AL), T0

€CTh XapaKTEPUCTHMYECKHE MOAMHOMBI Matpul XYX ™' u Y coBmajaroor, a cief
MaTpUIlBl  ABNISETCS  KOID(UIIMEHTOM XapaKTEPUCTHUECKOTO TOJIMHOMA TPH

CIIE IYIOIIUM 00pa3oM: det(XYX o

(—/"t)n_1 , TIIE /1 — TIOPSAJ0K MATPHILBL.

5.43. Tlockonbky A° =nd, 10 A>—A—(n—1)A+(n-1)A=(n-1)E, otkyna
nonywaem A(A-E)—(n-1)A-E)=[A-(n-DE|(A-E)=(n-1)E n
1

=FK—-——-A4.
n—1

S G O G (DR
(E—4) _(E n_lAj E+Zc T ——— 4 E+Z i ~———— A=
=E+— }:c

k n
( j A=E+L (1—Lj q|=p-L 1—(_—1j 4
nio n n—1 n n—1
2006
.
2006 2005

5.44. 3anuilieM UCKOMBIA ONPEACNIUTENIb U TMPEICTaBUM MOCJIEAHUN CTOJIOE B
BUJIC€ CYMMBbI JIBYX CTOJIOLIOB:

(£-a)"

Torma nmpu n = 2006 noyvyaem (E A) e

2
a” " +k aa, a,d, a,a,
2
aa, a,+k aa ad,
_ 2 _
D, =| aa, aa, da+k aa, |=
2
aa, ad, aa, a”~+k
2 2
a” " +k aa, a,a, a” " +k aa, a,d, a,
2 2
aa, a, +k a,a, 0 aa, a, +k a,a, a,
— 2 2
=| aa, aa, a+k 0|+a,|l aa, aa, a+k da,
aa, a,a, aa, k aa, a,a, aa, a,

Bo BTOpOM onpeaenuTene U3 Kaxaoro croadiia ¢ HOMEPOM j BBIYTEM MOCIICTHUM

crosider, yMHOKCHHBIH Ha o, . Toraa
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0 a,
k e da,

D =kD_ +a,l0 0 k .. al|=kD _ +k'a’=
0 0 0 .. a,

=k(kD,_, +k"?a* )+ k"a} =k’D,_,+k"(a_ +d})=...=

=k”‘1(k+af+a§+...+aj).
5.45. JlokasaTenbCTBO MPOBeAeM HHAYKIuEH 1o »n. OcHOBaHHE MHIAYKIUH 72 = |
oueBuAHO. IloKaxkeM, Kak CHellaTh WHIYKTHBHBIA 1epexoq oT n—1 x n.
[TocTaBuM Ha MepeceueHUH TIEPBOM CTPOKH M TMEPBOTO CTOJIONA JAHHOW MATPUITHI
A uncno x. MuHOp >I€MeHTa X YIOBIETBOPAET MPEITIOIOKEHHIO MHIYKIIHH,
TaK 4TO, PACCTABHMB HA AMaroHanu N Hyou W e IUHUIIBI, MOXKEM JOOHMTHCS TOrO,
uro M # (. Pasnaras omnpenenurens marpunbl A 10 mEpBOM CTPOKE, MOIyYMM
det A = x- M +unensl, He 3aBucsamme or x. Tak xak M #0, o detA#0

6o mipu x = 0, mbo mpu x =1.

5.46. Ilyctb M — spmuToBa Matpuna u ¥ = (M - (X*MX)[)X .Torma 0<Y'Y =
- (X* (M - (X*MX)I)2 Xj - (X* (Mz ~2(X"MX )M + (X*MX)z zj Xj -

- X"MIX - 2(){”‘2\4)()2 + (X"‘MX)2 - X'M2x - (X"‘MX)2 . To ecth wuHMCIO
(X”‘MX)2 <X'M*X. Jlna M=A mnonyuaem (X*AX)2 < XA X = X'AX .

3HauuT, yucio 0< X "AX <1. Ananormuso 0< X BX <1. BBenem BeIuumHbI
a,beR. Tyers r*=a*+b*> u C=ad+bB. Torma C - »spMuToBa H

C?* =a*A* + b*B* + abAB + baBA = a* A+ b*B (u3 ycnosuit 3amaun). ITosTomy

] 2 ] ] ] ]
(X CX) <X'C2X <X AX +b*X'BX <a® +b*. Tlomowum a= X AX,
] ] 2 ] ]
b=X BX . Torma (X CX) =aX AX +bX BX =a* +b* = r*. CnenosarenbHo,

2
2
(rz) <r?, u, 3Haunt - <1,9to W TpeOOBaAJIOCH T0KA3aTh.
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5.47. Cnen matpuusl A + B pasen cymme cnenos A m B .Tak xak cien MmaTpuist
paBeH CyMMe €€ COOCTBEHHBIX YUCEL, TO caen Matpuisl A + B
paBen1+3+2+4=10. Ho 5+6=11, 1o ecTb 5 u 6 HE MOTYT ObITh COOCTBEHHBIMU
yrciaMu cymmbl MaTpuil. Yucna 1 u 9 moryt. Ipumep:

1 3 2 0
A= , B= :
[O 3) [4 4

b

61 arbovmu [ (x)di= [(a+b-w)f (a+bu)(~du)=

_ j(a+b_u)f(a+b—u)du= j(a+b—u)f(u)du=

=(a+b) If(u)du qu (w)elu, j X/ (x)dx = <a+b>j £ (x)d - j Xf (x)db
62. x*+1= 2«/2x <:>\/2«/2x 1. Tycms (x):i/zx—l,

creoBaresibHO, 310 ypaBHenue X = f( f(x)) (1) & f(x)=x (2). Kopens (2)

ssnsiercss kopuem (1). Ilyers X, - wopeus (1), Ho f(x,)# X,, 3Ha4uT KOO
f(x,)>x, mabo f(x,)<x,. Ho f Bospacraromias GpyHKIUs MO3TOMY IJisi CIIydast
F(0)>%, %= f(f () > f(%,), 5o sropom cayaae %, = /(f(x,)) < f(%,).
T.e. MOJY4YeHO TNPOTHUBOpeuMe B oOomx ciydasx, T.e. f(x,)=x,. Pemum

ypaBHEHHE x*=2x-1, x*-2x+1=

—1+/5
S

(x-D(x*+x-1)=0=>x=1, x=

3ameuanue. Hauamo permenus MOXHO poBecTH mo-apyromy. ITyers y = 3/2x —1
Torma 3 =2x—1,x’=2y—1. Bouuraem ypaBHeHHS © HOTydaeM
(y—x) (¥ +xy+x"+2)=0. Tak kaK BTOPOii COMHOMKHTENb MOJOKHTEICH,

3
y=x.Torma X =2x —1 u nanee, kax BblILE.

6.3. j xf(x) £(1-x)dx = % [reofa-xax=o;

-1/2

1
= J. yf (5 -f (— +y)dy =0, y= 57 X, Tak KaK II0J MHTETPAIOM HEUEeTHAs
/2

byHKIHS.
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ax+ [y

Ja© + p?
6.4. 3ameHa TePEeMEHHOM: ; aKoOnaH

px—ay

=z

=Uu

o 15
ol + B2 ol + p
J= p B p =1 3HAUHT dudz = dxdy;

(04

Pt =X+ =1, jj Flax+ By)dxdy = jdz j flzJa? + B )du =

P +yi<l —lz2

1
=2[de\1-2 f(z\e’ + ).

-1
6 6. Cj:[enaeM 3aMeHy x=1-¢.

1-x" 1 1 1 1

1-(=6)") 'dt = = |(+x+x"+. +xX"Ddx=1+—+—+..+—.

f( (1-1)") jl dx = [ ( ) Sttt

6.7. 3nauenns [ (X) HENPEPHIBHO 3amONHAKT OTPE3OK [O;l]. [TocTpoum

k
HOCJIEeOBATEbHOCTh  TOYEK ;. d;_; <a; Takmx, uro f(a,)=—. Crpoum
n

TIOCIIeI0BATENBHOCTS ( CHauana a,, rae f = ;> TIOTOM, Ha OTpeske (a,;1) nem
TOUKY @y, TIe 3HAYEHHE PABHO . OHO cyIIeCTBYET, T.K. (DYHKIUS HEMPEPHIBHA.

1
Ilo TEOpEME Jlarpanka e | [ak_l R ak] L —=f (ak) —f (ak—l) =

= f'(x ), — ) ﬁm#ak—ak_l)n; > (k)—ank a)=n

(Tak KaK Z(ak —a, ) =1 - npnuna otpeska [0,1]), uto u TpeGoBasock qOKa3aTh.

3

6.8. Ilycte F(x)= J.f(t)dt — x?) F(0)=F(1)=0. 3nauut, no teopeme Posus
0

CYIIECTBYET TaKoe X,, 9To f(X,) = X_ .

6.9. Jlokaxkem, uro mus mo6oro uenoro k>0 cymecrByer cxopsmascs K 0
TOC/IEI0BATENBHOCTh TOUeK {4, }, B Kaknaod m3 kotopeix f (1 )=0. Ilo
naaykaun. s k=0 BepHo mo yciosuio. Ilycte BepHO mis k =m, T.e.
CYIIECTBYET TIOCIIEIOBATENBHOCTE {X, | Takas, 9To ’lql_)ngxn =0wu f™(x,)=0.
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Torma wia Vi, i €N 1o teopeme Poiis Mexay Toukamu X; W X;,,  Halmercs
1
Touka Y, Takag, uto f"*"”(y,)=0, a 570 03HAUAeT, YTO  TOCITETOBATENHHOCTE

{y,} Taxas, uro limy, =0 u f"*(y, )=0. HUtak, 5To yTBEpKACHHE TOKA3AHO.
n—>®

U3 mero cnenyer, uto f(0)=0. Jina moGoro Harypanshoro k (T.x. f €C”).

[Tpumenss dhopmymy Telmopa K OTPE3KY [O‘ xo] MOJIyYaeMm:
f( ) f(")(ff) f(")(ff)
J(x)=f(0)+f'(0)x, + Xy + , ,
n! n!
O<|§| ’x ‘:>’f(x )‘ ——— w1 Bcexne N M MOOOTOx,, TO €CTh f(x,)=0 Tak
KaK 2 0, 1o ectp f(x)=0 mpumobom x.
n! n—>0

6.10. 3amena x =1—¢.
Tf(x)dx:jf(x)derIf(x)dx If( 1)dt If(x)dx:

ol+et c 1+e” I+e” I+e”

6.11.

1+—
e

_If(t)(1+e )dt _jf(r)dr

6. 12. 3agaua JOMyCKaeT cieayrolnee 0000IeHUE: €CITH B3SATh /1 KOMILJIEKCHBIX
qucen a,,a,,...d, € C Takux, 4ro ’al‘ = ‘az‘ =

N
n
n—s
n

— rZs—n' (*)

BO3MOYKHBIX MTPOM3BEACHHUH U3 71 3THX urcen o s (1 (s <n)), T0

JloKka3aTenbpCTBO:

. _ ip.
Iycre @; (j=1,2,...,n) — apryMeHTsI Yicen a,,d,,...,a,. Torna a;, =re’’ uu3
77 MOXXHO BbIHECTH MHOXHUTENb +°, au3 1, ° —muoxuTens " . [locne sToro B

YHUCIIUTENIE OCTAHETCA Bearunna e'” - Z e a B 3HAMEHaTENE — BEJIMUYNHA

i6
Z e’ , THe i — CyMMa BCEX apryMeHTOB ¢ ;, a  —cymma (1 — ) apryMeHTOB
TEX YMCEJNl U ;, KOTOPbIE BXOIAT B COOTBETCTBYIOLIEE CIIAraEMOE 3HAMEHATEIIs

7."*. TlockombKy Z e u Ze"@ — KOMIUIEKCHO COTIPSXKEHHbIE YHCIIA, TO
’Z o0 = ’Z o0
HcxoaHoe yTBEpKICHHE 3a/1auu CAEAYET U3 HETrO NIpU n=3 U s=2.

6.13. ITponuddeperuuponas, noayuum 2xf(x*)= f(x), To ectb 2x>f(x%) = xf(x)
. O6osnaunm F(x)=xf(x), torma 2F(x*)=F(x). Cnenaem 3ameHy X = e ,
2EE™)=F(™). O6osnaums t=Iny, G@)=F(E"™), nonyumm
2GRy =G(t), 2tG2t)=tG(¢t) . Ilyers H(t)=tG(t). Torma H(2t)= H(¢t) (*).

Y|=1. Tem cambIM, cooTHOIIEHHE (*) TOKA3aHO.
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Hanpumep, H = const =c paet G(t) = E, F(x)= < , OTKyga f(x)= <
t Inx xInx
[loacraBuB B ycnmosue (*), momyuum
C dt=c-Inlnt[F =1,
- tInt
TO €CTh C = 1 Hrak, f(x)= . VCKOMBII puMe
In2 ’ “In2-xlnx PHMED-

6.14. Iuddepenunpyem ypaBHEHHS 1O Y

S x+y)=f(x)f(y)-g(x)g' (),

g'x+y)=f(x)g'(y)+gx)f(y).
ITpu y =0 umeem

S'(x)=-g'(0)g(x) n g'(x) = g'(0)f(x).

3HauuT 21(x)f'(x)+2g(x)g'(x)=0. WuTerpupys, TOJTY KM

(%) +g*(x)=C . Tak kax gyrxkumn [ u g HenocrosHusy, To C # 0 |
Jlanee

L+ +g (x+ ) =(f(0)f () -gg)) +(f (g - g f(») =

= SN+ WM+ W +e 0 (y)=
(£ + &™) (S ()+ ().
3unaunt, C=C*, atx. C#0.10 C =1,
6.15. T,,(x)=cos(2nearccos(x)) = 00s(rarccos(cos(2arccos(x)))) =
cos(nearccos(2x” —1)) =T, (2x* —1).
6.16. JOMHOMKHIM ONPEICIUTEIb HA z" p(z) ¥ IpOMHTErpUPYEM 10 OTPE3KY [a, b]

. ITocKOJIbKY BCE CTPOKHU, KPOME MOCAETHEN, HE 3aBUCAT OT Z, TO

CO Cl Cn
e c, C, ..
b
m d —
{ P (2)2"pl2)dz c c, Cy, s
b b b
[27p()dz [z p(2)dz .. .. [z p(z)d

IlpuHnMas BO BHUMaHKE ONPEEICHUE C, , 3AMEYAEM , UTO ONPEAETUTEb UMEET
JIBE OJTMHAKOBBIX CTPOKH, TO €CTh OH PaBEH HYJIIO.

6.17. Bocnonp30BaThCsl BBIPAKCHHUEM JUII CyMMBl WHTETPAJIOB OT TPSAMON |
oOpaTHo#M (pyHKIHI (CM. CTIPaBOYHbBIE CBE/ICHNA B Hauajie maparpada).



141

6.18. Ilepssiit cnoco®. AHasoruuso 6.17.
JSx)
Bropoi#t cnoco6. Ilycte F(x)= J. f(6)dt + J. g(t)dt —xf(x). DOra dyukiwus

nudepentmpyenma na [0,a]. F '(x) =f(x)+ g(f (NS ()= f(X)=x(x)=0 .
3uauut, F(x)=const,no F(0)=0.Cnenosarensno, F(x)=0.

6.19. Ilpu x =0 nonyyaercsa HeBEpHOE paBeHCTBO. CleA0BATENBHO, TAKOH
(hyHKIIMY HE CYIIECTBYET.

Bo3MoxxHO npyroe pemeHue:

I f(X+f) _py=xat I f(y) I f(y)

A dt:dy 0 e +e" 01+ey
1o ycnosuto J. ACL, t) di = ! , CIIEIOBATEIIBHO, /() = ¢ ,

e t+e”’ | I+ (1+¢

exf(X) _ ex(1+ex)_62x

l+e (1 +e” )2
Takum obpazom, f(x) =1;x. [TockonbKy MIMEJICS HEPAaBHOCHIIBHBINM IEPEXOI,

+e

OTBET HEOOXOJAMMO MPOBEPUTH MOJACTAHOBKOW, KOTOPAs MOKA3bIBACT, UTO JAHHAs
(yHKIISA HE ABIIACTCS PEIICHUEM.

!/
6.20. Bo3bMeM PaBeHCTBO (arctg x) : (1 + xz) =1 u npoouddepenmupyem ero
(n+1) pas. ITonyunm

arctg x)(n) .2=0.

P, (x)
(1 +x° )n ’

(n)
Yopouas nojiydeHHOE PaBEHCTBO € YYETOM TOTO, YTO (arctg x) =

MOJIy4nM Tpedyemoe.

7.1. ITo popmyne Teitmopa: f(x)= f(D)+ f'A)(x—-1)+ f;('c) (x—1), ce(x,1).

BeIyKITOCTB BHU3 JaeT f"(c)=0. CrnenoBatelbHO,

f@02fa»afOXx+D>f()+fax D= =S5, Torm

jﬂwm>fniu—§m:o
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7.2. i(i(f ()= S(INg(x)~g(y)dx)dy = 0
< j(j J(x)g(x)ax)dy + j(j J(Ngy)dy)dx — j / (X)dxi g(y)dy
—i / (y)dyi g(x)dx >0 < (b~ a)i J(Wgadt = if (t)dt j g(t)dt

n n k n

n n n n n

73. nl>—| ©@e">— nmo e"=1+—+...+—+... To ecTb — UMb OTHO
e n! 1! k! n!

CIIAraeMoe, a BCE OHM MOJIOKUTENbHBI.
74. Jlns moObix  BemecTBeHHbIX  uncen A = (x;X:%3); B=(yi.13)

2
, PaBEHCTBO OyIeT B

— P2 —2 _
HEPABEHCTBO TpeoOpasyeTcs K BUIY ’A X B‘ < ‘A’ + ‘B
C.quae, Korjaa KJ_E xlyl + x2y2 + X3y3 — O

7.5.

Pucyem  xpusyto v =wu’"'  Ilnomazs
N NPAMOYT OJIbHHAKA OVRU < CYyMMBI
M Iomanei ONU 51 oMV,

Vﬁ’ R u v
uv < qu’ “du, + J‘vll/ Py, npryeM

o Un) 0 0
PaBEHCTBO B TOM M TOJBKO B TOM Cjydae,

ecru M u N COBIIAIAIOT,

TO ecTh V = ¥~ . BBIUKCIINM MHTETPAIBI M MOTYYHM HY)KHOE HEPaBEHCTBO.
3ameuanne. MOXHO  HCOOJB30BATh  HEPABEHCTBO  MEXKIAY  CPEAHUM

nx +my
X n,.m
apupMETHUECKIM W CPeIHMM  TeoMeTpuueckum: "{/x y < ?,
n+—m

p=m+m)/n,g=m+m)/ m,x=u”", y=v?. Tlonysaem peienne s
pauMoOHANIBHBIX P, (¢ . Jlanee Mo HENPEPBIBHOCTH.

7.6. 2ab+2cd > 4abed =4, ab+dc>2~\abed =2; be+ad >
>2Jabed =2, bd+ac>2\abed =2; 4+2+2+2=10.

7.7. Jlnst x>0: x+122:> (al+...+ak)(i+___+ij:
X a, a,

k k 2
—k+ Y [a—u&]zmz 3 (r—l):k+2w:k2.

p<r.r=2 ar a p<rir=2

I4
7.8. O6o3naunm wunTerpansl or P u G coorsercteenno A u B. Torma mo
HEPABEHCTBY Komm:
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A+ B = j(AP(x) + BG(x))dx < j(AZ + B)(P*(x)+ G (x))%dx, oTKyTa W

CIacaycCrT HGO6XOI[I/IMOG HCPAaBCHCTBO.

a A QG Gprpn

7.9. IlockonbKy = , TO TIPU OJTHOBPEMEHHOM YBEIIMUCHUU
ak+p Qi Aii2 ak+p
a
MHEKCOB UHCIMTEN M 3HAMEHATETs Opobu —— Ha 1 mpobb yBeIMUHMBACTCA.
k+p
1 a. a,_
CnenoBarenbHo, mia moboro k>1 @ ——= —I— Z+ +2= <
M_l d,  4d; a
A(k)
a, a, a a, 1
+ + +...+ = Ak R OTKyaa BHHO, qTO
2 2 a., a., # —1
A(k+1)
Ak) Ak -1)

A(k-|—1)< AR w4 A7 (k) < 4A(k - DAk +1) < (A(k -1+ Ak +1))?,

YTO U TPeOOBAJIOCH IOKA3ATh.

7.10. 0<w(n)<1/2, no(n)<x/2, sin(rw(n)) = 2w(n),
‘ez’”'”i —~ 1‘ = ‘ez’”'(”i_’”) — 1‘ = ‘ez”i“’(”) — 1’ = 2sin(zrw(n)) = 4w(n).
207 cosx sinx[""" 2% sinx sin x
7.11. | dx = + | dx; j dx =
1007 X X 1007 1007 x 1007 x
Y7 sinx smx P sinx sin x
dx + J. dx+..+ J. dx + J. dx >0, TaK KaK
10.072' x 1017 x 1987 x 1997 x
Y7 sin x smx P27 sin x sin x
dx + j dx>0,..., | dx + j dx > 0.
10.072' x 101z x 1987 x 1997 x
2007 2007
¢ sinx 1 1 1 1
dx < j — _ _ '
ST T  00r 2007 2007

3ameuaHnue 1 npenogaBartes. B 3anaue MoxkHO noTpeOOBaTh N0KAa3aTh OoJiee

CHJIPHOE HEPABEHCTBO (OIIEHKA CBEpXy: ———). Toraa B pelnieHnn HAI0 CIe

400007°

pa3 MPOMHTErPUPOBATH MO YACTAM.
2
1 1 1
7.12. BepxHssa OLEHKA: Zaiaj = (Z:al.)2 - Zaf =]1-—- Z(ai ——j <l-—.
i%j n n n

UtoObl MOAYYHTh OLEHKY CHU3Y, BBEAEM BEKTOPHl (; TOCJIEAOBATEIIBHO

1
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MPOXOMMBIX CTOPOH ¥ 0003HaumMm OL; - yron Mexay & wu d,. Torma
= ZZaiaj —(Z@)(Za_j) = Zaiaj(l—cosaij) < 2Za,-aj.
b+d b+c b+d - !
713, [ y(dx= | y(x)dx+ | y(x)dx> j Y(x)ex + j Y(x)dx.
a+c a+c b+c

7.14. Tlo naaykuun. ba3za oueBnana. Ilo MHAYKIIMOHHOMY HpGI[HOJ'IO)KGHHIOi
(X, +..+x +x )V =(x+..+x,) +2(x1 X)X, X

n+l n+l —

X2 +3x2 +. . +(2n-1)x2 +2nx’, +x_,, (TaK KaK X, > X ).
o ikx (

n+l
. e ei" cosx _isinx g(‘x)
7.15. f+ig= =e"e™";
R o

’arctgl986{ > 1, cnemoBarenbHO, TAKMX X HE CYIIECTBYET.
7.16. Ilycte L - mpsimast ot (1;0) go (2;1). Torma f(1;2)=f(1;2)—f(1;0)=

=1gsinx >1986;

I é)fdx+é)f <I’ dx—l—é)fdy. [ockombKy x—f+yﬂ—0,
ox oy L oy ox oy

af __xof 3uaunr,  f(1:2)< 19/ _fﬁdy :Ié)_ Xy
oy y Ox v | Ox y Ox 7 y

1 1

dx

<[(d-—2—a)= = [L =2

I ( x+1 )= o X+1
Bropoe pemienue: f - nmuddepenmupyema V(x;y): grad(f)Lr. Ha
HAMpaBJCHUMW, TMepneHaAuKyasipuom  grad(f), (dYHKIOMSA ~ MOCTOSHHA,

CIIEZIOBATENILHO, OHA MOCTOSHHA Ha Jr00oM syde, BeixomaeM u3 (0;0), Tak kak

Jyd ~ TPOW3BOJICH, OHAa  MOCTOSHHA  Ha  Bcell  mockoctn.  Ho
f(0;1)=0= f(x;y)=const =0 <In2. YroOsl BTOpOE peIlICHHUE HE MPOXOANIIO,

HAJIO B YCJIOBHH TOBOPHUTH, uTO f(X;y) 0ONajaeT yka3aHHbIM CBOMCTBOM HE BO
BCCIi TUIOCKOCTH, a B HEKOTOPO# obnactu, conepxaiieii (0;1) u (1;2) (mocratouno

UCKITIOUNTH W3 IOCKOCTH ToUKy (0,0)).
!/

7.18. xe(O;%); (sinx-rgx) =sinx+ SInx

> >2x=(x2),; mpu x=0. 0=0.
COS X

4

1 2sin® x
+ 3
COSX oS’ X

> >2=(2x), pu X > 0.

. sin x
sinx + =COS X+
COS™ X

1
. X V4
= arcsin—| =—;
6

1
[>J.L
o V4 —x° 2|,
il 1 « 7[\/_
2, 24 8

7.19. HNnTerpan

1
I<I dx = ! arcsin
0

4-x'—x> 2




145

7.20. >+ x)(In(1+x) ;1 +x=u, (u-17 >uln’uv,u=e' =

= (' -1y >t U3Bnekaem KOPEHb
1 I3 _t

’et — 1‘ > ezt‘l" Sler—e 2|2 ’l"; 2S1’l%‘ > ’l“ npu (=0 coBmagaioT, a npH

t>0: (2shé)l = ché >1 (amajoruuno mpu ¢ < 0).

7.23. Ilycte I' - nckomoe mHOkecTBO, |, - BepTHKanbHas mojoca ’x‘ <L T, -
TOPH3OHTAIbHAS MOJI0Ca ’ y‘ < 1. Hokamem, uto ' =T, U T,

a) (I',ul', cT'). Beuny cuMMeTpuu JOCTATOMHO YOEIUTHCS, YTO MPH JHOGOM
HATypaJibHOM k T'.cl,. JleficTBUTENbHO,
X<1= ]x]k <l= ]xy]k < ]y\k — \xyk < ]x]k +\y]k.

6) ('cI',uIl')). Honyctum, uro cymectsyer ()(X;)) mHOxectsa ', me

k
, 1 B TO

e e
NPUHAJIEKAINAS HA OJHOM M3 TMOJIOC, T.€. MpH Beex K ’xy‘ < ‘x‘ + ‘ y

KE BpeMs ’x’> 1, y’ >1. Torma, 3anmMceIBasg NEPBOE COOTHOIIEHHE B  BUJE

1< ‘x’_k + ’ y‘_k 1, mepexonsd K mpemeny mo k, momydaem HepaseHcTBO 1< 0,
OTIPOBEPraloIee HaIle JAOMYIIEHHE.
OTBeT: 3aMKHYTBIA “kpect” {‘x‘ <y {‘y‘ <1}.

7.26. 0<ALDX)SB,; (B-D(x))(A-D(x))<0 =
= AB<(A+ B)®(x)-D*(x) = Z3£A+B—®@ﬁ3
O(x)>0 q)(x)
1 AB 1
I dx< A+ B —ICD(x)dx , UTO U TPeOOBATIOCH TOKA3aTh.
o P(x) 0

7.27. xy>0 x+y=1 xx+yy2\/§. DKCTPEMYM:
(x"+(1-x)" )' =x"(Inx+1)—(1-x)""(In(1-x)+1)=0. DkcTpeMyM B TOUKe

X= z(min). DyHKIMA BBINYKJIA BHHM3, TaK KaK BTOPas IPOM3BOJHASA OOJbIIE

1
15 2
HYJIA. 2(5)2 == =2 B oT0oi Touke, TO €CTb B  OCTAIBHBIX

J2
x*+(1-x)"">4/2.
729.  1989'%%.1987'% \/ 19881952,
19891n1989 +19871n1987 v/ 2-1988In1988;

1988(In1989 + In1987) + In o2
1987

2 —_—
lggg[m(wj}m@ vo.

v 1988-2In1988;

1988’ 1987 ’
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1 2 1 2
1988In| 1— vinll-——|; — > — , O a clemye
( 19882j ( 1989) 1988~ 1989 oo M SIS

HY’KHOE HEPaBEHCTRBO.
3ameuanue. Ilycte  f(x)=xInx, morma f"(x)=1/x>0. Orcrona

£(1988+1)+ £(1988—1)> 2 £(1988).

7.31. f S(@Op)dt| = f (S (@)= f(a))p(t)dt S(f(Of)—f(OerT))f (1)) dlt
ff (p(6)di| < j FOo@di+ [ Ot +...+ j F()o(t)di| <

<((f(A) f(A+T))+(f(A+T) f(A+2T))+ f(A+nT))
j lp(0)|dt + f(A+nT) j (1)) dit < f(A)j [o(n)|dr; 1im j FOp(t)dt

A+nT

j fOp(t)dt <f<B>j o)|dr > 0,1k f(B) =

C—)oo

CYIIECTBYET, T.K.

732, Tyers  H(x)=A(x)- B(x)=0: j xB(x)dx = j x(H(x)+ B(x))dx

IxB(x)dx:IxH (x)dx . Tlo Teopeme O cpemHeM mjisi OOEHX YacTel PaBCHCTBA
0

4

CYIIECTBYIOT k, u k,:

kljB(x)dx:ksz(x)dx, c<k <1, O<k,<c (k;>k,))>
— jB(x)dx < jH (x)dx = jA(x)dx —jB(x)dx — jB(x)dx < jA(x)dx :

BosmoskHOo BTOpOe pemienue: A(x) > B(x)>0= J.dxj. A(y)dy > J.dxj. B(y)dy .
0 0 0 0

[ToMeHATh TOPATOK HHTETPUPOBAHUA U UCIIOJIB30BATh 33 JAHHOE PABEHCTBO.

1 1
733.x,,=Xx,+—, xn+12—xn2:2+—2>2,
x}’l x}’l

anz = xl2 +(x22 —)c12)+...+(xn+12 —xnz) >2n,

1
xn+12:xn2+2+iz<xn2+2+ c.<oam+iili 4 .
X 2n—1) 24 2n—1)

n
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OuenuBass  pAx 1O  UHTErpagpHoMy — mpuszHaky — Komm, — nomydyum

1 1 1 1 1
—|1+=—+—+. +—|<=Inn.
2 2 3 n 2

b 2

734, F(b):[ | f(x)dxj —U f(x)cosxdxj

a

— U f(x)sin xdxj ;

F'(b) =2f(b)ﬁf(x)dx—If(x)cosxdxcosb—jf(x)sinxdxsinb} =

x—bdx}

a

=2 f(b){ [ £Ge)1=cos(x— b))dx} =2 f(b){z [ f(x)sin’

b 2 _ 4
OSF'(b)s4f(b)MJ.%deM2 (b= : ay o<yl 12") |
(x+1)?
S 1< sin y o8y D" cos y
7.35. I sint“dt|= I — I dy
g o N
11 e 1(1 11 1)1
<—+——+ I |t |=—
x x+l % 2y’ 2\x x+1 x x+1) x
7.36. HepaBeHCTBO MOKHO yMHOKMTh Ha 0G0e monoxutenshoe C, OHO He
2. 2
m3MeHuTCs. [109TOMY MOJKHO CUHMTaTh, 4T0 f (5) = —. Tpebyercs moka3arh, 4To

1
J‘(x—g) f(x)dx<0. Ha [O,%] ¢ynxmus f(x) Bemmykna Beepx. Torma u3-3a

TOTO, UTO f(%) = %, BBITIOJTHEHO: (X — %)f(x) < x(x-— %) Ha [5,1] 10 TOM K€

npuunre  f(X) <X, TO €CTh TaKkkKe BBHIMOJHEHO: (X — %) f(x)<x(x— 5)

3navur, ! (x— %) F(x)dx < ! (x— %)xdx =0.

7.37. M5=jf(x)dx=j1/f(x)1/f(x)dxs\/Mj\/f(x)dx:j f(x)dx =M .

sinx 2a, Lgix +...+tna smnx; ; } IlepexonuMm B HEPABEHCTBE

K npeaeny npu X — 0 = ‘al <l

7.38. |a,
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739. IIpu x=0 um x =1 HepaBeHCcTBO BepHO (paBeHCTBO). IlpaBas 4YacTh -
nvHedHas — QyHKwMs, JeBas -  (YHKOMA,  BBIOYKIAs  BHH3,  T.K.
(1+x)* = (1=x)*)">0. Orcroga cieayer Hy>KHOE HEPABEHCTBO.

7.40. Ilpu f(x)=0 HEepaBEeHCTBO TPUBHAILHO BBIMOMHEHO. [Ipn f(x) =0

2z 2z 2z
bynxums y(1) = [ (f"(x) dx+21 [ f"(x) f(x)dx + 17 | 7 (x)dx =
0 0 0

2

= J. (f"(x)+1f(x))*dt > 0 sBIACTCSA KBAAPATHBIM TPEXUICHOM C
0

HETIOJIOKUTEbHBIM JUCKPAMUHAHTOM:

2r 2 27 27
" ” 2
[jf (x)f(x)dx] < [ (@) dx- [ f(x)dx.
0 0 0
Ocraercst npuMeHUTH (YOPMYITBI MHTETPUPOBAHUSA 110 YACTIM

2r 2r

J. fM(x) f(x)dx = - J. (f '(x))2 dX , BHCHMHTETPAIbHBIN UJICH CUYE3aeT BBHULY
0 0
NEPUOJUIHOCTH f .

Bropoe pemenue. Paznoxum ¢yHKIuio f B psag Oypbe

f(-x): i Ckeikx’ f,(.X): i ikaeikx’ f”(.X): i (_kZCk)eikx
k=—o0

f=—o0 k=—0

Tax kak f — nBaxkapl HeTIPEPHIBHO muddepenmmpyemas GyHKIHS, BCE 3TH PSAIbI
2

cxoaarcs abcomoTHo. [lo paBeHcTBy [lapceBans J. £ (x)dx = Z ’Ck’ Torna,
0 fk=—0

WCMOJIb3YS €r0 U HEPABEHCTBO KomM-byHIKOBCKOTO MOIy4aeM:
2 00 5 ®
Ty ] (Sreer] s Sl Sar-
0 fk=—0 fk=—0 7 41
o 41.
= [(F" @)Y dx j SR (x)dsx.
0

lnery—l(ln)c+lny)Zl l+l _ ! &
2 2 4\ y x) x+y

oYy 2 Z(lnx+lny)+l l+l &
2 X+ y 2\x y

pn Y, ! Zl 2lnx+l+2lny+l . JAns noxazarenbcTBa
2 X+y 2 X

2

1
paccmotpuM pyukmmio y =2Int + I { >1. Halinem ee BTOPYIO NPOU3BOJHYIO:
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2 2 2(r-1)
T r
JaHHOC HCPABCHCTBO BCPHO.

< 0. CnenoBareabHO, (PYHKIIHS BBHITYKIIa BBEPX U
7.42. Tak kak J.f(x)dx =0, o Haiimercs Takoe X, € (a,b),uro f(x,)=0. Ecnu
1 x X b
x<x, 10 f(x)=( [f1($)ds—[ fr(s)ds+ [ f(s)ds), eomn xe x>x,, T0
1 x X b 1 b
f@)=5( [ £i(9)ds— | £(s)ds— | f(s)ds). Orcrona | f(x)| < > [1f1Go)ax.

‘ 2
7.43. Paccmorpum Gyrkumo F(f) = IO g —lx , n € N, onpenenennyo Ha
n—+

UHTEPBAJIE [O, n+ 1) . O1a (PyHKLUSA BHIMYK/IA, TAK KaK

2 2
F'(t)= g( l‘jZO,VZ‘E[O,n-I—l).HoaTOMyK F () moxno
n+l \n+l

TIPEMEHUTH HepaBeHCTBO Mencena: F (Zn:ql.tij < Zn:q,-F (1, ) ,

i1 i1
1 .

g +q,+...+q,=1.Buibepem g, =—, 1, =i, i=1,...,n. Homyanm
n

n+1 L
nkF (Tj < ZF (i ) W, YIUTBIBAs onpeneienue Gpynkuun (), 3ammmem
i1

n+l " 2
2 -
n_[o (n+1xjdx<_[ g(nJrl jd)é-i- ..+IO g(nJrlxchV.Hocne

OUCBHUAHOI'O Hpeo6pa3013aHI/I>1, HMCEM

Il (—2 xchV Iz (—2 xjdwr + [ (—2 xja’x>0
?gn+1 Tg +1 o ?gn+1 o
2

IlopcraBuB y = —— X, HOIy4YUM
n+l1

2 4 2
ngb&@+rmg0%@+m+ngb’y20
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7.44. YMHOXKas WMCXOJHOE HEPABEHCTBO HAa A(X), TpUBEIEM €ro K BHUAY

R'(x)—=h(x)R(x) <h(x)g(x), rae R(x)= ]C‘h(t) f(tH)dt. YMHOXKas 3TO HEPABEHCTBO

Ha €Xp [—Ih(l‘)dtj , TIOJTlyYUM

[R(x) exp[—]ih(t)dtjj <h(x)g(x) exp[—]ih(t)dtj .

WHTerpupys NOC/IEHEE HEPABEHCTBO OT ¢ JI0 X M NPHHMMAs BO BHHMAHHE, UTO
R(a) =0, nonyunm

R(x)< ]C.h(t)g(t)exp[]ih(u)du ja’t :

HaKOHeH, COMOCTaBJIAA 3TO ¢ UCXOAHBIM HCPABCHCTBOM W YUMTHIBAA OIPCACIICHUC

R(x), monysnm f (x) < g(x) + [ h(£) g (1) exp[ | h(u)dujdt |
7.45. llepeitaem K NOJAPHBIM KOOpAUHATAM

[[ Aerrtaty=[(of Fipeos.psinordora.

x2+y <r
2

Ecnu 0603naunts g(r) =71 I f(rcose,rsin@)de , 1o ucxoaHOE HEPABEHCTBO
0
TIEPETUIIETCS B BHJIE:

g <2[g(p)dp.

IToxacraBmss HEpaBEeHCTBO B ¢e0sl 1 pa3, MOJIydaeMm:
r P Pn-1

g =2"[dp[...[ g(p)dp,.

0 0
2, .2

Tak xak ¢pynxmus f(x, V) menpepsiBHa B kpyre X~ + ¥~ <<1, 10 ona

OTpaHMYEHa, CIIEA0BATENBHO, OrpanideHa u Gpyuxuusa g(7). Scno, uto g(7)

neotpunarensha. Takum obpaszom, 0 < g(7) < M nna seex 7 € (0,1]. Oro

o3HauaeT, uto s Beex Hatypanbaeix 11 u 7 € (0,1]

r P P 2 2n
0<g(ry<M-2[dp|..[ dp,= M= <M=,
0 10 0 n'
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n

Tak xak lim— =0, 1o g(r) =0 na (0,1]. Cnenosarensro, nns scex » € (0,1]

n—>x0 n'
2r

; I f(rcose,rsin@)d@ =0.Ecnu 661 11 HEKOTOPOTO () HMENIO MECTO
0
HepaseHcTBO f (7 COS@,rsing) > 0, 1o, BBUAY HENpepsIBHOCTU [, OHO OBLIO

Obl BEPHO HA HEKOTOPOM MHTEPBAJIC, M MHTETPajl B CHITy HEOTPULIATEIbHOCTH

2 2
(ynxmun 6611 661 mooxkurensabM. Urak, f(x,y)=0 mpu x” +y° #0.
Pasencteo f(0,0) =0 cnenyer us nenpepsierOCTH [ .

7.46. Ucnonb3ys GopMyny At CyMMbl O€CKOHEUHOH T€OMETPUYECKOM

MPOTPECCUH, PA3JIOKUM B PsiJi BRIpOKEHUE MOJ 3HAKOM UHTErpasia
(x>0)

X X ANC v -
ex—l_ex(l—e‘x)_xe Ze —xZe :

JIJ1s1 5TOro psijia BHIMOJIHEHBI YCIIOBUSA MOWICHHONW UHTETPUPYEMOCTH.
YUUTHIBAsI PABEHCTBO

K 1 % 1
Ixe"“dx = —zjxe_xdx =—,
0 0
[Tonyuaem
]3 xdx ii
ve =1 3 nt’
Otkyna

xa’x 2000 1 |
I PomnD N
0 n=1 n=201
YTBepxKaenue BaAaqH Cne,qyeT 13 HepaBeHCTB

0< Y Zn(n D= = Y =50

n=2010 1 n=2010 n=2010

[y SR e
+COS z +COS z I+cos” z

1 2 2
/4 /4
I = 7mrctg(u)’l_1 = EX =>[=—
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82. jxsm xcos' xdx = ﬂjsm ycos' ydy — jysm ycos' ydy ;
B X=r-y

f 3

xsin® xcos® xdx = = | sin® ycos® ydy = —r*

! 2! YR YT
2 : 2

8.3. :I sin“*! x(sin xdx) = — [sm xcosx] +(a+1)fsm xcos” xdx ;
0

L=+, -1, ,)=>@+2)],,=(+)], = fa+)=(a+2)],,1,,=

=(a+D)I I, =f(a), f UMeeT  MEPHOJ 1 17 SN 51 SRS § (<31 (0) X'

p:f(p)=fO0)=11 =

2
a a 0 a 1
_Ia ! _Ia ! {1+(o(x)+\/1+(o ?(x) 1—(o(x)+\/1+(02(x)]
_IZ+2\/1+(0 (x)dx:a
0 2+ 241+ 0% (x)

ﬁsm(gmj

CoOSx

8.5. I =

x=iga

(7
Insin| —+a da —
(4 jd

2
8.6. 3amMeHss x+g = \/y2 +4a, TO ecThb y2 = (x—gj :

X
+4)° +4
y=x—g; dx:i; x=2 V) a;
X 1+2 2

In(1+ga)da;, 1+iga = == %ln2+

Incosada 3amensis oL = = — B, momyuum [ = T 1n2.

* 4 8

O'—.Jk|kl
o'—.—bl«ﬁ

¥
f f(x+%)dx: [ 7(Jy* +4a) dyza = Zamenss Y ma —,
0 -0 1

+
V +2a+y\y: +4a

MOTy4YUM
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Y +2a+ .y’ +4a y +2a—y\y' +4a
=_ J1v:+4 d
If( yoraa) v +4a+ yy’ +4a v +4a—y\y’ +4a

~ [ (7~ daray.

o t
Bropoe pemnenue. /lenacm 3aMeHy B HHTETpAJIE B JICBOM WacTH: X =/ ae . Torma

OJTydaeM I f (2\/Zch(t))\/getdt = (Gepem YETHYIO 4acTh)

~ T f@Nach(t)Nach(t)dt =2~ a T f@Nach(t)Nach()dt. B nesoii

YACTH TAKOM K€ MHTErPall MOJy4aeTcs Mocie 3aMensl X = 2+/ash(t) .

8.7. Iarctgx dx = arctgxIn(l +x)’ Iln(l +2x) dx=21n2 (cM. 3azmauy 8.5).
I 1 x I 8
8.8.
T dx _T 1 @_T x” 1 B
1+ x)(1+x%) 1x7%+1 x7+1 x° Ly X +1 x> +1
:lj' X .21 dx—l—lf 1 1 :J'l—i-x 1 _
29x°+1 x7+1 29x°+1 x7+1 o x“+1 x7+1
1 v T
—arct ==
2arcg(x)|0 1
8.9. Haiinem L(I(t)) - mpeobpazosanme Jlarmaca  OT I(t), Tk
. w’du r 1 (7[ j
L(sintu) = CL(I(t =— = L| =e"|.
(sint) (= fp ) () 2 2

3naumt, 1(t) = je_t.

3ameuanmue. VickomMblli HHTETpaJ- 3TO CUHYC-TIpeoOpazoBanre Oypbe. Ero MmoxHO
HAaWTH TI0 BHYETAM CTAaHAAPTHBIM JUISI TEOPUH (PYHKIMH KOMILJIEKCHON
MEPEMEHHON cocO00M.

8.10. HHTerI/IpyH maddepeHmanTbHoe TOKIECTBO
1 1
( o) . B
200820 e 20 = ¢ 2 “ d(tgf)+d(sinfcosfe 2°°%) 10 MDPOMEKYTKY

O < 9 T 7 T —%(1+12)dt
SO <5, 00JIyduM [ = | e = )
2 ) 2\/e i 2e
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1

-1
8.11. Boruncnss pr e*dx TyTeM IOUWIEHHOrO MHTETPUPOBAHUSA CTEIIEHHOIO
0
psama, nonydaem FE(p), a BBIUMCISAA TOT K€ MHTErpPal IO 4YacTAM, MOJy4AM

2l (—
npencrasienne E(p)=(-1)" p!(l — ez (
k=0

PAUMOHAIIBHO JIMIIb MPH YCIOBUM OOpalleHWs B HYJIb CYMMBbI B IPaBOM YaCTH.
[Tocnennee sxe BBIMOTHEHO JIHIIL NpH P = 2.

[ '

(J’ Sande sinf

t=1-(0,0)y', = :tgt=00:>t=%+7rk,
{

COSZ Ittt
u ] 5
>
di= |
1

cos> ‘, sin®t . 3dt . 7«
\/ dt:j—zln—.
1 2

], W3 KOTOPOro BUAHO, uto £ (p)

z
T 2

OnmmKalIas Touka f = 5, [ = J. x"
1

t
d % dx }(tgx)k lntgxdx }(tgx)k In tgxdx
3 13 dhk 3 1+ (tgx)* (1+ (1gx)" )’ (1+ (1gx)" )’
I(tgx) In tgxdx _o; }(tgx) In tgxdx j Intgydx _
(1+(1gx)" )’ y I+ 5 () (+(crg)' )’

Tcosz

f d:

Icos%df ! 2
f'0)=lim&——r— = lim*——;

x—0 X l x—0 X

COS Z Sll’l Z

X

M| —— 8
N
[\S)

smz
N
8.14. X

1
31ech MPOMHTErPHPOBAIM MO YacTAM (U =—-, dv=C0Szdz ). YuuTbIBas, 4TO
z

0 2

tlsinz X
= — ' O = O.
222 1 — f( )

dz <

1
xsin— — 0, monyyaem
X x>0

1 2

8.15.
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S(n)= ” dxdy . Beenem HOBBIC
D
I KOODAMHATHEL 2,V 1 — abcuucca TOUKH
v KacaHusd, V — pacCTOSTHUE TOYKH Ha
KacaTeJIbHOM BEKTOPE OT €ro Havaja.
u I
Tak kak kpuBasi ¥y = f(X)= X" BBIMyKJIa BHHU3, TO TaKas 3aMeHa
MNCPECMCHHBIX OJHO3HAYHA. Hosas obOnactb HHTCIPHUPOBAHUA
oyner 0<u <1; 0<v <1 Haiinem “axobuan’:
x=u+vcos@,y=f(u)+vsing;x, =1-vsing-¢';
y' =f(u)y+vcosp-@' ;x' =cosp—vsing-p' ;
y', =singp+vcos@-¢' ;@' =0 (( He3aBHCHUT OT V);
‘x'u ‘x'v : c 2 ! ' 2 : ' '
' J|=sing—vsin® @-@' +vcosg-@',—v cosgsing-p',-v', -
Yu Vo
—f'(w)cosp+ f'(u)-vsing-@',—vcos” p-@' +
+v’ cospsing @' @' =sinp—v-@' +v —~
COS @
=1gPCoOsSQ=—v-@' ;
11 1 1
! ! 1
S(n) = | [ dudv-ve', = [vav[ ¢', du=—(p(1)- p(0)) =
00 0 0 2
1 1 t
= E(arctgf'(l) —arctgf'(0))= E(arctg(n) —arctg(0)) = %g(rz)‘
3z T
T dx _ T dx 5 T d(tgx) _
- a’cos’x+b*sin’x Y a’cos’x+b’sin*x Y a’ +bigx
8.16. 2 2
b@wﬁ 271
=-—arct = .
ba '8 g ]J; ba
’ h h h
1 2 1 2 2
S(8,(®x),x) = | i | p(x+1+5)ds = [ p(x+1+5)ds Tax KaK
h h h
8.17. 2z 2 2

u=t+s
Y

V=t-—s
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S, (S, (D, x),x) = iz-z j [ ctuctvd>(x + 1) = ijduhf dv®D(x + 1) +

h+u

+—jduj dv@(x+u)——jduq>(x+u)(h u) + —jduq>(x+u)(h+u)

8.21. 1 cnocoﬁ MosxHO 3aMCTUTh, 4TO
cos(n+1)t+cos(n—1)t 2(% cosnt 2

1) +1,,(0) = j (ra D costn =t g -2 sy =5 b
1—xcost 1—xcost X

[Ipsimoe BbUMCIIeHUE maer [ (x)—L‘I (x)= AGh it ) Torna,

(l—+1- x)
\/7

2 cmoco6. MHTerpan paBeH moJIoBHHE MHTErpajia mo [—,r]. Jlenas 3ameHy

x\1—x?

<1; neN).

Hanpumep, mo uaaykuun 1, (x) =

nepeMeHHoN z =e”, CBOJAMM HWHTerpal K MHTErpajly N0 eIMHHYHON
OKPYKHOCTH B KOMIUIEKCHOM TiockocTu. [lo Teopeme o0 BbIYeTax

I (x)= ——(Resf(z) +Res f(z)), rae f(z)= (z"+1)

e 2" (z-z)z-2,)
zZ, = —(1 —V1-x%),z, = —(1 ++/1-x). Hajo cocuntath BEIYETHI (B TOUKE

z= O yJ:[06H0 pa3n0>I<I/ITb B pAll HopaHa) OTKyJ:[a u nonyqaeTCﬂ OTBET.

_ ; j
y=6-x _1 fln(6 V) /ln(6 V) /ln(6 V)
In(6+ y) In(6+ y) In(6+ y)
dy N dy .
N In(6-y) " In(6+y) 5
\/ In(6+y) \/ In(6—-y)

Il
O Cmm— —

Il

——y
[E—
SN
Il
[E—
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k
; _j sin(7zx)dx f sin(7zx)dx
01+nx—[nx o L+ nx — k41 k=t
8.24. o
L ysingz = hal frk—1.1
:ZI n n. hstm(ﬂ )—=
=1 1+l‘ n—>w
1
=jsm(7zx)dx=3 — lim/, _2 i=31nz.
) V4 n—w rol+t 7w
jeCOSx Sinx.xdx+IeCOSX COSZ‘x dx — _xeCOSx +IeCOSde_eCOSx 1 _
8.25. sin” x sin x
_IeCOSde: COSX(X+
sin x
© 0
[I dx:_ljdt:11n1993‘
1 X7 19914 441992 199171992
I —o7 +1992 !
8.26. X
J.\/51n7rxdx< \/J.smﬂxdxj.dx < \/7 <0,8.
8.27.
j-sm(2n+3)x J-sm(2n+‘1)xcos2xdx+J-51n2xcgs(2n+l)xdx:
gog o  Sinx ! sin x ) sin x
tsin(2n+1)x . . f
—I dx —Ism(2n+1)x sin xdx+2f cos(2n+1)xcosxdx =
sin x .
_Ism(2n+1)xdx_ _Ismx =Idx=75
sin x sin x

8.29. Fpa(bHK T (x) nmeer 2 U ommnakoBerx mukoB. T.K. Bcero mukos 2", To
1
o01Ias mIomans: IT (")(x)dx — ol (_

; )‘
0 21

3ameuanvie. MOKHO MTOKa3aTh, UTO Oomnepanus / TpeBpaIiaeT MUK B JBa MHAKA, HE
MEHSIS TIOIIAAN.

8.30. 3meHenmne 3HaKka MOABHTETPATBHON (PYHKITMH MPOUCXOIUT TIPH TEPEX0IE
uepe3 TOUKU BUAA x =+/n, ne N. Tak Kak pacCTOSHHE MEXKITY COCEHUMH

TOYKAMH TaKOT'O BHJA CTPECMHUTCA K HYJIIO IIPH 71 —> 00, TO AOCTATOYHO
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HCCIICAO0BATh IMOBCACHUC NHTCTPAJIa

Jn

J D =1-2 =V + (B =)+ + (D) (n = -1)=
0

B N S +(—1)”‘1—1
VI+V2 2+3 7 Jn—1++n’

OUYEBH/THO, MMEFOITIETO TIPEAeI Ipu 1 —> . OTBET: UHTETPA CXOAUTCS.
8.31. Cnemaem 3ameny nepemennoi. [lycts ¢ = x — 7, df = dx, nonyuaem

2 T
I sin(sin x + nx)dx = I sin(—sint + nt + nr)dt =
0 -

T
= (=1)" | sin(=sint + n)dr = 0
=7
[locneonuti unmezpan pasen HyI0O KAK ONpeOeNeHHblll UHMe2pal Om
HeuemHou @QYHKYuU no OmpesKy, CUMMEMPUUHOMY OMHOCUMENbHO

Hauana KoopduHam.

B 0
1 ) 1 dx

832. 1 = J. dx = lim ——dx = lim 3 ——.

g0 e’ -1 g0 1—-e¢ e

Bow & B 0

1
Pazmoxum — B P
1 —e "
I = lim 3Ze_kx—— lim IZX ¢ k)
P e k=0

ITockoneky ps0 CX0O0Umcst DPAGHOMEDHO, €20 MOXMCHO NOYJIEHHO
UHME2PUPOBAMb:
o0 B
I/ = lim ij3e_(k+l)xdx.
-0 e
Boxo" TV &

Tpudcost npouHmeepupoeae 1O YaCmsM, HAX0OUM OAHHBIU UHMESPA.

T
15

8.33. CnenaeM 3aMeHy IEPEMEHHBIX BO BTOPOM MHTErpalie: U = Xy,
L 1 1
TOTJ[a MHTErpai OyIeT paBeH —J. J.—dx u= —J.u” (lnxﬁl )du = —J.u” Inudu.
X
1 0 0

[Tonyuaem / = Z

1
1
Taxum o6pazom, J.u” (1+1Inu)du =u" ’0 =0, ¥ ClIe0BaTebHO, 00a HHTErpasia
0
PaBHEI.



dx x=—1 ¢ e'dt j- e +1-1

e +1)(x2 +1) ) -[(e’ +1)(t2 +1) ) _l(e’ +1)(t2 +1)

dt =

8.35. IlycTh ———=/(x). Tormanpu 7n<x<z(n+1)
I+x"cos™x
1
4 4 ;oS x)< 44 2>
1+7%(n+1)" cos” x 1+7"'n" cos” x
z(n+l) z(n+l) Z(n+1)
dx dx
< X)dx < . Ho
2 1+t (n+1) cos’ x 7;'; &) ﬂJ; 1+ 7*n* cos’ x
! 2 d(tg x) f d(tg x) T
I1+ 1 -l 147 14+I Ltz (nel)' D)
7r(n+)cosx ytgtx+1+ 7z (n+ D)t ptgt x4+ 2t (n+1) \/1+7r(n+1)
2

o 1
CyMMupys 1o 1, HaX0AUM ﬂz

d.
n=0 \/1 +xt(n+1) : '(!.f(X) = ﬂz 0vVI+

CrnenoBaTebHO, HHTETPA CXOIUTCH.
8.36. Ecom a >0, 10

j (a(r) + () Jar2

[2alf)- £l 2

[2af(x)- f(xyix|=a|f () = £(OF|=as©0)

(MHAUe HET CXOAMMOCTH HHTerpana), mo3stomy f(0)< a 3TO 3HAUCHHE

Eﬁ;:
()
f@)|

aocTuraercss juisi  (QYHKIMW, Ui KOTOPOM \/E =

TO €CTb HJIA

exp(— x\/_)
Jx)=—7——— 7o
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. 2n
8.37. byaem cuWTaTh MWHTErpaJi MO  YaCTAM: uz(smx—cosx) u

SIN X — COS X . 2n-1 .
dv = —dx. Torna du=2n(s1nx—cosx) (cosx+smx)dx, a

(sinx + cos x)2

1
V= 5—. O003HaUMM MCKOMBIM MHTErpa 3a /, W IOJIy4YuM

2n(sinx + cos x)

% % 2n-1

2n

/- (sinx —cosx) _ _I'J-(sinx—cosxj TR
2n(sinx + cosx) ‘0 5 \sinx + cos x
1 1 1 1 1 1 1
[ =——-1 =—— — I _,=—— — .+ (D)™ =In2
T T IS T IS0 R PR T S

¢ dx ¢ d v d
8.38.j :£ al +_j11+2%gx:

dx 1 1 dx
14270 J (1 e g e jdx -

1
e
1 Tigx -zt 1
2427 42 ng
- —|dx =[ ax=1.
;[[2+2 er e ;!‘

8.39. Ilycte M = sup ‘f(x)

x€[0,1]

, &€>0. CymectByer 2: he (0,1) Takoe, uto ass

neex 7 (0,h): |f(t)|<§. Tpu x < h:

h 1
< xf@dwrxﬂft#)‘dt <§+%. Ipu x <0 = min{h,%}
x h

xﬂft#)’dt

MOJIY4aeM OLICHKY MHTErpajia ue€pe3 CKOJIb YTOAHO MAJIO€ MOJOXKUTEIBHOE & , UTO
Y MIPUBOAMT K TPeOyeMOMY Pe3yJIbTaTy.

Bropoe pemenne. Eciu unTerpan orpaHuyeH, To npeaes Hob. Ecnin

YOl Y
t 2

HEeOrpaHuHeH, To 1o mpasmuiy Jlomurams: lim*———=lim—X—=0.
x—0 1 x—0 1

. 2
X X
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8.40. Cnenaem 3aMeHy nepeMEHHOMN y=x-1004. Torna

2(]98x(x—4)(x_8)‘---'(x—2008)dx:

1004

= J. (¥ +1004)(y+1000)-...-(y+4)y(y—4)-...-(¥y—1000)(y - 1004) dy =

1004

= [ (¥*-1004)(3* =1000%)- ..-(y* = 47)- yy = 0.
-1004

TaK KaK MHTETPUPYEM HEUECTHYIO (PYHKITHIO TI0 CHMMETPHYHOMY OTHOCHTETHHO

HYJIS IPOMEXKYTKY.

8.41. Ilycrs [ = J.'Hlnx —In y|e_(x+y )dxdy. Tak kak NOABIHTErPAITBHOE BHIPAKEHHE
00

HE MCHACTCA OT 3aMC€HBI X HAa VY, a )Y Ha X, TO HHTCIPUPOBATh MOXKHO IIO

obmactu D = {(x,y) 0<x <40, 0<y< x}, TO €CTh [ = QJ. dxj.lnﬁe_(”y)dy,
y
0 0

Bo BHYTpEeHHEM WHTErpaje ClIejacM 3aMeHy IEpeMeHHOM Y =1x, f € (O,l) u

W3MEHUM TMOPANOK UHTETPUPOBAHUA

[ = 2T dxj.ln%e_(m)xxdt = —2j.ln ta’toj.7 eI x iy

0 0 0 0
T 1
BrraucnuMm BHYTPEHHH I MHTETPAIT MO YACTSM: J.e_(lﬂ ¥ xdx = 5 -
0 (r+1)
¢ Int ¢ Int
I = —2I >dt =21im | —————dt . Beramciisist HHTerpas Mo YacTsM, IOy THM
o (1+1) 6207 —(1+1¢)

1 1

1=2mnﬂﬁi—m¢+ma+nj —2In2.

e—0\ t +1

=2mn(4mt+ma+nj
e—>0\ [ +1

&

8.42. Jlnst Touku (X,,y,) ¥ yria & mycTh

1+l

g(t)y=g(t,x,,y,,a)= f(x, +tcosa,y, +tsina). Torna Ig(r)dr: 0 s
t
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Beex 1. Jlnpdepenmupys no ¢, monyuaem g(¢+1) = g(¢). dna pyrkuun
Jf(x,y) BBHLY IPOM3BONBHOCTH X, , V,, (! TO O3HAYAET, uTO 3HaueHus [ (X,))

B JTFOOBIX JBYX TOYKAX, HAXOIAIIUXCS HA pacCTOSHUN | ApyT OT ;pyra,
COBMAAAOT. JIt0ObIE ABE TOUKH MJIOCKOCTH MOKHO COCTMHUTH JIOMAHOH, JUTHHA
Ka)XJIOTO 3BeHA KOTOPO# pasHa 1. CnemoBarenbHO, (PYHKITNS TOCTOSHHA, a U3
PaBeHCTBa HyJIIO MHTErpasos cieayer, uto f(x,y) =0.

8.43. a) [lycth
M (1) = [ f (v, My(0)= [of (x)ax .

M@)o en (f)
M(t),M(l‘)—f(l‘), M, (&) = (0).

JnddepeHupys neppoe paBeHCTBO, MTOIyUaeM

M,'\OM @) - M,OM'@) _if OM @)~ f(OM,@) _

Torma x(t)=

x(1)= : _ :
M~(¢) M2(1)
O, M@®) M@, ) .
M(l‘)[ M(t)j_ M (&) (t = x(1) = (In M (2))'(z - x(2)).
Cre1oBaTebHO,
X' _ x(s)ds
(InM (1)) = X0 — M (1) = K ex (J‘ e )

Orcrona

X (s)a’s x'(t)

S()=Mt)=Kex p(j

— x(s) t—x(t)
= 1 MoJIiydacm = 1= x'(l) OTKvVaa = 1_ x(l) TakK
IIpu ¢ =1 nony f(Hh=1=K —x(])’ yra K o) . Urak,
1-x() x (t) X (s)a’s
J0= t—x(t) x (I S — x(s)

2 2
6) Hepasenctso x(7) > Et nepenuiem B Bune M (1) > EtM (¢).Tlpu t =0,

OYEBUIHO, IMEET MECTO PABEHCTBO. I109TOMY IOCTATOYHO JI0KA3aTh, YTO MPH
r>0:

M, '<z>z§<zM'<z>+M<r>>,

TO €CThb HCPABCHCTBO
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#0300+ [ F(a),

KOTOPOE PaBHOCHIBHO cnenyromemy If (¢) > ZI f(x)dx.

f()

U3 Beinykinocta [ cnenyer, uto f(x) < =——=x mua seex X € [0,7] (rpaduk

JICKUT HIKE Xopasl). MaTerpupys, HonyqaeM.

if(x)dxﬁ@lxdx%w),

4T0 U TpeboBaiock. Paccmorpum dyHkimio g, rpaduk KOTOPOH MOMyUEH U3
rpaduka f cMMMETpHEN OTHOCHTENBHO IPAMOM X + ¥ =/ M CIABHIOM Ha

{ — f(¢). Ona BBImyKJ1a BHU3, @ LIEHTP THKECTH €€ noarpaduka Ha OTPE3Ke

[0, 7(¢)] nmeer xoopmunarer ( f(¢) — y(¢),t — x(¢)), Tak kak OH MOABEpPraeTCs
TeM ke npeodpasosanuaM, uto u noarpadux /. [TosTomy nepBoe u3
J0Ka3bIBAEMbIX HEPABEHCTB, CIIPABEAITMBOCTh KOTOPOTO YK€ YCTAaHOBIICHA, S &

3ammuchIBaeTCA B (popMe, SKBHBAICHTHON BTopOMy misa f

JO=y0)= f(t)

W” — _1 .
= y" <0, crnegosatenbHO, TpaWK  BBINYKIBIH  BBEPX.
91 y>0
= p(p L =1 () =21 21
y'= p(y),ypd—y =—1=") =2In(Cy),y' = n— Ilpu
y=m, y':O(maX):Clzi; >0 mpu xe(ca), ¥y <0 npu
xe(a,d), v(a)y=m.
dy 7
Pemenus: x, —I—+C,TaKKaK xl;>oc; X, J. +d , Tak Kak
‘/—21n— 0 ‘/—21n—
m m
Yy
x, —>d; xz—xlz—2f i +d-c
y—0 %
0 |-2In<

x,(m)—x(m)=0=>d-c= 2I 1 =x,-x=

-2 ln—
\ m
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.T , S = _T(xz (V)—x,(y)dy = ZT dyTL
y\/ﬂ 0 o v lomZ

m

=2

o]

dy = T _ = = Imze_’zdt =m*Jr.
0

,/—2ln£ ,/—2ln£ y 2=
m m

[Mapamerp muaxoautcest w3 cootHorreHus (1): m=(d —c)/(2+/2x). 3uauwr,

S = (d ) /(8J7).

dz

O ey B
Oty N

I(o(ax)da = J.(o(z)x dz , T.e. ypaBHEHHE MMEET BH]I I(o(z)dz nxg(x).
92. 0

I/n

[Tycth F(x)= J.(o(z)dz, F=nxF' F= c|x Huddepeniupyem:
0

(1- n)/n

¢ =clx
9.3.smy—z:>z’:x—z:>z:x—1+ce‘x:siny.

94, X —t'=(x-1)]+2(x-1)> );—3 = I(x —t)Y o(t)dt + 2T (x —)te(t)dr .

I[enaeM npeoOpazoBaHue Jlannaca:
2 |

— —(I) —(I) () =cp+~—,1k O

7= AP PP = R(p)=cp+ 7, T B(p) -

nzobpaxenue, 10 D(p) > 0=>c=0, TO0e€cTH
p—>®©

(p) =55 =00 = 5.

3ameuanne. MoxHO pemiath no-Apyromy. UtoObl u30aBUThCA OT MHTErpaja,
npoauddepeHIMpPoBaTH, COKPATHTh HA X W CHOBA TIpoaudpepeHInpoBaTh.

9.5. V' +q(x)y =0=q(x) =~ = [q(x)dx = [ (- 2-)dx =
y=0 y 5 5 y
) W@ o 2
—J.ldy' S - J. (Lj dx <0 wbO BHEMHTETPAJbHBIM YJIEH pPaBEH HYJIIO,
0V Vi o\JY
HOCKOJIBKY (@ — TIEPHOI.
98. He MOJKET, TaK KakK

V" + py'+qy =cosx + p(x)sinx+qg(x)(1— cosx)\x:0 =1#0.
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4

99. W3 ToOXIecTsa (e‘”y2 +e‘b(y')2) = —(a'e“’y2 +b’e‘b(y')2), rae

a(x) = _[H '(8)ds m  b(x)=a(x)— H(x) - nBe neyObiBaroine ¢yHKINH.

BI/II[HO, qTO CTOSAIIAs B JICBOM 4YacTH TOXKACCTBA IOJ 3HAKOM HpOHSBOI[HOﬁ

nonoxkurensHas  Qyukums  p(X)  He  Bospactaer.  CrenoBaresibHO,
TH'+(s)ds
¥ (x) < p(x)e”™ < p(0)e” , T.e. pynkims Y(X) orpanuyeHa.

9.11. y"=—bx'=bay, y= Cle@t * Cze_@t: x=-C, \/%ewt + Cl\/%e_@’. U3

1 b 1 b
HAUAJIBHBIX  YCIOBHH, ) = > Vo — \/:xo eV + > VY, + \/:xo bt~ 0 =
a a

b
yo"‘axo

2abt — b— Ecnu apo0On Oofibiiie HyJIS, TO CYIIECTBYET Takoe [, TO
A/ a Yo

—e

€CTh YCJIOBHC: \/on >\/7 ay.

Bropoe pemenue @:__:I ydy = I xdx, Y 22 _¢ . cemeiictso
dx ay a?

Yo _bxi Yo _bx;

2 a2 MY a2

Yo bxo

T.€. BBIATPACT BTOpAs apMus, €CIA 5~ — <0, To BHIMIpaer mepmas, €CiH

2 a?

runep6on, C = > (), To ¢ poctom ¢ Gyner x(t) — 0,

Ib
Vo = Exo, TO HUYBA, T.K. 002 00paTATCcA B HYJIb.

1 d
9.13. Vi =0>——(y'+z') =0y + 2t = p(0) =1,
yy 1 (v ) y v(0)
z(0) = 0= y* + z* =1 - 3apaer 3amkHyTYyI0 KpHBYIO Ha nnockoctH (V;z). Ilycts
(f(x);g(x)) - pemenune. HaiineMm CKOpOCTh V JBMXKCHHS TOYKH MO KPUBOW:

v=(f():g'0)= (g @ )P = (D) +g’ ()= =) +2°, om
(byHKUMSA paccMaTpuBaeTCd Ha 3aMKHYTOM OrpaHWYEHHOM KpUBOH y4 +z' =1
Ona mocTuraer TaMm HauMeHblIero 3HaueHus. Ho y6 +z°>0> y6 +z°>¢>0
ITOCKOJIbKY, €CJIH TaKOr0 C HE CYMICCTBYCT, TO y6 +z° nocruraer snauenns 0 B
HEKOTOpOH Touke X;, HO Torma ¥y =0 wu z =0, uero He MOxeT OBITH W3-32

y* +z% = 1. PaccmatpuBaemas kpuBas orpaHuueHa. Pas ckopocTh Gomblie MM

paBHa Je > 0, TO mpu HEKOTOPOM X =X, MBI NPUAEM B HAYAJIBHYK) TOUKY
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(y:z) = (1,0), HO 5TO O3HauaeT, YTO MBI MOJAYYHM Ty K€ camyro 3amauy Komm,
CJIEZI0BATENILHO, MEPHOJ PABEH X,,.

1 . T
9.14. z = snax; x,=-—.a> 0. Paccmotpum V"' +a’y = f(x)<0. Peurenne,

YJIOBJIETBOPSIOIIEE HaYaJIbHBIM YCIIOBHSAM:
X

y=a'sinax+a’ | f(t)sina(x—t)dt. Eom  f(x)<0, 10 npwm
0

O<x<ma™; t<ma'sina(x—1t)>0, cnenoBaTenbHO, HWHTErpal MEHbIIE

HYJI, clegoBatenbHo, Y <a  sinax =z,y'(x)=cosax+ I f(t)cosa(x—t)dt .
0
Opu 0<x<mRa)™;y'(x)<cosax, 1tk cos(a(x—1)>0;, f(£)<0 (re.

WHTETPAJI HE TIPEBOCXONAT HYJIS).

9.15. 0=y (") +2y'(")Y -1+ )" =0=y"+
! "~\2 ~N2 " ~N2 N2
L2200 ((ﬂl;(y) )y :y,{n({) j SR L5 N
y y

" " ! AN ! ! 1 !
=>Cy'-1=»"+")V =) =Cy -x+C, = =5(y2) =

= Cy— %xz +Cx = % v+ G - OKPYKHOCTB. Emre peleHue:

y'=0=>y=Cx+0C,.

9.16. y' = —y* — k(x). llonycTum, 4T0 y HEOrpPaHUYEHA.

I)Iycte y>a= y'< 0=y yObIBaeT, clicI0BaTEIHHO, TPOTHBOPLCUHE.

2) Iycts y < —a. CpaBHUTb ¢ ¥, = —V; +a’ - ero pemenue Y, = cth(—ax + b)

MMeeT 0COOEHHOCTh B Touke X =—, J, —> 1, y, = 0.
a X—>0 X—>0

9.20. ITonaras x =0, Haxoaum y(0) =1. I[TocnenoBareabHO

nuddepeHIupys ypaBHEHUE U rojaras x = 0, mojydyacm
y'(0)=0,2y"0)=-1, y"(0)=0,
(1+C2+CHY(0) =8y (0) =1,

(=D"

22k—l 2

(1+Co + 0y ..+ C3)p(0) = 277 y(0) = (1", 77 (0) =

(2k+1) .
y0)=0.
Terneps AErko BUIETh, YTO

I Ry |
YO =12 o 227)(

N | =

2k
j —1:20052—1.
2
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HaiineHHoe perieHre MOKHO HalTH U ApyruM myTeM. HajnoskeHHoe Ha
y(x) ycnoBue o3HavaeT, uto psia Teiinopa

y(x+1)=y(x)+y'(xX)t +..+ y<”>$x)
n

Cxoautcst K y(x+1¢) I BCeX BEMIECTBEHHBIX X, 7. [lojacTapmsis ¢t = tx. u

CKJIaJbIBask PSAIbl, MOJyYaeM YABOCHHYIO JIEBYIO YaCTh YPABHEHUSI.
3HauuT, y(x+x)+ y(x—x)=2cosx, T0 ecThb y(2x)— y(0)=2cosx,

"+

X
OTKyJa y(x)= COSE —1. IIpoBepka NOKa3bIBAET, UTO Ta (PYHKLUS

yJIOBJIETBOPSET YPABHEHHIO.

9.23. QueBuaHo, uto npu ¢ € R kpusas y = fsinx + {? OTBEYAeT MOCTABJICHHBIM
ycnosusM. O6patHO, mycTh (DYHKIUS YAOBIECTBOPIET YKA3aHHBIM OTPAaHHUCHHSIM.
Torma ynxmma  z(x)= y(x)+(»'(0))° 6yayunm pelieHHeM ypaBHEHHs
z'+z=0;, z(0)=—z"(0)=0 MEET BH/
z(x)=tsinx = ¢ =z'(0) = y"(0) = y(x) = z(x) + £* = tsinx + £*. Teneps
3amaua nepepOpMYNMPYETCs TaK: udepe3 Kakue TOoukM (X))) TMPOXOAUT
CIMHCTBEHHAs KpHWBas BHAa V =[SINX + ¢ 2 92 T.e. Bompoc CBOAWTCA K
OJJHO3HAYHOM pPa3pelIMMOCTH KBaJpaTHOro ypaBHenus [(°+¢sinx —y =0,

2
paBHOCHIIBHOM yciosrto Sin” x +4y = 0. Otser: y = —(E sin xj .

9.24. z=cny, =2 (Z +27) = (e(ny) )
(47 (S, - 24200200, =y, + 3 03) +¢7 =

=fN)+ () (AT —nn ) e =

= f(X)+ VY, )_2 (_4_1(W(y1;y2 ))2 + 64)-

Bponckuan pemennii Y, u ¥,. W(yy,y,) = const # 0, nosroMy CymecTByer C,
IPH KOTOPOM BTOPOE ClIaraeMoe OOpalaeTcs B HyJlb, T.€. BCE BHIPAKEHHE PABHO
f(x).

9.25. Ecnmu u,v - nuHEHHO 3aBUCHUMBI, TO YTBEpXKIACeHHE oueBUAHO. [IycTh U,V -
muaeiino  HesaBuemMbl. Torma W(x)=uv'+u'v=c#0. 3amermm, dTO
u'(o)u'(B) <0.  JHeiicreutensno, npu  u(x)>0 Vxe(a;f) umeem
w(a) >0, w(P)<0, rx. ecm u'(a)<0, 10 w'(x)<0 B HEKOTOPOH
OKPECTHOCTH TOYKH OL, ¥ TOrAa #(X) CTPOro yObIBAaeT B 3TOM OKPECTHOCTH, B
uactHocTH, U(x) < u(a) =0, nporusopeune (anamormuno #'(B) < 0). Tak xak
c=W(a)=-vu'(a), c=WP)=—vPuwP), 1  v)v(f)<0,

crieoBarelibHO, mo Teopeme bonbiano cymectsyer ¥ € («; f): v(y)=0. Ecnu
V(7)) =0=v(2,); 1.7, (@ p);
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Y, <7Y,, TO, NPUMEHASA JOKA3aHHOE BhIIE (C MEPECTAHOBKOM 14,V ), HAXOAUM
6 €(y,;7,) Takoe, uto #(0) = 0, uTO NPOTHBOPEUHT MPEAMOIOKEHHIO.

9.26. ydy = x(x* —1)dx = y* = (x2 —1)2 +c—1.

N

\\

f/ X

L

Pucynok cummMmeTpuueH
2
orrocutensro OX u OY . Kupras munms: y° = (x2 — 1) —1.

9.27. TloacTanoBKa X = €' CBOAMT ypaBHEHHE K JMHEHHOMY. MeTomoM BapHaluu

IMPOU3BOJIBHBIX  ITOCTOAHHBLIX  HAXOJHUTCA  PCIICHHC, KOTOpPOC C YUCTOM

X 1 X
OrPAaHMYCHHOCTH  HMMEET BHI ) = %J. f(s)ds— 3—2.[ s’ f(s)ds. Ortser:
0 X 0

—%SySO

9.28. D(x)=(C, +C,x+x*)e"; D' (x)=(x* +(2+C,)x+C, +C,)e* >0,
Vx=>D=Q2+C)l-4C,+C)<0=C, >1+47'C5. Haitnem
JUCKPUMHUHAHT D, JUTS

C+Cx+x* D=C-4C,<C;-4-C5=—4<0= d(x)>0.

9.29. BhIMONHEHBI YCIOBHS TEOPEMBI CYIICCTBOBAHUS M €IMHCTBEHHOCTH PEILICHUS
samaun Komm. y =1,y =—1 apnstorcs penienusimu. 3HAUYMT, U HAYAIbHBIX
nannbix —1 < y, =1 cymectByer penienne, KoTopoe OYAET 3aKIIOUEHO MENKIY
stumMu. OHO 3aJaHO0 Ha Bced ocu. J[eHMCTBUTENBHO, €CIHM CYIIECTBYET
MaKCHMaJIbHOE 3HAUCHUE X = X, I WHTCTPAIbHON KPHBOM, TO HMEEM PEIIICHUE
3amaun Kommm ¢ ycJIoBHEeM B 3TOM TOYKE M TMOJydacM PEIICHHE B TOUKE, MpaBee X,
YTO MPOTHBOPEUHT MPEAMNOIOKCHHIO.

tde I dx
9.30. |x(t,) ()| = IZdt sjg

11 0

¢ dt dt

dtSJ. < J. =M - cxomures, TO
“1+17 C 1+t

€CTh pEIIEHNE OTPAaHWYCHO (OTKIOHCHHWE B JIIOOOW TOUKE OT (PUKCHPOBAHHOTO

3HaueHHs He mpeBocxoautr M).
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x 0 x
9.31. X—u=v, Ie”f(x—u)du = —Iex_vf(v)dv = exfe_vf(v)dv =
0 x 0
= sin x; J.e_v f(v)ydv=e"sinx. [pomuddepeHnupyem
0

e f(x)=—e"sinx+e " cosx; f(x)=cosx—sinx.

Bropoe peleHue. Henaem npeoOpa3oBaHue Jlammaca:
Fp) 1 . F(p)= p_lz,f(x):cosx—sinx.
p—-1 1+p I+p
1
9.32. ueC’=u"=u'=u=C +C,e; J.O u(s)ds=C, +C,(e-1)=

:>C2ef=C1+C2ef+cl+cz(e—1):>cl:Czl‘Te.

Orser: u(t)=C, (I_Te+ e').

933 Y =Pcose2- P°<py2—-p° <L, y(x)<x mpm x>0. Tlockombky

pEILEHKE JIEKUT B Kpyre P < V2, 10 Y(x) < x Breuer y < 1. Orpuuarenshbie
3HAYEHUS X MCKIIOYAKOTCA U3 PACCMOTPEHHSA B CUITy YeTHOCTH V(X).
9.34. Honoskum ¢ = e*. Torma y, =y, -e*, yI =yr-e** +yle*, u ypabHeHue
npeoOpasyeTcs K BUIy

vy, +16y =0.

Ero pemenne:
y=C;sindt + C, cosdt

y=C, sin(4ex)+ C, cos(4ex).
9.35. (xy)"— xy=0

y=C £ +C, ‘
X X
IlepBoe ycnosue paprocwibHO C, =—C,.
et —e™* 3 2- ;

Bropoe yciopue y=C ; = C

poey 4 1[ X ]ln16 n2
G :l. Otser: y =%.

2 X

9.36. Umeem



170

dy dy

Z=l+x+y =

d b
Y >dv= [dv=b-a<

21+y2 :>1+y

T T
Sarctgb—arctga<5+5:7r.

9.39. Ilycts b — CKOpPOCTh BHIMAACHHs CHeEra (yBEITHMYECHHE TOJLIMHBL CHEXKHOIO
MOKPOBA 3a €IMHUILY BPEMEHH, CM/4ac), ¢ — TIPOU3BOAUTEIHBHOCTh YOOPKH CHETa
(YMCHBIIIEHUE TONIMMAHBI CHETA 32 €UHUILY BPEMEHU HA €IWHHUITY JUTMHBI IIOCCE,

cm km/4ac) Ilycte cHer Havazcd 3a [, 4acoB 10 NONyaHA. B MOMEHT BpeMeHu !
nepea Opurafoi HaXOAMTCS y4acTOK IIOCCE, MOKPBITHIM CIIOEM CHEra TOJIHHON
D(t+1,) cM. A CKOPOCTb M TIEPEABHXEHUS OPUraibl MO IIOCCE COCTABISIET

c/(b(t+1,)) xw/uac. 3a spems T Gpuraga yAanurTcst OT HAYAIbHOH TOUKH Ha

paccTosTHUE

;!‘ :Ib(t+t) b(ln(z‘ +T)—Inz,).

ITo yenosusam X(2) =2, x(4) =3 umeem cucteMy ypaBHEHHI

Elnto+2:2
tO

< 4

Cnlt? 3

b1,

U3 penrenus cucteMsl OIyduM f, = J5-1=1 yacldmun .9, 8cex.

9.38. Ilycte z=xt. Torma f(x)=x" +gj.f(z)dz = xf =x +2_[f(Z)dZ,
X 0 0

[Iycte  F(x)= J. f(2)dz, xF'-2F —x’ =0. Pemenue 5TOr0 ypaBHEHHS:

F(x)= x° +Cx?. Torna: f= 3x% +2Cx. [TpoBepkoii yOexkaaeMcs, 4ToO HOAXOIUT
moboe C.

9.39. VYpaBHEHHEC TMEPENKCHIBACTCS B  BHUJIC J.tf (t)dt + xJ. f()dt =211 (x).

JIBykpatnoe auddeperumpoBanue mgaer: Af "(x) + f(x)=0. Pemas ero, wu3
1

(7n)

Hy kHa mpoBepka. KpaeBbiM yciaoBusaMm yaosierBopser f(x) = Csin(znx). ITocne

KPAeBBIX YCAOBHM Haxomum A = . Ilockombky ObLT0 muddepeHIIpOBaHTE,

2

MOJICTAHOBKH yOex)aaeMcs, UTo 3Ta QYHKITUSA HE TTOAXOAUT. PernenHuii HeT.



171
9.40. IlpennonoxuM MPOTUBHOE U MYCTh X =d - TOUKa Makcumyma. MHTerpupys
ypaBHenue B mpeaenax ot 0 mo a, mogyumm: (y"+ yy')|Z :I(2y'2+1)dx>0.
0

[TpoTuBOpeume, Tak Kak JjieBasd 4acTb He OoJibiiie 0 B CHJIy KpaeBOro YCJIOBUS H
TOTO, YTO B TOUKE d - MakcumyM (1o ectb y'"(a)<0).

14 ! 3 !
9.41. Jlenum fnanHOE ypaBHeHHUE Ha 4)° : Y - 1 (Lj . O003HauUUM z = L, TOorAa

Y Y Y
n, M2 " ' 2 " "
R 2y :y__(Lj :y__sz OTKYa Y _ 242 Tlogerapmas B
Y Y Y Y Y

1
2 3 3 2
ypaBHEHHE, MOJIydaeM: z +2z' = sz Wi z' = sz —z°. Ilogenum mMOWIEHHO HA

2 Z' 1 1 Z' !
z%. —=-—xz-1. OG6o3Haumm u=—, OTKyga —y=—U, TOTJA YyPaBHEHHUE
4 z z

X
npespamaercs B u' =1 " Beenem wu=vx. Torma u'=vx+v ®u ypaBHCHHE

u
2
, ., v =v+0,25 , (V—O,S)
MpUHUAMACET BUA VX +Vv=1—-— wmm V=——————"— TOCCTh V =—>——
4y VX VX
KOTOpPOE SIBISETCS YPaBHCHHEM C Pa3JCIAIONIAMHUCS TICPEMEHHBIMH W C
1
HadaibHBIM ycioBueM v(1)=0,5 Tak kak v:—:L,. [Tpu TakoM HaualbHOM
Xz Xy
YCJIIOBHH YPaBHCHHE HMMECT CIWHCTBECHHOE PCIICHHE — MOCTOSHHYIO (QYHKITHIO
_ Y _
v=0,5, uto o3Hauaet, utro — =0,5. Pemas 310 ypaBHeHHE ¢ Pa3ACIAIONTUMHUCS
xy'

TepeMeHHBIMHI TIpH HadanbHoM yenosun y(1) =1, monyunm y = x°.

3aMeThM, 4TO pEIICHUE y:x2 3agaun Komm moxer ObITh yragano. Toraa anis

OKOHYATEJIbHOTO PEIICHUSA 33/1auid HEOOXOAUMO MPOBEPUTH BHIMOIHEHHUE YCIOBUN
TEOPEMBI CYIIECTBOBAHUS U €AMHCTBEHHOCTH pellieHus 3aaaun Ko,
9.42. YMHOXUM NIEPBOE YPABHEHUE CUCTEMBI HA

yyvv+(yv)2 =x'y-|—xy'

x'y+xy'=1
" ! 2 ! ! ! ! ! (y'y)' = 1
3aMeTuM, 4To yy—i—(y) =(y y) uxy+xy =(xy).T0rJ:[a ' :
(x)'=1
Otkyma w3 mepBoro  ypasHenus momydaem yV'y=1+C,, 3Haumr,

y2 (t + Cl )2
ydy = (l‘ +¢ ) dt, T1o ecTb 5 = 5 +C,, CIIeI0BATENBHO,
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y= i\/(l‘ + C1 )2 + éz . Torna u3 BTOpOro ypasHenus Haxoaum x: Xy =1+ C,,

t+C, t+C,
,UTO JaeT X =T — .
Y \/(t+C1)2+C2

9.43. Tlokaxem, 9TO CymecTByeT PyHKIMA ¢(X) Takas, 4To QyHKIHH exp(ic(x))

TO €CTh X =

YIOBJIETBOPAIOT ypaBHeHUto y"+a(x)y'+b(x)y=0. IloacraBnsas exp(ic(x)) B
3TO YPaBHEHUE, MOJTyUaEM:

ic"+(c')2iac'+b=0 = J_rc"+(c')2$2—l;c'+b=0 =

c" b b ¢ ¢ b c'
| ——— |+c+—=0 = | In—— | +V/-b| ———|=0 &« —=1
(c' 2bj c' ( \/—b] [\/—b c' ] N

< c¢(x) — HekoTopas nmepBoodpazHas GyHKIMA /—b(x) Ha X
9.44. a) Her. B Touke xacaHus KPUBHIX y JBYX PEIICHUN OMHAKOBBIC HAUATHHBIC

naHHbIe (3HaueHWEe (QYHKIMA W €€ TPOW3BOMHON). 3HAYUT, 1O TEopeMe
CYIIECTBOBAHUS W C€AWHCTBEHHOCTH pemeHusa 3agaunm  Komm  pemeHue

eIMHCTBEHHO. UTO MPHBOUT K MPOTHBOPEUHIO.
6) Jla. Hanpumep, ecnu q(x) =—1, y"—y=0, y=ce +c,e””. Menss ¢, u
C,, IOJTY4MM HY’KHBIE PENICHHS.

B) Het. B Touke nepeceuenus y rpadikoB pa3Hblid XapakTep BBIYKIOCTH, TO €CTh

pa3HbIi 3HAK BTOPOM MPOM3BOJHOW, TPUYEM OHA HE paBHa HymoO. Ho

"

y"(xo) = —q(xo )y(xo), TO €CTb (xo) y oboux TpaduKOB JOJIKHBI
coBmajath. UTO MPUBOANT K MPOTUBOPEUHIO.

9.45. Ilpoauddepenmupyem 06e 4aCTH MO X:

5y +2yy" = x+y'+x(1+y”), OTKya (y"+2)(2y'—x) = (. 3naunt

"_ X r_ X
y'==2 wm Yy :5. To ectb, Yy =—2x+C wm Yy :5. [ToncraBus

2
c

2
MMOJTYYCHHBIC BBIPAXKCHUSA B YPABHCHUEC, TIOJIYYUM JIBA PEIICHUA. Y = CX — X — —
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9.46. A(x,y) =2xXy+x +1, A'y (x,y) = B(x,y)=2x", D(x,y) = 6xy°,
24,(x,»)=C(x, ) =2(6x"y +1), C,(x,3) = 2D, (x,y) = 24x.

BrimonHeHHE 3THX YCTOBUH TTOKA3bIBACT, YTO TAHHOE YPABHEHUE €CTh YPAaBHCHHE
CO BTOPHIM MONTHBIM updepernmamom. Toraa oOmuit HHTETpaUT:

Y X t
I(2x3y+ x+1)dy+ Idt I6Ty2dr =
Yo X0 X0
3.2 3.2 3.2
=XY XYY =XV, XYy VT XY, =X TG,
9.47. a) B nanHbIii MOMEHT BDEMEHH B OPTaHU3ME HE MOXKET HAXOIUTHCA OoJiee m
rpamMmoB A, uepes 4 uaca ero craret 71/ 4. 3HaunT, NPOMEKYTKH BPEMEHH
MEXKIY TPUEeMaMy HE MOTYT TPEBHITIIATH YETHIPEX YaCOB. ECITi IPUHSATH B TIEPBBIHA
pa3 mrpaMMoB, a 3ateM 110 371/ 4 TpaMMOB Yepe3 Kaxable 4 yaca, TO yCIIOBHS
3a7a4u OyAyT BBITIOJTHEHBI.

6) Ilycts x(2), () - macce Bemects B u C COOTBETCTBEHHO, TIPUCY TCTBYIOIHE B
opraHu3Me 4yepes Bpems [ mocie npuemMa jekapersa B. Torna

. In2
:——x,
12
o 2 1 2
VT YT T T
OTKyJa
x(t):2_§x0,

)

t t
y()=2 24(x0 +y0)_2 12xo-
CranpmaptHoe uccnenoBanue )(f) Ha S9KCTpeMyM MOKaseiBaeT, uto V(f) mocturaer

MaKCHMyMa IpH [ = {,, TA€ {, ONPENEIAECTCA U3 yPaBHECHHUS

R 2)
2x,

CnemoBaTebHO,
2

)M—x X0 Vo :(xo‘i'yo)z- 3)

2x, ’ 2x, 4x,
[o ycnosusim 3agaun ¥, u max y(t) <M , orkyna x, <4M . Orser: 4M .
t

max (1) = (x, + 3,

B) IlycTh nprHUMaeTCA NOCTOAHHO 1O 7 rpaMMoB B. O0o3Haunm yepes X, , ),

Macchl BemecTB B u C, cootBercTBeHHo. Cpagdy nociie # —ro npueMa. Torma
X, 1>V, MOXHO HaiiTh, moactasmsiaB (1) 7 =24, X,y B KauecTBe HAYAIBHEIX

JTAHHBIX U J00aBJIsAsg 7 K Macce BenlecTna B:
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1

X, =—X +7,

n+l n

x,+ty, 1 1 1

yn+l_ 2 _anzayn—i_an?
| | |
Takkak X, =7, 10 X, =—7r+7r, X; =—F+ —r+7r, uT.a C noMome METOAA
4 16
. 4 1
MaTeMaTHIeCKON HHAYKIMK HETPYIHO JOKa3aTh, 94to X, = —| 1 — 4—n 7, OTKyJa

(TakuM xe crocobom) X, +y =2|1- o r . Haiinem Hanbosibliiee 3HAYEHHE

V(t) mexay n—wmu (n+1) —m npuemamu nexkapcrsa. M3 HaiineHHBIX

BBIDOKCHHUH [UIst X, U X, + ), ciaepyer,uro X, +y, <2x ,n=1.

Gyrn) 3@ 32
4x, 4 4" -1 4 2" +1

HUCIIOJBb30BAINUCDH HaﬁHeHHBIe BRIPAXKEHUA JUId X W X+ . AT BCEX 11
n n n

H, r

JOJKHBI OBITh BBITIOJTHEHEI HEPABEHCTBA LI, < M . D10 BO3MOKHO TOTa U TOJIBKO

Torja, koraa ¥ < EM . Otser: EM .

9.48. IlpuBeneM OCHOBHYIO YacTh pelieHus. Caenaem 3aMeHy

z=y-x, z'=y'—1. Nycrs p(z) =z —az. Torna nonyunM ypasHeHue

z'=p(z)-1. 1)
[Tpoauddepenmpopan Mo X , HOIyIHUM
z"=p(2)z'=pi2)(p(z)-1) (2)

MoxHO TToKazaTh, uTo kaxaoe pemnieane (1)- Monoronnas ¢pynkus. Ecim npu
5ToM Z(X) HENMOCTOSHHA, TO OHA HE NPMHAMAET 3HAYEHHUM, PABHBIX KOPHAM
muorouwnena p(z)—1. Ucnone3ys Teopemy CyIecTBOBaHUS M €IMHCTBEHHOCTH

petenuit /1Y, MOXKHO J0Ka3aTh, YTO MHOXKECTBO 3HAUEHUH JTFOOOTO
HENOCTOSHHOIO PELEHHA CTh OJJMH M3 OTKPBITHIX HHTEPBAJIOB, HA KOTOPBIE
Pa30MBAIOT YUCIIOBYIO IPAMYIO KopHu ypasHerus p(z)—1= 0. Paccmorpum

OJHH U3 TAKUX UHTCPBAJIOB U BBIACHHUM, KAKHUC 0COOEHHOCTH MOI'yT OBITH y
pPeIICHHUA HCXOAHOI'O YPaBHCHUA, MHOJKCCTBO 3HAUCHUN KOTOPOIO paBHO 2TOMY

untepsany. Tak kak y'= p(z), To U3 CyLIECTBOBAHMSA SKCTpeMyMa y (PyHKIMH
Y(X) cnemyer, 4TO B pacCMaTPUBAEMOM MHTEPBANIE HAXOAUTCS KOPEHb yPABHEHHS

p(z)=0,artakkak y"=z", 10 TOuKe mepernba Gpynxun y(X) COOTBETCTBYET,
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cormacHo (2), skcTpeMyM MHOrouneHa p(Zz) (HamoMHHM, 9TO KOPHA MHOTOUJIEHA

p(z)—1 sBnsoTcs KOHIAMM HHTEPBAJIOB, KOTOPBIE MBI PACCMATPHBAEM.
UckmounTenbrbli cnydaii- @ = () (KpHTUYECKOH TOUKE HE COOTBETCTBYET
skerpemyM p(z), 3Hak y" He mensercs). Takum 06pa3oM, NOBEACHUE PEIICHHS

3aBMCHT OT TOTO, KAKOBO MHOKECTBO 3HaYeHnH QyHKumK Z(X), ¥ Kakue 0COObIE
TOYKM MHOTOUNIEHa P(Z) 3TOT UHTEPBAN COAEPHKHUT. B cryuae GECKOHEUHOTO
MHTEPBaJIa HEOOXOAUMO YUHTHIBATE, 4TO Tpaduk Z(X) MOJKEH HMETH
BEPTUKAIBHYIO aCMMIITOTY (3TO JIETKO MPOBEPUTH HEMOCPEACTBEHHO JUTS
ypaBHeHHs Z' =z, a B PACCMATPHUBAEMOM CJIy4ae MOKHO HCIIOIb30BATH

7
HEPABEHCTBO |Z" > C‘Z ‘ msa mexoroporo ¢ € (0,1) u Bo Bcex mocrarouno

OOBIHAX TIO MOTYJTIO X ).

¥'(x) = f(x)
10.1. xf'(xy):f'(y)

ClleI0BATENbHO, W (x)=C = f1(x)= Lo fx) = | Sgy- C lnx+C,.
X X

}:xf '(x)=yf'(y) - BemONHEHO A JEOGOTO Y,

[Toxncrasus B ypaBHenue, nonydaem C, = 0.
Bropoe pemenne. T.x. x#0, moxuo cumrath, uro f(x)=F(Inx). Torma

u=Inx,v=Iny, Flu+v)=Fu)+ F), F'(u+v)=F'(u), F'(u)=c,
Fuy=cu+b. FQRu)=F(u),b=0, F(u)=cu, f(x)=clnx. 3amerum, uro
eclM  WMCKaTh pelleHWe Ha BCe OCH 32 HCKIIOUYEHHWEM  HYJSA, TO
f(x*)=2f(x)=2f(=x), To ectb PyHKkums yerHas u otet: f(x)=cln |x|

10.2.

X e rae— o — L o neee n
x+1 1+x 1+ x | 1
+1-——

I+ x
OpUMEHEHU I (hopMyJIbL: fx)=f (I—Mj—) f(0), T.K.

I+nx )no=
1+1_L_1_H7x_ (dopMyna MmpoBepseTcs MO MHAYKUUH. IlycTh

T+x T2y - POPMYI TPOREP AR Y

h— o, f(x) - nenpepsiBHas pyakmus, uf (x) — f(0), HO Ha moGoOM mare oHa

paBHa f(x), cnenosatensHo, f(x)= f(0), 1.e. otBeT: f(X)= const.
Bropoe pemenne. f(x)= F(1/x), x#0. 13 HenpepsiBHOCTH f B HyJiE CICAYET
cyiiecTBoBanue mpeaena F Ha Oeckoneunoctu. F(1/x)=F(+1/x), T0 ecth
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F nepmommuna ¢ mepwomom 1. F(l/x)=F(m+1/x) > f(0). Orcrona wu

CJCIyeT MOCTOSHCTBO F', To ecth U1 f .
10.3. Scho,uto f(0)=0u lingf(x) =0. Jlanee,

f@=x- ) =x-E - SN =.. -

:x—§x+(§j x+..+(-1)"" (gjn_ x+(—1)"f[(§jn x]:

1—(2/3)"

x+(-1)"f zj x |. Ilepexoas k mpeaeay mpu 7 — o0 U MOJIB3YSIChH
1+2/3 3

3
HETIPEPHIBHOCTRIO f B Hylle, monydum f(x)= gx, xe R
Bropoe pemenue. Miiem uactaoe pemienune B Buae f(x)= Cx, 13 noacraHoBku
B ypaBHeHue Haxoaum C =3/ 5. Uiiem penienne B Buae f(x)=Cx+ g(x),
g(x)+g(2x/3), g(x)=(-1)"g((2/3)" x). VI3 HenpepbIBHOCTH MPH /1 —> O
HOJTyYaeM, 9TO Ipeen cymecTByer, Toiabko ecu g(0) =0 (unage usz-3a (—1)”

npejena HeT, HO OH ecTh U paBeH g(x). Urak, g(x)=0. f(x)=3x/5.
10.4. TlponuddepeniupyeM paBeHCTBO TIO X

POy (X + ) O(X = ¥) + @y (X = ¥) - 9(x + ¥) = 20(x) - ¢ (x). 3atem
npoauddepenuupyem mno y.
P (X + 1) (X = ¥) = Py (X = 3) @y (X = ¥) =
_(o(nx—y)(x —y)-p(x+y)+ ¢('x+y) (x=y) ¢(Vx+y) (x+y)=0 . 3nauwr,
P +Y) _ Py (X—Y)
P(x+y) P(x—y)

, T.K. IICPBOC OTHOIICHHUC 3aBUCHUT TOJIBKO OT X + Y,

@ (u)
O (u)

a BTOPOE OT X — ) ¥ OHU PaBHBI JJIA JIOOBIX X, ), CIIEAOBATENBHO, =cC.

a)c>0 (c=m")= o(u)= Ae™ + Be™ => A=-B =

= @(u)= A(e™ —e™") moacraBuM B HaYATLHOE PABEHCTBO.
6) c<0 (c=-m) = ¢o(u) = E cosmu + Dcosmu =

= @(u) = Dsinmu.
B) c=0= (1) = Fu= F- moboe.
10.5. Iycrp f(x) - mckomas ¢pyHkuus. [Tonoxum B yciioBuu 1) y = X, momydum,
yro npu Jobom X € R, umcnmo b= xf(x) sBIseTCA HENOABMIKHOW TOUKOM
byukipn f(x), o ectb f(b)=>5. Ilycth @ - npou3BOJIbHAS HEMOBHIKHAS TOUKA
dynkiun  f(x). Hokaxem, uto @ = 1. Ecnu npu 1> 2 umeem f(a" ) =a"", 10

f(a") = flasa"™) = flaf(a""))=a"" f(a)=a", Takum 06pa3oM, MO HHAYKIHH
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Bce uncma @” (n €N) Toke SBISIOTCS HEMOABMXKHBIMH Toukamu. Jlamee,

a=f(a)=f(-a)=f(-f(a)=af(1) w3 a#0 cnenyer f(1)=1.3arem

1 1 1 1. 1
af (—)=f(=f(a)=f(—a)=f()=1, omyma f(—)=—. Haxonew,
a a a a a
AHAJIOTHYHO TPOBEPACTCs, uYTo f (Ln) = Ln Takum o0Opazom, Bce umciIa
a a

a" (n €Z) - venoxsmxusie Touku. W3 yciosus 2) 3axmodaem, uto @ = 1 (ecau

a>1, 1o a" —> o, vo a' =f(a’)—> 0 no ycnosuro 2) ). AHaIOTWYHO, LTS
n—>0 n—>w
1
a <1 un—> oo, Urak, npu mobom X € R, umeem xf(x)=1, otkyna f(x)=—.
X

OO6patHO: JIETKO TPOBEPUTD, UTO (PYHKITHS o YIOBJIETBOPSET YCIOBUAM 1) 1 2).

106. Jna M(x,y) eR*> 6ymem mucate D(M)=D(x,y). O6oznauum
D, (x) = D(x.,0); ©,(y) =D(0,y). Torza D(x,y) = P, (x) + D,(y) - ©(0,0).
[Moncramas 510 Bhpawkenme  gus DO(x,y) B COOTHOLIEHHE
D(x+p,y)+O(x—p,y)+DOx,y+ p)+ D(x,y— p) HMeeM
D, (x + p) —2@,(x) + O(x — p) = Do (y— p) + D, () + O, (¥ — p).

YMHO)HM 06€ yactTd Ha p° u p —> 0, nonyunm mna Vx,y € R coornomenus
DN(x) = ®Y(y) =2k, rae k - HEKOTOPOE BELIECTBEHHOE YKCIIO, CIEIOBATENBHO,
D,(x) = kx* +ax +a;, D,(x)= kx> +bx+J3, 7 B pesynbTare
D(x,y)=k(x* +y*)+ax+by+c. TlpoBepka MOKA3bIBACT, YTO BCE TAKHE

dbyaknmr  o0namgaroT cPOpMyIMPOBAHHBIM CBOHCTBOM. 3aMeUaHHWE. YCIIOBHE
rnagkoctd (X, Y) MOKHO 0CAGUTh, 3aMEHUB €10 HEMPEPHIBHOCTHIO.

[e'0]
y(x)zz f(x—k) (psax cxomurcss mias mr060ro X, T.K. B HEM JIHIIb

10.7. k=1
KOHEUHOE YHCIIO HEHYJIEBBIX CIIAaraeMBbIX ). JIeHCTBUTENBHO,

y<x+1>=if<x+1—k>=if<x—<k—l»=

:if(x—k):y(erl)—y(x):f(x—O):f(x). Ilpu x<0, y(x)=0, Tk

f(x—k)=0 npu x <0 u k>0. Ilycts z(X) - Apyroe pemieHWEe C TEMH Ke
ceoiicteamu.  Torma  v(x) = Y(x)—z(X)  yHOBNETBOPSET  YPABHEHHIO
v(x+1)—v(x)=0, Te v(x) - nepuoamueckas QYHKIUS, NOITOMY €CIH
v(x)=0npu x <0, 10 v(x)=0, T.e. Y(x)=2z(Xx) (pelIeHHE eTUHCTBEHHO).

x+l:u = f(u)=u"—2. Dro pemeHne mpH |u|22, a mpH |u|<2
10.8. X
¢dbyHKIMsa robas, T.K. u=Xx+1/Xx He TUpPUHAMAeT TaKWX 3HAUYCHHWH (HET
uHopMarmu o PyHKITHH.
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10.9. TlpomuddepenimpoBaB 3aAaHHOE B YCIOBHH PABEHCTBO, TOJyYaeM:
VAVACHVACIEEINC) (*). Tax KaK f(x)>0, TO
f(f'(f'x))=—-f(f'(x))=f(x), oTkyma 1O CTPOroi MOHOTOHHOCTH:
f'(f'(x))=x. 3naunur, (*) comutcs k Xxf"(x)=—f"(x). [lyctp y=f'(x).
Torma mms y mnoaydaem auddepernmaapHoe ypaBHeHHEe XV'(X)=—p(xX),

c
peuieHuem kotoporo smisiercss vy =—, ¢>0. Tlostomy f(x)=clIn(ax).
X

2
[ToacraBuB manHyO (GYHKIHIO B UCXOTHOE PABEHCTBO, HaxomuM: a = —. OTBeT:
c

f(x):cln%.

1010 X=0= /() =f(0)f(¥)= f(¥)=0 (a1 Bcex y HE NOAXOAUT, TAK KAK
npu Xx#0 Oymer O0=—-xy - uesepuo nmpu y=#0) wm f(0)=1. Urak,
I=fO)=f(-nf(»+y", 10 ec»  f(Wf(-y)=1-y*. Tpn
x=y: fey=fm»-y". Tpu x=-2y:
FEN=F(20)fD+2y" = P -nf0) -y f(n)+2y° =

= f(=A=-y) =V f()+2Y = fF(=») -y (f(») - f(=y)+2y". To ects
VD -fEN=2y"= f»)=2-f(»)=
=1-y"=Q2-fONS)=>(f(0)-1-2)f M -1+»)=0=
=>f(=1+y mwm f(y)=1-y.

10.11. Ilpu x=0uy =0 numeem: f(0)= f(0)+ f(0), To ectp f(0)=0.
[Tepenuiiiem ypaBHEHUE B BUAE:

f(X+y)—f(X)=f(y)—f(0)+xy[%+%+y?].

_ _ 2 2
fEN =@ _fW=fO), (¥ w )
y v 3 2 3
[Tepexoaum k npeneny B paBeHcTse pu y — 0

hmf<x+y>—f<x>:hmw+hmx[xz v yzj

—+—=—+—
y—0 y y—0 y y—0 2 3
3

Orciona f'(x)= f’(0)+%.

Jlenmum ero Ha

3
O6o3naunm f'(0)=k, Torma f'(x)=k+ % , CJIEIOBATEIIBHO,

3 4
f(x):j[k+x?jdx:kx+f—2+(?. Tak kak f(0) = 0, To C=0.
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4
Haiinem k w3 yenmosust f(2) = -2 : 2k + ) =2 WM k = —% CnenoBareneHo,

4
X

5
€CJIA PEIIEHUE CYLIECTBYET, TO OHO JTOJDKHO UMETh BUI [ (x) = — gx + 12

[Toncrapnss B ypaBHEHHE, YOEKIAEMCS, UTO 3TO ACHUCTBUTEIBLHO PEIICHUE.

10.12. ITonoxum B ypaBHeHun z=x+1. [lomyuum f ( j+2 f ( ) z. Ecin

z—1 1
0603HauNTh J(Z)="—, TO HETPYAHO TNPOBEPUTH, UTO y( y(z)) =—_
z —_

y(y(y(Z))) =Z. HOI[CT&BHHH 9TH COOTHOHICHUSA B HAYAaJIbHOC YPABHCHHC,

MOJIYYUM CIIETYIOIIYIO CUCTEMY:

f(z_1j+2f(z)=
=) 5

/(2 )+2f( P 1] _zl—l

4 1 2(z-1)
Pemas ee, naxoqum f(z)=—z— — .
S A A R TPy} SR

10.13. Pemenue anagoruyno 10.3. OtBer: f(x)=x/3.

— ¢. Omser: f(x):(ﬁj |

1
x4+l
10.16 I1yts pemenus. Jloka3piBaTh MOCIEAOBATENBHO CASAYIONINE YTBEPKIACHHUA:
(1) £(0)=0,2) f(—x)=—f(x), (3) g HaTypaabHBIX X U JIOOOTO X :
f(nx)=nf(x), (4) na paumonansaoro x: f(x)=xf(1), (5) nokasats, uto f -
muHelHas GyHKIms (Ha BCEH OCH), HCTIOIB3Ys MOHOTOHHOCTh M HETIPEPHIBHOCTD.
10.17.Xon peliennsa aHaJoTHYeH MPEAbIAYIICH 3a0aue.

0, x=#0,
10.18.0t8et: a) f(x)=0, 6) f(X)={ £=0

10.14. IToacranoBka

x+1

1
10.15. 3amena x - —. OtBet: f(x)=
X

10.19.  f(x)=x- f(—) x—f+f(—)—

—x—%+——f(x) Otser: f(x)= 2(x—L+x—_1j.

X X 1—x X
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10.20.Jlns moBoro x: f(x+2)+ f(x)=v2f(x+1) =
V2(2/(x) = f(x=1) =2/ (x) =2/ (x—1), To ecTs
f(x+2)= f(x)=N2f(x=1). 3naunr, f(x+4)= f(x+2)=2f(x+1)=
= f(x)— \/E(f(x -+ f(x+1)) =—f(x). CnenoBatespHO, s JEOGOTO X

f(x+8)=—f(x+4)= f(x),T. e f-nepuoanueckas GpyHKIHUs C MEPUoIOM 8.

[pumep: f(x)= sin%.

J-fx-)=C
S+ fx-D)=x

1
Orcropa: f(x)= E(x + C). IloacTaBass 3T0 BRIPAYKEHHUE BO BTOPOE YPAaBHEHHE

cucTeMbl, HaxoauM, uto C = % Otset: f(x)= 2x4+1 :

10.22. TIpu x = y =0 toxxaecto maet f(0)=27(0), toects f(0)=0. s
moboro x € R u3 ToxmecTsa

Jx+y)=f()=f(¥)+2xp, (yeR)

f'(X)thf(x—i_y)_f(X) =11mf(y)+2xy _

y—0 y y—0 y

f(y)_f(o) :2X+f'(0).
y

10.21.MuTerpupys nepBoe YpaBHEHUE, MTOTYUAEM {

MOJIYYAEM:

=2x+I1im
y—0

[ToaToMy uckomas pyHkIHs 00sg3aHa YIOBIECTBOPIATH YCIOBHIO!
fx)= ()= £0)= [ £y =[ 2y + £1(0)dy =x" + £ (0)x.
0 0

f'(0) MoxxeT mpuHMUMATh MPOU3BOJBHOE 3HAUCHKE. B aTOM yOeKaaemcs,

poBEPSs, UTO NpH JTF06OM BemecTBeHHOM a PYHKLUS f(x) = x° + ax
yJIOBJCTBOPSET 33JAHHOMY TOXIECTBY.

Orser. f(x)=x"+ax.

10.23. Tlpu x = y =0 toxxaectBo aaet f(0) f(0)—1)=0,10ects f(0)=0 unnm
f(0)=1.Ecmu f(0)=0, 1o u3 toxxnectea f(0)f(x)= f(x), xe R, cnenyer,
uyro f(x)=0, a 310 mpotuBopeunt yciosuio 3anauu. [lostomy f(0)=1.
Jokaxewm, uro pyuakims f auddepennrpyeMa Ha Beeii ocu. JelicTBUTENBHO, TS
moboro x € R umeem:

Jx+y)=f()f(y) (el

OTKyJAa
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i LD S _ 1 LGN g [542=1O)
y

y—0 y y y—0

[Tockombky o yeaoButo hyHKIUA auddepeHimpyemMa B Hyle, TO CYIIECTBYET U
yKa3aHHBIN MPECH, TO €CTh MPOU3BOAHAS B IPOU3BOJIBHOM TOUKE X , paBHAs

S = fx)f'0).
[ycts f'(0)=a, torna f'(x)=af (x). Oyukuus f(x) auddepenimpyema
000€ uncio pa3. JlelcTBUTENbHO,

[ =af'(x)=a’ f(x), ["(x)=af"(x)=a f(x)

u Tak ganee. To ecTh mpu JF0O0M X HMeeM

S (x)=a"f(x).
10.24. [Tpomuddepermmpyem 00e 4acTu TOXAECTBA o h:
f'(x+h)y=1" (x+hj+ f"( Zj

h Ny , h ., . h

Tonoxum x=-=, Toraa f > =f (O)+5f (0).  OGosnaunm ¥=3.
CnenoBarenbHo, f'()"c') :f'(0)+5c' : f”(O). To ectp, dynkusa f'()’c') ABJIACTCA
JWHEHHOW, a 3HAYMT, PYHKOUA [ (56) - KBaJpaTUYHAsA, TO €CTh, NMPEICTABHMA B

BUnE | (x) = ax’ + bx + ¢. TloacTaHoBKOH y6exaaemes, uTo Ui (PYHKLUH TAKOTO
BHJIa TOKIECTBO CHpaBeI[J'II/IBO

2i< —I——, az

- CXOJTUTCA.
11.1. n
1 1 1 1 1 1 1
I+ ++. .=+ |+ st |t . =l+m+5+..+
112, 2 3 37 4 3 5
+L 1+L+L+ j:>a) 1+L+L+L L+L+L+ =
2° 2 3 22 3 5 6 77 90
1 1 1 1 1 1 1 1
_1+2—2+3—2+4—2+5—2+...—4—2(1+2—2+3—2+—2j:> 0)
=" v D" 1 N
11.3. a n
)ZI+( 1y ZZZ Jn nt(=1y'Vn Z((o ) ;(P
cxomutcs. Psn Z \[/,, - PAaCXOAUTCS (hm my, =1), To €cTb sl PACXOAUTCA.
n=2
0) Jls YaCTUIHON CYMMBI
t, =S, + ! + ! +ot—— ! >, +——
YT e+l 2ne3 T Jan-1 \/4n
S,, =1- NG + %—...—% PAI CXOMUTCH, CIAENOBATENBHO, S, CTPEMHTHCH K
n

KOHEUYHOMY YHCITy, CIEA0BATENBHO, £, —> 90 U DS PACXOJUTCS.
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A — un+l + + un+m > un+l+"'+un+m — ’/;1+ ~ Tuam — 1_ ’/;1+m ‘ Zun
Tt

nm

11.4. Tl Vam ) Tl
lam _ 1
CXOMWUTCSA IS JTFOOOTO 71 CYIIECTBYET 1 TaKOE, UTO P < 5> Ho TOr A A, > 5
n+l

, T.€. HAPYIIAETC YCIOBHE CXOIUMOCTH.
11.5. Heorpunarensnbix nensix uncen mexay O u 10” —1 posno 99...9, koropsie

- m
sanmceiBaroTcs  AeBsThio mudpamu 0,1.2.....8, cymecrsyer Ao =9". Umcen,
samuceiBaeMbix 0e3 9 mexay 107'—1 u 10" -1 cymecrsyer 9" — 9",
CIIEI0BATENBHO, CyMMa HalleW YacTH TapMOHMYECKOTO PAJA MEHBINE

B 2 32 2
9-1,9-9,9-9, _g[1+2:2, oso
1010

1 10 100

c Sinnt i(nt—sin® 1) —isin?¢ c 1 : it \n
11.7. u(t):z Ime =Ime Z—(smte ) =
= n! = n!
Im e—isinztesint(cost+isint) — Im esintcost — O
3
Zan — Sk? Ok<_ SZk - Sk = CIZk +612k+1++ak > kCIZk . 3HauuT
—w

11.8. n=1
2ka,, e 0. JIyis HEYETHBIX - W3 MOHOTOHHOCTH.
—>0

_~~arcig(n+1)—arctg(n)

11.11. Pan n=l1 arcig(n) CXOOUTCS OJHOBPEMEHHO C PAIOM

_EZ (arctg(n+1)—arctg(n)) = _Ehm(amg(n +1)— arctgl) = _%‘
T n—>®0

n=1
2n n 2n 1 n
S,, = Zak = Zak + Z a, < 1+;j2ak. PaccmotpuM  cyMMBI
k=l k=1 pa

k=n+l

11.12.

1 1 1

1 1 1 S5 =
S, £(1+§)(1+2—2)-...-(1+2—ﬂ)S2 < ele?e? ¥, <

1+x<e*

|
<exp (Z 2—nj S, =eS, =2eaq,. Pan c MOJIOKUTEILHBIMU YJIeHAMHU,

n=l1
CIIEOBATENBHO, S, BO3PACTa€T W PAN CXOAUTCH, IMPHUYEM OH OIPAHMYEH TOM IKE
KOHCTAHTOM.
11.16. ¢, >0 (ak > ak+1). JlefCcTBUTENBHO, €CITH CYIIIECTBYET P, UTO C, < 0,
10 BBUY yOBIBaHUA C;, C, < 0 mia moboro k > p. T.e. a,<d,,<d,,=..,
YTO MPOTHUBOPEUYUT CXOAUMOCTH Psijia.
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(A < [ch =2%¢c, ¢~y <2an <2c Za =

p2k p2k  qzp p2k
303(%:1 akl) 1 cc,ikH <2Za k:OO
i+l f 1 » i+l 1 | " ( 1 1 j
11.18. 2 — 2 =
kz+l ( )ké—l k(k _ 1) f ( ) 21 21+1
-1 2i+l _1 2k
= % JloctaTouHO  J0Ka3aTh  CXOJAMMOCTh Z% [TycTh
k

_ ~1(1
g(x)zl. Torma g 1(l‘)Zf l(j T.K. NaHHBIA PAX CXOAUTCSH, TO
/) !

CXOJMTCS HECOOCTBEHHBIM HWHTErpas J.g(x)dx, CJIC/IOBATEIILHO,  CXOMUTCSI
1

J. g_1 (x)dx  (cuMMeTpus ~ OTHOCHTENBHO  OpAMOW Y =X).  Pan
0

o0
a1 j _1[ 1 D 1 ]
Z g - g JIa€T 3HAYCHUWE TUIOMIAAN CTYNEHYATON
k:l[ (2/‘*1 ok ) okl

(urypsl, nemvkom nexameii B noarpaduxe ¢ynkman g (0;1] > R, w,
CJIE0BATENIBHO, CXOIUTCS. “HeperpyHHHpOBKa” YJICHOB (CPAaBHUTHh YACTHUHBIE

CYMMBl!) MPUBOIAUT CXOAAEMYCS pany:

Z 1 ( j —1(2/{) Z —1(2/{)

P 2k+1 P 2k+1

11.19.
N VY N N-1 N-2 N N
an an +2 anxnﬂ +2 anxn+2 +.. Zx,% + anxnﬂ +
= n=0 N n=0 n=0 n=0 n=0

+Z X,X,.,+...< 202 x, —cx,. Te Sy <2cS,—cx,. Dro HepaBeHCTBO

BBIIIOJTHEHO TONBKO TP S, <C+4/C° —CX,, T.e. TOCIENOBaTENbHOCTh Sy
MoHOTOHHA (X, > () u orpannyena, cien0BaTENbHO, UMEET KOHEYHBIN MPEIEN.
2n
(x
o -
2 X
n=0 (2n)!
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11.21. Bce uneHsl psifa, HaukHAsA ¢ 1 = 23 OyAyT HMETh B ITOKA3aTe]Ie MHOKUTEND
ln‘tg450’ =0, o ectb @, = 1 mpu n > 23, cnenosarensHo, P PACXOIUTCA.

1122 l1-x _1-x _
o (I-x)1+x)A+x*)..A+x"")  1T-x>
= (1—x)(1+x2n + 277 2 +) = =l-x+x" —x"" +x77 -

22 +1 2" k2"+1

+ .. +.X - X +...
11.23. OyHkIMa  yAOBIETBOpPsEeT ypaBHeHHIO Y"=y+1 ©  yciaoBusIMm
1(0) = y'(0) = "(0) = 0. Pemenne: y = (e” +2¢ > cos(~/3x/2))/3.
o _k —
X x
1124, f,(x)= S Toa 0)=0:f,(x)=e Z I
kn X' k=0

£, (x)=7."(x). Tyers £, (x9)=0 (acno, uto x, < 0). ITo Teopeme Pomns

cymectsyer X; €(X,;0) Taxas, uro f,'(x)=f, (%) =0. ponomxkas, Haiinem

x, €(x,.;0) Tak, uro fj (xn)z 0. Ho fy (x) =e” #0. Hawa {ynkums ectb

n
X

~ — 1, To pan pacxomurca. Ilycte —— —> 1. Ho

n+l an+l

arccosx ~ /2(1—x) nmpu x > 1—0, cnenoarensHo, NaHHBIA PAX CXOAUTCS

11.25. Ecnv HE BBIIOJIHEHO:

a a

n+l n+l

a a
OJHOBPEMEHHO C Z( < j, T.€. C —Zln—”, YaCTHYHAsA CyMMa KOTOPOTO

Sy =Ina, —Ina,, cnenosarensho, {a, }- orpanuuena.

1

1 21

11.26. [1 — j = Z —— . IlepemHoOXas 3TH pAabI, TOIydaeM Tpedyemoe.
Pm n= Opm

nln| 1+ 1
11.27. Paznoxenue In(1+ x) B psx maer wisn a, =e ( ”J —e= —i—I—O(—j.

Pan pacxoaurcs.

n
11.28. TIyers S, (x) = Z ((k—ll)m—i—l—'_m—i_kml—l_kfn) Ecmu nanssiit

pana CXOOUuTCAa JJIA KaKHuX-TO X n Y, TO MIOCICA0OBATCIbHOCTD
5,0 -8, =2

3TO BO3MOJKHO TOTJa W TOJNBKO TOrjaa, korga x = y. CrenoBarenbHO, pAn
CXOOMTCA He Oonblne, dYeM a1 ojaHoro X. Jlamee, Kak H3BECTHO,

— Takxke cxoautceda. Ho Tak kak psj Z% pacxoauTcA,
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1
nocnenosarenbHocTs A =1+ 5 + 3 +...+——In(nm) cxomutca k »>iaepoBoit
nm

KOHCTAHTE Y. Taxum oOpasom,

n n
Sn(m—l):AnJrln(nm)—Zkin:AnJrlner lnn—Z:1 I/I

k=1 kzlk
S, (m—1)—>vy+Inm—y =Inm npu n—> w©. Cnenosarensro, npu x = m— 1

psan cxomures Kk Inm.
1 1 Jn-n+1
Tt L+t D+t Jamr(-1)
CAnvl-dn 11
C Jn+ ) n il

11.29. a, =

=1.

(\®]

J— J— 1 2 J—
11.30. Umeem: x, =sina, rae a—z xzz\/l 1-sin” o = 1-cosa :sing;
6’ 2 2

. .o

AHaJIOru4yHoO, X, = st,..., Y, 10 UHAYKLWH, X = smF, n=12,...
a
271—1 <2n—1'

Torma mia n=>2 Zx —+Zx <— +Z l ani—l +o= l+£

) N P =2 ) 2 6

1 =
CrnemoBateibHO, PsI an CXOJIUTCS, M €r0 CyMMa HE MPEBOCXOIUT 5 + g, HO

n=1

3,15 =1,025.

11.31.
du _u =u’+u, u,_,

2 _ 2 2 _
4 ) :>un+un'un—2_un—llun+l+unljun_unllunﬂ
un ) un—l = un—l ) un+1 + un—l
— 2 — — 2 — . i
=U  —U U L= =Uy Uy U =2
TaK KaK u, = 3.
un+l un

2
_(un + un—l ) un+1) — aI‘Ctg un un—l
un+l'un+un—llun ufnh_i_l

1 2
arcctg 2uf = arctg2—2 = arctg4—2 = arctg

n n

[lycts tga = M) o €1 uerBeptu, tgf = 4
u

n n—1
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Upy Uy
u tga —t T T
Torga —* SE ep =tgla-pf),——<a-B<—.
My Mpn g tgoctgftl 2 2
un—l un
Upy Uy
u, u u u
Orcrona arctg—=- =l — g — f=arctg—=L — arctg —2- .
_n_, M +1 u, n—1
un—l un
C 1 un+l u2
Z:a:rctg—2 = arctg—— —arctg—.
p 2u’ u, u,

u 1
[MocetoBaTeIbHOCTE X, = —2L yOBICTBOPSET ypaBHEHUIO X, +—— =4 U Bce ee
X

n n—1

WWICHBI ITOJOXKHUTCIIBHEL. CHGHOB&TGHBHO, X, OI'PaHn4dc€Ha CBEPXY U MOHOTOHHO

1
Bo3pactaeT. Ee mpenen e€cTb KOpPeHb ypaBHEHUS [+ p =4. Umn *-4t+1=0.

t=2+~/3. Tk x, =1, x, =3 U Kanee oHa BO3PACTALT, TO e¢ NPEeN paBeH 2 ++/3 .

Orcrona Z a:rctg% = arctg(2 +4/3 ) - % . A ecnu 3HaTh, YTO
1 u,

arctg(2+\/§):%—%, TO OTBET: %
11.32.
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PaccmoTpum yacTHy1O0 CymMMmy psjaa:

Sy=—(n1-2In2+mn3+mn2-2In3+In4+In3-2In4+ ..
ot In(N=-1)-2InN+In(N +1)+In N =2In(N +1) +In(N + 2)) =

N+1
N+2

=In2+1n

S=lmS, = lim(ln2+ln N+1jzln2
N—ow® N—ow® N_|_2

= 1
11.33. ITpumep. Psan Z

CXOI[HTC;I, TaK KdK
= n (ln n

1.01

n—>0

N'—.S

— = =100((1n2) " ~lim (Inn) ") <co.

PacXOJUTCH.

11.34. HonyIH/IM oueHKy CHH3Y ISl YACTHYHOW CyMMBI PAJIA:

Za > (1 +— 5 +...+ ) KOTOpas cpasy ke MPUBOIUT K TpeOyeMOMy

pesyanaTy (16O rapMOHHUYECKHI P PacXomuTes). JloKaxkeM JieMMmy.
[lycts {a,} u {b,} - monoKKUTENBHEIE MOCIEAOBATEIBHOCTH TAKHE, YTO

k k n n
2 2
by>b,>.>b n Zaj > ij g k=1,2,..n. Torna Zaj > ij .
J=1 Jj=1 j=1 j=1
JleCTBUTENIBHO, BO3BMEM IIPOM3BOJIBHOE 72 M BPEMEHHO 3a(pHKCHPYEM €TO.

n k n k
Monosxum b, =0. Torj:[az (b = by )Z b, < Z (b —ben)Y a,,
4 =

Zb Z(b bk+1)<Za Z(b —b,,,). 3uaunr, Zb Zn:bjaj.BosBeJ:[ﬂ obe
Jj=l k=j =l k=j

j=1
YaCTH B KBaJpaT U MUCIIOJI30BaB HEPABEHCTBO KOLHI/I-ByHﬂKOBCKOFO,

bl <l e’ || 2.0, PIAEDD

Za}b] < a, b, |, nomyuaem b <) a; . lina3apepuienus
j=l j=l j=l1 j=l j=l

JI0KA3aTebCTBA HY)KHOM OLEHKH OCTAJIOCh BEIOPATH

1
b, =.Jj—+J—1=——————. Torna no nokazaHHo# JeMMe:
T i o
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! 1 1 1 1
> ————=—((+—+...+—),uromn
Y Y T Sy i

TpeOOBAIOCH.
1 1 1 |
11.35. = > . Ho Z pacXoauTCs
In(n!) Inl+mn2+..+In(n) nin(n) ‘= nin(n)

(uHTETpaANTbHBIN TTpu3HaK Komm). 3HaunT paccMaTpuBaeMBblil P pacXOaUTCS TIO
MPU3HAKY CPAaBHECHUS.

11.36. 13BecTHO, uTO |COSO( —COS ﬂ| < |0( — ﬂ| (*). Iycts

1
J —x1]

()= ()] < Z

N =log,( +2)-1.

°° 1
x,)—cos(4" xl)‘ + —n‘cos(4” x,)—cos(4" xl)‘.
—N+1

xl)‘£4” X

B nepBoii cymme:

‘cos(4” x,)—cos(4" x, )‘ < 2. TTostomy

2N+1_2 1
’f(xz)_f(xl)‘gyxz_xl" 21 +4'2N+1 SC\/‘xz =X
1

onpenenenmo N : 2V .2 =

P 2k 2k :
¢ Y1 ¢ x
ISN(x)dx:Z—kItg—kdx Zlncos—:—lanos——
0 k=12 0 2
sin al coS al coS “...COS—
N N N-1 i
— _In—2 2 2 2 _ —ln&. CnenoBaresbHO,
X N . X
51n2—N 2 51n2—N
sin x 1 X 1
Sy(x)=| —In———r | =—ctg(x)+—-cig — —> ——cig(x).
X 2 2" Noewo y
2 sin —~
2

Otset: S(x) = 1 ctg(x).
X
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({1 1
11.38. Ucnonb3oBaTh TOKIAESCTBO 2n = —| ——+—— | ¥ CTaHAapTHOE
n-1 2\n-1 n+l

pasnoxenne s In(1+¢). Orser: —(e* +e *)In(l—-e7)/2-1/2-e" /4,

CXOJIUMOCTP npH X > 0.
11.39. PaccMOTpUM 4acTHYIO CYMMY

N —-a,x N /)
SN=;8 —;eae =Z( In(1+e™ )) =
N N !
—(;ln(ﬂe " )j :—(lnln_ll(lJre " )j (1)
N l_e—alx N
IIpeoGpazyem Npou3BeAcHUE H(l + e_a”x) = WH(I + e_“"x) =
n=1 -

n=1

l_alx (1 e_zanx)

—e

n)zl

n
—e

- (me ) (e ) (1) (1 e

00
ITpounrerpupyem pasenctso (1): —J‘ Sy (x)dx =

- X

- X

1
Mpu N —> 0, x>0: —Ix+wSN(x)dx:—(ln1_1 jzln(l—e‘”x).

—(—a,)e ™ e 1
[Mocne nuddeperimposanus nonydaem: S(Xx) = ( 1)_ax = —=—.
- l-e e —1

n—1 2
(x*)" +e =

11.40. IIpeoOpazyem JIeBYyIO 4acCTh ypaBHeHI/Iﬂ'

iszrlxz”— 2n 2n+z ( ) Z

n=0 n' n=0 n' n=0 n (n 1)'
—2x%" t+ef =e° (Zx2 +1).

3HauuT, e (2)62 + 1) —e* (Sx + 4), otkyra  2x°+1=5x+4, 1o ectms

x;, =3, x,=—1/2. O6a kopHs MOAXOMAT, TAK KaK PACCMOTPEHHbIH CTETEHHOH
psi cxoamTes mpH Beex X € R .

® 4n
11.41. Tlyers S(x)= Y.
n=0

= (4n)!

SH(x)=S(x), S(0)=1, S'(0)=0, S"(0)=0,S"(0)=0. O6mee peLIcHHE

. [Iponudpepenimpyem psia ueThIpe pasza, moTyduM

nubdepeHunaapHoro ypasuenus S(x)=ce’ +c,e " +¢;sinx + ¢, cosx.
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H3 HaYaJIbHBIX YCIIOBHM IOJIyYaeM CUCTEMY ¢ +ec,+c, =1,
1
¢, —¢,+¢,=0,¢+¢c,-¢,=0,¢,—¢,—¢;, =0, OTKyaa  Haxoaum CIZZ’
1 e +e v 1
¢, =—,c3 =0,¢, = —. OKOHUATENBHO S(X)=———+—COSX.
4 2

3amMeTuM, 4YTO OTBET MOTr ObITh TMOJYUCH U TMPOCTHIM KOMOWHHUPOBAHUEM

HU3BCCTHBIX PAAOB AJIA COSX H chx.

! 1 1 X
11.42. 11 S = -+ . +———|. E 7|
yCTh n(x) kZ:; (k—l)m+1+ +km—1 P, CIIM JaHHBIA PSI

CXOOUTCA JJ1A KaKHuXx-ToO X u Yy, TO noCJICA0BAaTCIbHOCTD

_ n
S,(x)=8,(y)= Y - i ;l Toxxe cxoutes. Ho Tak kak » — PacXOIHTCs, TO 9TO
| =1

BO3MOKHO TOr'JIa U TOJIBKO TOrja, Koraa ) = X. CHGHOB&TGHBHO, paax CXOOUTCA HE

ooiee deMm I OOHOT'O 3HAUYCHHA X . HSBGCTHO, qTOo II0CICAO0BATCIBbHOCTD

A, =l+—+—+.+—-In (nm) CXOIUTCHL. JIeHCTBUTEIIBHO,
2 3 nm

@ "t
A, Z— - ln nm) = ZE— J. e Otkyza sCHO, 4T0 A4, MOHOTOHHO BO3pACTaeT.
k=1 1

ok
Kpome TOTO, u3 3TOrO Ke COOTHOIIIEHUA CIEYET, qT0
1
.- Z ————|=1—-—<1. To ecTb mOCIIENOBATEILHOCTD An MOHOTOHHO
k k +1 nm+1

BO3pacTacT M OrPAaHWYCHA CBEPXy, CJICIOBATCIBHO CXOAMTCA (BOOOIIE-TO

U3BECTHO, 4T0 lim 4, =y =0,5772... - mocToAHHas Oiepa, HO JUIA JAHHOU
H—>0

3aJ]auu 3TO HecyllecTBeHHO). PaccmoTpum

Sn(m—l) A, +ln nm Z——Z——A +Inm+| Inn-— Zn:l
ok k=l

3Hauurt, S, (m — 1) — y+Inm—y =Inm. 3aaunr, npu x =m—1 pAa CXOAUTCA K
n—>0

Inm.
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Hy

o+t
A +...+ A =11 MOXKHO BOCIOJIB30BAThCA HEPABEHCTBOM MeHceHa i

BBIITYKJION BHU3 (DYHKIIMU:

g[ultl +o 4, j g+t u,8(,)
o+t o+t
Badukcupyem unciio x,0 < x <1. Oyakuus g(¢) = x' BBIIyKIa BHU3 HA

11.43. Bossmem g,..p., 20 ipu k =0,1,..m, 4, = . Torna

[0,00), Tak kak g"(¢) = x'In® x, Bo3bMeM u, = a,,t, =k,k=0,..m.
[Tosyuum
Zakxk Zkak
_ k=0

X' <L p=

2 m

Zak a

m
k=0 k=0

[e 0]
TTepexost K mpejielty PH n1 —> o U Y4UTHIBASL, 4TO Y a, =1, nonydaem
k=0

e9] e9]
s k _
X SZakx ,S—Zkak<n.
k=0 =0
e9]

Tak kak 0 < x <1, 10 x" <X’ < Zakxk , 3HAYMT, PEIICHUSI Y YPABHEHMS
k=0

HET.

11.44. Pan S(x) MoxHO nousieHHO AudPpepeHIMpoBaTh, TaK Kak psij U3

MPOU3BOJIHBIX TAKKE CXOJUTCA PABHOMEPHO, HOO OTJIMYAETCS OT

MCXOJIHOrO JIMIIb OJIHUM UYJICHOM W 3HAKOM.

S'x)=f'(x)- f"(x)+ f"(x)+...= f(x)—S(x). 3Hauwur,

S'(x)+ S(x) = f(x). PemeHue 3Toro ypaBHEHUsI ¢ HAYaJIbHBIM YCIOBUEM
S(0)=0 ectp S(x)= e‘xj f(®)e'dt. (1) Ecau S(x)=x", To u3 (1)
0

HaxoauM (x’e*)'= f(x)e*. Otkyna f(x)=x"+2x.
12.1. Paznoxum PALMOHAIBHYIO IpoOb Ha MPOCTEUIIINE

n n
1 1 1
| | = Z | | . YMHOKHM JIEBYIO U NPaBYIO YaCTH PaBEHCTBA

i=1 i

1

Ha X mHakgem lim ...= 0= Zn:H

X—>0 ” -
j=1 i#j
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3ameuanne. MOKHO 3aMETHTh, UTO YaCTHYHAA CyMMa — 3TO CyMMa BCEX BBHIYETOB
(dhyHKIIMM, 3a1aBaEMOM POU3BEICHUEM, TO €CTh 5TO 0.

12.2. Hanuca Ha 0OpaTHOM 3THKETKE KOpOOKH 1 yucio -1, moaydum KBaJapaTHYIO
marpuity 8 X 8 ¢ smementamu *1. TlepeBopaurBaHKHe OTBEYAET YMHOKEHHIO
ctpoku (mim cTojbma) Ha -1. [lpm  momycTMMbIx TipeoOpa3oBaHUAX PpaHT
COXPAHSETCS, OJJHAKO PAHT MCXOJHON MaTpHIlbl paBeH 1, a TpeOyeTcs MOIyduTh
Martpuily paHra 2. OTBET: 3TO HEBO3MOKHO.

12.3. dukcupyem mponsBoiibHYI0 TOUKy. Cepbl ¢ parmoHaIbHBIMU PaaRyCcaMu
BOKPYT 3TOH TOYKH W IICHTP PAaCKpacWM B OJHH IBET, ¢ UPPAITMOHAIBHBIMHA - B
JIPYTOM.

12.4. Coenunum toukm M(x,;y,;z,) u N(x,.),.2,) otpeskom mpsamoii. On

NPUHAIICKUAT Q, T.K. Q BBIMYKJIA:
X=—x)t+x; y=h—Yt+y; z=(z,—z)t +z;; t E[O;l]-
[TpumMeHnM K u(N)—u( M) TeopemMy Jlarpamxa
_ou . Ou_. ou_
’u(N) —M(M)’ - Ox X, + ayyt + Oz Z _
ou ou ou
= a(xz_x1)+@(yz_yl)+§(zz_zl) =
t=c

2 2 2
= (auj | +(§Mj /J(xz—xl)z+(y2—y1)2+(22—21)2 <
& & &
t=c

<a MN|.

12.5. “Mwuposbie” MHHAA B KOOpPAWHATAX (TUIOCKOCTH JBVKCHHS -BPEMS) - 3TO
npambie. [Ipameie d, b u ¢ nepecekaroTcs MONAPHO, CIEAOBATENBHO, OHHU JICKAT B
onHoM miockoctu. IIpsmas d mepecekaer b W C, ClenOBaTENbHO, OHA JIEXKHT B
ATOW TMJIOCKOCTH M TOATOMY JOJDKHA TIEpeceubes ¢ ( (KpaTHBIC CTOJIKHOBEHUS HE
MPOUCXOAT, a MAPAICIBHOCTD “‘MHUPOBBIX~ JIMHUM MCKIIIOYAETCS M3-3a Pa3Inyusd
CKOpPOCTEHt).

126. P(0)=1= P(x)=14+x0(x), rne (Q(x) - mNOMMHOM ¢ UEBIMH
kodpdumenramu. a,,, = P(a,)=1+a,0O(a, ). Ecim a,, n a, umetor obume

JENNUTENN, TO U | JOKHA WMETh 3TH JENINTENH, CIEAOBATENbHO, d,,, WU d,

B3aUMHO TPOCTEI. Ak = P(P(...P(an ))),P(P(P(x))) = R (x);

R, (0)=P| P| ..P©O) | |=P(P(.PD)))=1, te. R(x)=1+xH(x) n
—_— - ~
=1 k-1
—k
OTCYTCTBHUE OOIIMX ACIUTENICH V A, ., U d, YCTAaHABJIUBACTCS TaK K€, KAK Uy
uda,.
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12.7. 3amena x=sin’t, ®(x)=4sin’#(1-sin’¢)=sin’ 2,
®(@(x)) = 4sin” 21(1 — sin? 2z)= sin” 4t,..;0(@...0(x)) =
n

T

1 2
— sin’ (2” t)Jch (x)dx = J.sin2 (2” t)Zsintcostdt =
0 0

n —_
(1 _ COS(2n+1t))sin2tdt :1 N cos((1+2")7)—1 ~
8(1+2")

N |

_cos((1-2")m) -1
8(1-2") '
12.8. f(x)=x"+ alxn_1 +..+a,_1x+ay,{s - nppammonansro = f(s) -
uppaumonanbHo} <> { f (S) -PallMOHAILHO —> § - PALIMOHAJILHO } .
[Ipu x — +00; f (x) —> 400 ¢ HEKOTOPOro 3HAYEHHS X, MOHOTOHHO. Bo3zpmem

uenoe p > X,. Hailinem Bce panmoHanbHbIE KOPHM ypaBHEHHSA [ (x) = p, e p-
1es0e. [TycTh HECOKpAILAroIIasacs IpoOb m/lk -KOpEHb

k 1 k n—lk §7) p

m' +am"'k+..+a,_mk"" +(a - p)k" =0, nmyctb k#1, BCce cnaraemuie,
KpOMe TIepBOro, neisarcs Ha k (Bce Kod(PHIMEHTH TENbIC), MPOTHBOPECUHE,
cnenosarenbHo, k=1. Takum obpasom, ecmn  f (x)= p, TO X - 1emnoe.
Paccmotpum  Touky X+ 1, Torma f (x + 1) = p+1. JlelicturensHo, ecnu
f (x—i— 1) ommaHo ot p + 1, manpumep, f (x-|—1)= p+2, 0 paccMoTpuM
bynxumo [ (x)—l, OHa OyIeT MMETh KOPEHb MEXIy X u X + |, mpuuem 5TOT
KOPEHb TIENbIA (IO TPEBIAYIIEMY PACCYXKICHHIO), HO MEIBIX TOYEK MEKIY X U
x+1 mer ( x - menoe). 3mammr, f(x+1)=p+1. Aunanormano,

f(x+2)=p+2,... w ta flx+n+l)=p+n+l, 1e. n+1 - Touxa

MOJIMHOMA CTENEeHH, HE TPEBOCXOMAIICH M, JIKHUT HA TPSMOM, CIICI0BATEIBHO,
n =1, uro u TpeGoBaAIOCE.

12.9. Cpauuts k u m/ \/5 - COCTABJIAIOIINE CKOPOCTH BIOJIb JUATOHAIIH.

44.12.11. ITycTth z=Xx+1y. Torna

2 2 2 2 2 2 :
zi=x"—y +2ixy, z =x" —y° —2ixy. 3Hauur,



2z 1 1 1 1
45. = = (- +2z‘(———jx =1,
3 (az j( y7) e o

46. OTKyaa

47.

48.1lpu a # bpemeHuss >TOM CUCTEMbl YPaBHCHWI 3a4al0T JIBE TOYKH
ab

Jar +b°

MJIOCKOCTU ¢ KOOpJAMHATAMH1 [J_r ,Oj. IIpu a=b ypaBHEeHHE

3a44aCT Ha

2
2 2 d
IJIOCKOCTH Tunepbony X~ — Y~ = 7

49.12.12. a) 3ameruMm, 4YTO ide:tX =y, — aireOpanveckoe

ox .

JIOTIOJTHEHUE DNIEMEHTa X, . [103TOMY 10 CBOWCTBY anreOpandyeckux

JIONOJITHEHU I
L 0, I
50. XV =
; Yy {detX, i=j
51.Toectb XY =(det X)E, rne E — enMHUYHAs MaTpULIA.
52.0) [TocnenoBaTenbHBIM UHTETPUPOBAHUEM noJry4acm

1

j dx,, j‘a’xu . j det Xdx = det [I X dx, j = det(a;),
0 0 0

0

S3.rne a, =1/2,1i,j=1,..n. CnenosarensHo, det(a,) = 0.

54.12.13. OO0Oo3HauuM 4epe3 p(x)pacCTOSIHUE OT TOYKHM X Ha
BEIIECTBEHHOM MpsMOK f(¢) =10 Omwkaiimei uenoil Touku. Toraa
KBaJpaT pacCTOsHUSI OT TOYKHM C KoopauHatamu (x,y) 10
OIbKaIIeil TOUKU ¢ LEeJbIMH KOOpMHATAMK paBeH o (x)+ p ().
ITycts (x(2),y(¢)) - KOOpAMHATHI JABWKYIIEHCS TOYKH B MOMEHT
BpemMeHu ¢. Torma f(t)=p (x(¢))+ p’>(¥(¢)), n TpeOyercs HaiiT
peaei (ECJIM OH CYIIECTBYET)
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55. lim— [ () + P (Ol

56.a) PaccmoTpuM ciydaii, Korja Touka ABMXKETCS 1o ocl OX BIIPaBo
C TMOCTOSIHHOM  CKOpPOCTBIO, TO e€cTb x(¢f)=at+b, y(t)=0.
OueBunno, f(u)=u" npu 0<u<1/2 u fw)=(1-u)" npu
1/2<u<l, f(u+n)=f(u) npu 0<u<l, n=+1,£2,... IlosTOMYy
JUISl BCEX HATYpPAJIbHBIX #

n 1 1/2 1
57. 1 [fandu = f@du= [ wdu+ [ (1-u)du= 1
n 0 0 0 1/2 12
58. O603HauuM uepe3 N (T ) uenyro yacth uucna al +b. Torna
al+b
59 lim — j 0 (at)dt_hmi j Fu)du =
N(T) al +b
60. :lim[N(T) : jf( )dl u+— j f(u)duj
I>=\ al N(T) = al NT)
N(T) al +b
61. Nim YD fig| [ randu +11m— | f(u)du——
Tow o Tow N(T) N(T) 12
62. MbI BOCIIONIB30BAJIMCH TEM, YTO
al +b
63. lim —— [ fadu=o. lim—_—= NT) )
I>eal v, al

64. Tenepb YK€ SICHO, YTO €CJIM TOYKa JABMXKETCS MO JIFOOOH MpsMOIi,
Henapannenbﬂoﬁ ocu OX I/IJII/I OY, 10

65. hm— f f(u)du—hm— j P (x(l‘))a’t+11m— j 0 (y(t))dt—g

Iy Iy T vy
66. Eciin 5xe TOUKa JBUKETCS 110 TIPSAIMOM X =g WIH Y = a, TO

67. f@)= p(x(l‘)) + min{(a [a])’,(1+[a]-a)"},
68. lim — j f@Odt ==+ lim— j min{(a —[a])>,(1+[a] - a)*}dt =
69. :éJrmin{(a—[a])z,(lJr[a]—a)z},

70.1a¢e [a]— uenas yacTh UMCa a .
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71.06) Ilycth TOYKA ABMIKETCS C MOCTOSIHHBIM YCKOPEHHUEM g IO OCH
OX . Torna npoilAcHHBIN 3a BpeMs / MYTb paBeH v,/ + gt’ /2.1ae v,
- HaYaJibHasA CKOpOCTB a CpeIHee 3HAYECHHUE PABHO

72. lim — j P (vt +—)dt_11m——[j FOdt+..+ j f(t)dt}r

T—wo T ¢

73. m%j J(#)dr = lim— [j F(O)dt+..+ j f(t)dtj

74.T'ne dyepe3 f¢.t,,..1, OOO3HAYEHBI TOCIECAOBATEINBHBIE MOMEHTBI

NPOXOKJAECHHUS 4Yepe3 LEJble TOYKM 10 MOMEHTa BpeMeHH [
0<t, <..<t, n=[vT+gl*/2], vt +gt’ /12=kk=12,. n

[onoxum x, = _[ f(t)dt. 11o Teopeme IlITonpua

X, —X
75. lim2z = lim 2
1n—>0 tn 1n—>0 l‘ — tn—l 1n—>0 tn — tn—l o

76. =lim

77. tae u=v,t+ gl‘2 /2. 3ameTuM, uTO
o (u)du

12«/2gn+v0 nJ‘n/ZgquVo 12\/2g(n 1)+Vo |

79. Otcroa, y4uThIBasi PAaBEHCTBA

-1
2 2
80. L \/VLZ+2_”_\/V02+2(1¢ D _
tn_tn—l g g g g

78.

g1 g \/voz Jr2n Jr\/voz Jr2(n—1)
2lVe ¢ Vg ¢
82. Tlonyuaem
\/voz L 2n _\/vo2 L 2n=1)
2 2
83. lim™ - L8 Y8 & V¢ g _ L

n—>0 tn 12 n>x 2 2g7’l+V02 12
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84. TakuM 00pa3oM, B 3TOM CJIy4ac OTBET COBMAAACT C OTBETOM B
NyHKTE a). Tenepb yK€ HETPYAHO IOHSTh, YTO U B OOIIEM ClIy4yae
OTBETHI B MYHKTaX a) U 0) COBOAAAIOT.

12.14. Yron O wmexmy CTpenkaMu YBEIMUMBAECTCA C IOCTOSHHOM CKOPOCTBIO

p2(0)=a® —2abcosO +b> =2 pp’ =2absing =
= (,0’(9))2 = (ab sin@)2 ,0_2 ©), T.K. p2 ()= (a—-bcos 9)2 +

+ (b sin 9)2 > (b sin@)z, TO (,0'(@))2 < a2, NPHYEM MAKCHMAJIbHOE 3HAYEHHE
a* mocturaerca TpH yenosmm bCOSO = @, clemoBaTeNbHO, HMCKOMOE 3HAYCHHE

pz iy~ Ny

= Jr' +2rcos29 +1 =
— +(20052(p—a2)r2 +1=0=r2 :2_1(a2 —20052¢)J_r
tJa" —4cos2¢a’ +4cos> 26— 4 =1l =27 (a2 1 24+d? +2a);

r2.n :Z_I(az —Z—WJ mpu a’ >4 u ri, =0npua’ <4.

12.15. z=re"; ra = ‘rze’“’ +e™®

mi
12.16. zy = CosQ; +ising,; k=123,... (¢, €[0;n]).  Torma
2(sin gy +sing, +sing3z) = 3sin(p] + @5 + @3) I

: 2\ . 2
singq (cos ¢ COSP3 — 3) +singy (cos (1 COSQ3 — 3) +

: 2 : : :
+sin g3 (cos (@1 COSQPH — 3) =singq sing, sings. (*)

4

1 . | :
 JieBas 4acThb B (*) Oosble ﬁzklsm(pk > Vg /H SIN P, . 3HaYUT
o (*) Hsin(pk > %3 /HSin(pk , T.€. Hsin(pk > % H IOy YHM
3 3 k

NPOTHUBOpEYHE (CITydai OAHOTO WIN ABYX HYJEBBIX (),
pa3OupaeTcs aHAJIOTHYHO).

12.17. lf(D)-f(0)=1-0=1,  suaumr, f(0)=0, fF()=1 VT
f(0)=1, f(1)=0. 3amernm, uto BM™MecTe ¢ [ (x) TpeOyeMbIM CBOHCTBOM 00-

V4
[TpeArnonoxmum, 9T0 Q) € (O;6j Vk . Orcroma, COSQ, COS(p, > 3

namaer g(x)=f (1 — x). [TosTOoMy, He CHEKas OOIIHOCTH, MOKHO CUHMTATh, YTO
f (O) =0, a f (1) =1. Tycrs 0<x<1 TIlockoNbKy OIHOBPEMEHHO
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xS\f(x)—f(O)\:f(x) u l—xS\f(l)—f(x)\:1—f(x),T.e. x> f(x), o
f(x)=x.Omser: x, 1-x.

12.19. f(l‘) =t+b+& — 0.Buibepem N Tak, utobs mpu > N 6110 € < 1,
[—>0

_1 a
Ve = [ | f(t)dl} [ 2712 (r)dr} =
0 0

-1
= Cz(N)+j(z+b+g)dtJ [CI(N)+j2‘1(z+b+g)2dzJ:
N N

=(C,(N)+27 (¢ +bY| +o(1)(a- N))_l {(C,(N)+67 (1 +b)’[ +o(l)(a—N))

1
=2 5 1 Tax kax v.=ka+b,10 k= l Ho mpu a = 0 nomyuaem oTpe3ok

a a>» 3 3
[O'l] €ro LEeHTP TAKECTH — (O‘ lj =y, = la + l
" P )T T3y
(k)
12.23. dopmyra (f (x )j _
X
) = () k(=D () o+ (D RS (x)
- xk+l
(k)
JTOKA3BIBACTCA o WHIOYKIHH. Iim (f(x)j =
x—>0\ X

L I ()t =k (1) + ke (k —klgx"‘z SED () 4+ (DR (x)
x—0 X

(k+1)( N\ Kk
— lim f (x)x — 1 f(k+1)(0)
x>0 (k+Dxk k1

3ameuyanne. MOXHO TMOJIYYWTh PE3YJbTAT, BOCIOJIB30BABIINCH (POPMYIIOH
Tewnopa.

H
12.24. dA = dm- gh= pSghdh, AH) = | pSghdh = pSgH” /2.
0

A(H,)= pSgH? 12=A(H)/3, H = H /3,
A(H,)=pSgH>/2=2A4(H)/3, H,=H /~2/3.
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12.25. 102 =M, 10"¥ = M° PacknangsiBaem B P
M9
3 =M*-3M"+3¥M° -3 M +3' M -3 M +3M* -3 M+3 -3 /M+...
+
3* =81° =6400+160+1. Craraemble, comepxamue M B IONOXHTEIbHBIX
CTENEHAX, JCNIATCS Ha CTO, OCTajbHble — MeEHbIIE 1, T.e. BBIYHTACTCS

noJsioxkuTeNbHas nonpaska. OTeet: 60.

12.26. o, < I - oueBuaHO. IlycTh \/E_ﬂ < Lz JUIE HEKOTOPBIX M,1 € N.

2n nl— 4n

1
2 (ﬁﬂj (ﬁ+ﬁ+_4 j 1

m n n
Torma |2-— < < <—, T.e. P2n* —m?|< 1, uro

n An’ An’ n ‘ ‘
HEBO3MOXKHO.

12.27. Halizem nomepeuHoe cedeHMe Tela IJIOCKOCTBIO YV = Uy = COnst. DTo
SIMNC X — Uy = Uy COSV, z—uy = (1—u,)SinV, LeHTp KOTOPOro B TOUKE

(uo;ug ;ug ), a ITOJIyOCH u; u
1 1
2 /4
(1=ug).S=mig(1=ug):V = [ Sy = [ (1= [y)dy = .
0 0
12.28. Ilycrs Res| ————,0 |= R,,. Boruer npon3BoaHO# ILZZ”” paBeH
(1-e%)" (1-€%)

HYJIIO, T.K. Tpon3BoaHas psaa JlopaHa He cojepkut wieHa —. CpaBHUBAS BHIUETHI
z

(1 Zz)n - —nez)n " (1—Zz)nﬂ, B, w0 R, =K., Tk

R =-1, R, =—1 mna moGoro .
12.29. Tlycts coObiTHe A 03HA4aeT, YTO BHIOpAHHBIC AWArOHAJIA TEPECEKAIOTCA.

M
Torma P(A)= v rae N - 4HCIIo BCeX UCXOI0B JAHHOTO OIbITa, a M - 4ncio tex

U3 HUX, KOTOpble OJaronpusaTCTBYOT coObiTHi0 A. OueBUAHO, UTO

N:(C,f—n)(c,f—n—l)

TO €CTh BBIOPATh JIBE JHOOBIE BEPIIMHBI JAHHOTO /1-YTOJIbHUKA, KPOME COCEJTHUX, a
BbIOpaTh APYIYHO — 3HAUYUT, BbIOpATh JIHOOBIC JIBE BEPIIUHBI, KPOME COCEIHHUX U

, TaK KaK BI)I6paTI> JUuaroHalib 3HA4YUT BI)I6paTI> €€ KOHIHL,

TE€X, KOTOPBIC OMNPEAEISAIOT MEPBYIO AuaroHanb, M =C,j , Tak Kak JioObie 4
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BCPIIKWHBI B3AUMHO OJHO3HAYHO OIPCACIIAIOT IIapy IMCPCCCKAOIUXC A I[HaFOHaJIeﬁ.
4
20
2 2 )
(C2-n)(Ch—n-1)

-1 n .
12.30. Ecniu pasnoxkenure € 00OpBaTh HA YjI€HE (—1) / 7!, To OCTaTOUHBIN YJIeH

3naunt, P(A)=

!
Gyner menee 1/(n+1)! 3naunt, Grmxaitmee L uenoe uucino A pasHo
e
a1 1
A=n! 1—l+i—...+(—1) +(— ) —|=
1 2! (n 1!

:n!—n!Jrn(n—l)-...-3—...+(n—l)(—l)”_1 =
=(n-D(n(n-2)..3+..+(1"").

Orkyna cnenyer, uro uucino A memwurcs va 7 — 1 maneno.

l-l—ézk_

12.31. Tlyets a # 0. Torna ]az” + bzk‘ = ‘az”
a

"|. Io npuHIMIY

MAaKCHUMYMa MOAYJIA MAKCUMYM OJOCTUTAaCTCA HA I'PAHUIIC, TO CCTh IIPH ‘Z ‘ = 1 .

Ecmm 1 # k , To MakcuMyM paBeH ‘a‘(l +|—) = ‘a’ + ‘b‘ Ecmm n =k, 10

MaKCHUMYM OymeT ‘a + b‘ . Ananornuno paccmarpupaerca ciayuaid b # 0. Ilpu

a = b =0 orser oueBuzeH.

,N#k n ,n=k.

12.32. Tlpeanonoxum, uto ayd A4, KacareabHblid K rpapuky y = f(x)
B TOUKE A,, YXOJIUT BIIPABO HEOTPAHUUEHHO Janeko. O003HAYMM Hepes

OrtserT.

A4,,4,, A,,... TOUKH OTpaXKEHU JTyya OT rpaduka PyHKLHH, a yepes
XysX(>X,,... AOCIMCCBI 3TUX TOYEK, YEPE3 @, D, ,P;....~ YIIIbI NATACHUS
ny4a Ha ock OX .Torma juig abcumce Touek 4, .k =0,1,... umeeM

X =X + (S () + f(x,,))etgp,, k=0.1,... (D
Kpowme Toro, ¢,,, =@, +2arctg(—f'(x,)), k=0,1,..., a TaK Kax
limx, = o0, TO NOCNENOBATENBHOCTD @, BO3PACTAET U OIPAHUYCHA

fk—o0

cBepxy uuciaoMm 7 /2. Clie1oBaTeIbHO, CYIIECTBYET Hpez[en

hm Q= <7z /2. OTCcroJa BBITEKAET CXOAUMOCTh psijia Z f(x,).
k=1

JleficTBUTENIBHO, UCMOB3Ys TEOpEMY JlarpaHixka o cpeHeM JiIst
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1
bynkmu igx: tga —1gf = ———(a - B),a <y < B, umeeM
CcoS

_Zf'(xk) :ng Pra — P —
r=0 r=0 2
C I 90— < _
VZ:(;COSZOtk 5 _VZ:O:((pkH (pk)—(p D,
rne O<a, <(p,,,—@,)/2<x/4. C1pyroii CTOpoHsl,

6, =(@,,, — @,)/ 2— OCTPHIi yroJa MKy KacaTeJIbHOMU K rpapuKy
GyHKUMHM f(x) B TOUKE A, 1 0cbto OX , U

te6, = —f'(x,) > f(xk)_f(xkﬂ)‘

Xl — X
Hcnonb3ys paBeHCTBO (1), momyyaem

Xen — X, =cng@ (f(x )+ f(x,.,) <ctgp (f(x)+ f(x,.))=2f(x,)ctgp,.
Teneps umeeM

_ifv(xk)>zf(x;) fixkﬂ)
1 J(x) = f(x.,) 1 C S (X0)
_ A=Y
2Cl‘g(p1 rzo: S(x) 2ctgp, VZO:[ J(x) j
U13BecTHO, 4TO pAn Z(l a,), 0 < a, <1, pacxomuTcs, eciu Hak =0.B

HalleM ciyyae

[ S )j S
SO) ) = fw)

SIPE S ()
TO €CTh psiJi Z[l )

r=0
<O
Z f'(x,). Takum 00pazom, MPEANON0KEHHE O HEOTPAHUYEHHOM
r=0
pacrpoCTpaHeHuu Jiyua A4, BIPaBO MPUBEIO K IPOTUBOPEUHIO. JIErKo

lim

n—>w0

j pacxoaurcs. [Toatomy pacxoauTes U psj

3aMETUTh, YTO BCE APYIU€ YU, UCXOAIIME U3 TOUKU A, IPOXOIAT
neBee ayvya A4, , no3ToMy Haigercs takoe N > 0, 4To 4acTh 00JIacTH,
pacrojoKeHHasl ImpaBee npsiMoii x = N He OyJ€T OCBEIIEHA.
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13.1.1. X2 = ([x]+ )P =[P +2[x]- {x +{x)? =[x P +200+ {x2. 0<{x}* <.
VunteiBas, uto 200 u [x]*-uensle umcna, modyudaem [x°]=[x]?+200, To ecTsh
[x2]-[x]? =200.

13.1.2 U3 ycmosusa caenyert, uro [a]-{a}=100. Haitném nienyto u apoOHyI0 dacTu
uucna o: a* =([a]+{a})* =[a) +2-[a]-{a}+{a}* =[a} +200+{a}?*. TlockombKy
[aT +200-nenoe, a 0<{a}* <1, 1o [@*]=[a] +200 u {a*}={a}* CnenoparensHo,
(@) =1g([a*]-{a}) = lg(([a]+200)-{a) > le([a]-{a} =4

13.1.3. IlepBsiit ciocoO.

N +%]=1511@15113M+%<1512@1510,53@<1511,5@

2281610,25<2n<2284632,25 < 1140805,125<n<1142316,125.

VYuuteiBag, uYro # - HarypajibHoe uucio, umeeM: 1140805<n<1142316.
KonuuecTBo HaTypajbHbIX PpEHIEHUM 53TOro HepaBeHCTBA paBHO: 1142316-
1140805=1511.

BTtopoii crioco6.

[TocnenoBarenbHOCTD, 3aJJaHHAs B YCJIOBUH, B SBHOM BHJIC 3aMHUCHIBACTCA TakK: 1;
2:2:3,3;,3;4;4,4,4,5,5,5; 5,5, ...,modromy umnciao 1511 BcTpeTurcs B HEH
1511  pa3. [Jna  gokazarenbCcTBa  JOCTAaTOYHO — MCMHOJB30BaTh,  YTO

1+24+3+...+n= %n «(n+1), W MPOBEpUTH, YTO UIEH TMOCIEIOBATENBHOCTH C

n-(n+1)
2
n+1. JlelicTBUTENBHO,

ao,Sn.(nﬂ)=[\/n-(n+1)+%]<[w+%]+[n+l]:n+1, TO €Ty gy <N

Ay Sp(n1yl =[yn-(n+1)+2 +%]:[ /(n+%)2 +%+%]Z[n+%+%]:[n+l]:n+l.

13.1.4. Byaewm cuutath, uto a >0 . Toraa Bce BOZHUKAIOIIKNE B 33/1aU€ YUCIa

HOMCPOM HC IIPCBBIIACT 72, A CJ'IGI[YIOH_[I/Iﬁ YJICH YK€ HC MCHBIIC, YCM

, To [Na]< N —1, u mo3TOMy Cpeau uncen

N -1 I _N-1

HeoTpuaTebHbl. Ecnu a <

[a],...,[| Na] ectb coBnanaromume. Utak, a > .Horormam —> (BTOpOE
a
o N-1 N
YCIIOBHE aHAJIOTUYHO TIEPBOMY C 3aMEHON g Ha — ), TaK UTO <ac< o1l
a p—

Jlerko BUIIETH, UTO BCE UUCIIA U3 3TOr0 MHTEpBaja roasrcs. Ciyuait a <0
PaccMaTpUBAETCS AHAJIOTUYHO.

13.1.5. IlepBasa cymma Oosbliie BTOPOH HA m — n. JIeHCTBUTENBHO, TOKAXKEM, UYTO
MoCJie OTOpAChIBaHUS OJTHOTO KPAWHETO CJIaraeMoTo B KaXKI0M cyMMe (T.€. urces
m W 1) ocTaBIIKecs CyMMBbl S, U S, yxe OyayT paBHbl. PaccMOoTpuM A 3T0ro

BCE IIEJIbIE TOUKH B TIPSMOYTOJIBHUKE 71 X 11, JICBBIM HUKHUM YTOJ KOTOPOTO
pacnojioxkeH B Hauajie koopauHaT O:1<x<m—-1,1<y<n—1. Bcero nx
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(m—1)(n—1), mpruem POBHO MOJIOBWHA — HAJl AUATOHAJIBIO, BRIXOALIEH 3 O, U
POBHO MOJIOBMHA — MO HEW (Ha IMAroHaIM HET LENbIX TOUEK B CUITY TIPOCTOTHI 1

- m
1 n ). Ho konudaecTBo 11e1p1X Touek ¢ abcnuccoit £ paBHO [k - —] (TO e BEpHO U
n

1
g opauHatel y ). ChaenoBatensHo, S, =S, = E(m —1)(n-1).

+c0

13.2.1. O6macts onpexpenenus: X € U (n,n+1). B 0603HaueHusIX ypaBHEHUs
(*):
1
S(x)=x+ r h(x)=[x]", g(x)={x}.

w(x)= 1. uHBapuant f(X), Tak Kak
X

1y 1 1 1
f(;j:;Jr%:;er:f(x).

[Tomydaem nBa ypaBHECHUS:

[x]" = {x} (1)
1
={x}. )
[x]
Pemenne (1) ects x = 0, He npuHaAIEKaiee 00aCTH ONPEACITICHHS.
Paccmotrpum (2):
1

> =1{x},x =[x]+{x}, orkyna x:n+iz,neZ\{O}.
[ x] n

Ho npu TakoM cnioco0e perieHrs MoryT ObITh MOTEPsAHbI KOpHU. [Tompodyem nx
HalTi. IMu MoryT OBITH TOJIEKO KOPHU YPaBHEHUS {x}2 =1, HO TaKOBEIX HET.
[TosTOMY, OTBET - X = 11 + Lz, ne 7\{0}.
13.2.2. B o0o3HaueHusx (:;:

f(x)= (x — a)zn + (x — b)zn

g(x)=x

h(x)=5b
a+b

Tak xak f(a +b— x) = f(x) nna moGoro X, To mpamMas X = - OCb
cummeTpun rpaduxa f(x). Halinem npornssomHyro

f(x)= 2n(x — a)zn_1 + 2n(x — l’))zn_1 , KOTOpas CTPOrO BO3PACTAET, U
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a+b
2

f'(a+b—X)=f'(x),f'[

j = 0. Cnenosarensno, f'(x) >0 mpu

aodoM X > . CrienoBateNibHO, ypaBHEHUE PABHOCUIIBHO
x=>b x=>b

COBOKYITHOCTH , TO €CTh :
a+b—x=> xX=a

13.2.3. O6nacte onpenenenus: X = 7/2+nw, x#nr/3, neZ.
f(x)=(a+sin"x)/cos”" x, g(x)=x, h(x)=7/2-3x.
Tak kax f (7 + x)=—f(x), To pynkums /(X) = 7 + X - anrumnBapuant f(x), a

nanHoe ypasHenue pasHocunbHo Ha OJ13 ypasuenuro f(g(x)) = f(x + h(x)).

DyHKIws f{x) — yeTHAs, TIEPUOTMUECKAs, C OCHOBHBIM TEPUOIOM 277 , i €€
POU3BOAHAS

f(x)= (n sin”™ xcos™" x4+ mcos™" xsinx(a +sin” x))/cosz’" X =

= sinx(n sin”~ xcos” x + m(a +sin” x))/cos’"+1 X.
Cnenosarensno, f'(x) >0 npu x €[0;7/2) U (7 /2;x]. 3naunt dpynkuns fx)
ctporo Bospacraer Ha [0;77/2) or 0 mo © una (7/2;7] or —© mo -1. To ects,

f(x) — B3aumuo-onnosHaunas Ha [0;7/2) U (r /2, 7], n nannoe ypasnenne
PaBHOCHJIBHO CEMENCTBY YPaBHEHUH

x=37/2-3x+27k,—x=37/2-3x+27k, ke Z.
OkonuatensHoe pemtenne: X =37 /8+wk/2, —x=3n/4+ 7k, ke 7.

13.3.1. Tlpunse f(x) =1+ 3/x, 3ameuaem, uto ypasrenue umeer Bus (1). Tax
KaK CYTEPITO3UITHAS IBYX APOOHO-TMHEHHBIX (DYHKITHHA ABIIACTCS APOOHO-ITMHCHHON
dynxuumeit, To f, (x) = (ax+b)/(cx+d), rne a,b,c,d - nexotopbie uncna.
[Tpu 3TOM MOKET OKazaThes, uto GyHkims f(X) TOXKIAECTBEHHO paBHa X . B 3TOM
clty4ae Jr000e YnCiIo OyIET pEIleHHEM HCXOAHOrO ypaBHeHus. SIcHo, uto x =1

He siBysieTcs peennemM 3anannoro ypasuenus (f (1) > 1), mostomy f, (x) # x.

OTCIOI[a CIACAYCT, UYTO PCIHICHHUEC UCXOAHOI'O YPaBHCHHUSA CBOAUTCA K PCHICHUIO HIIH
KBaApPAaTHOI O, WJIN JIMHEMHOTO YPAaBHCHUA M, 3HAYUT, HC MOKCT UMCThb oonee ABYX

perrtenmit. Ypasrenue (2) mpu 5ToM 3amuchiBaeTcs B Buae 1+ 3/x = x u ero

petierusMu (10 yTBepskaeHnto 1) OyayT X, , = (1 + /13 ) / 2.

13.3.2. Cucrema umeer Bug (4), npuaem f(x) = sin x. OueBUaHO, UTO €CIH
YIOpsIOYeHHBIH HAGOp (X,,X,,...X, ) Oymer pemienrem cucremsl, T0 | X, [< 1 npu
Beex 1 =1,2,...,n. [ostomy mokem cuurats, uro D( f) = [—l;l] . Torna

dynxims f(x) Gyzmer Bo3pacTaroIei U, CIeI0BaTENBHO, IO yTBEPIKAECHUIO 4
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ypasHeHue (1) B JaHHOM ciTydae paBHOCHIIBHO ypaBHEHHIO (2), TO €CTh
YPaBHEHUIO
sinx=x . (6)

SIcno, uro X = 0 - pemenune ypasHenus (6). IIoCKOIBKY (DYHKITHSI
h(x) = x —sin x - ctporo Bospacratomas (#'(x) =1—cosx), To apyrux
peleHnii OHO UMETh He MokeT. OTCIOA CIEMYET, YTO 3aJaHHAsS CHCTEMA MMEET
SAMHCTBEHHOE PeIeHne X, = X, = X; =...=X, =0.
13.3.3. Cucremy merko 3anmcarth B suze (4), ecmu cuntats, uto f(x) =5/2 —[x].
Oyrkiua f(X) - HeBO3pacTaroLIas, OSTOMY TI0 YTBEP KAeHHIO 6 ypaBHenue (1) B
JAHHOM CJTydae MPH HEUCTHOM # PaBHOCHIILHO YPaBHEHHIO (2), a IPH YETHOM A1 -
ypaBHenuto (3). [l ux pemenns noctpoum Gynximu [ (X) unpamyo y = X,
yuursisas, uto  f(x)=5/2—[x], ecnu [x] =k, k € 7 . Ha pucynxe Buamo, uto
rpaduk pyrkmmn f(x) mepecekaer mpamyto ¥ = X B Toure (3/2:3/2). Orciona
cnemyer, uto 3/2 - pemenue ypasnenus (2). Toukn A(k +1/2;5/2—k) u
B(5/2—k;k +1/2) cummeTpruHbI OTHOCHTENBHO IPAMOI ) = X U JIeXaT Ha
rpaduxe Gynxnun f(x). O4eBHIHO, YTO TAKMUX TOYEK HET PH HEUYETHOM H1.
CrnenoBaTenbHO, IO TEOMETPUUYECKON HHTEPIPETAINA PEIICHUH ypaBHEeHUH (3)
uncna X, =k —1/2,k € Z, o6pasyror muoxecTBO ero pemtenmii. Otcrona

TIOJTy4aEM, UTO €CITH M - HEYETHOE YKCIIO, TO 3a1aHHAS CHCTEMA UMEET

e/IMHCTBEHHOE PEleHne - X, = X, =...= X, = 3/2, ecnu sxe 1 - 4ETHOE, TO

CHCTeMa HMeeT GECKOHEYHO MHOTO petieHnit (X, X,,...X, ), Tae

Xy =k+1/2,x,, =5/2-k,i=12,....,n/2, keZ.

13.4.1. 3necs f(x)=[x]|-{x}, g(x)=x*-1.

f(x)=y=2n—-x,n<x<n+lne’.

CuMMeTpUYHBI T OTHOCHUTEIIBHO y=Xx rpaduk (cm. puc.1):

y=2n-x,n—-1<x<n. {x2—1:2n—x,
n—-1l<x<n.

Ipu n<1 u n>3 pemennii Her,

x2+x-5=0, . _—1+21
1<x<2. 27
—1+2@‘

npu n=2:

npu n=3. x=



206

Puc. 1. Puc. 2.
13.4.2. 3necy f(x)=x[x]—1. I'padpuk dyHkmum u ero cummeTpuuHbIi 06pa3
nepecekarorcs mo orpesky [x,—x —1] npu x € [-1,0] (cm. puc. 2).
13.4.3. Otset: Bce Toukm otpeska [—1,0] (cm. puc. 4).
13.4.4. Otser: x=0,y=0.
. ,

’ A
s ALY
L7 Aly)

Puc. 3. m Puc. 4.

1345, f(x)=3—|x-2|, h(x)=x".
h(a) >0, smaunt L me Bhime npsamoit ¥ = X (cM. puc. 5). Ecim a < 2, 1o Touka

B, cummerpuunas touke A(a, f(a)) ornocurensro L, He nexur Ha rpaduke

f(x), aecnm a> 2, 10 Takas TOUKa JEKHUT Ha rpadMKe. SHAYMT, BCE YMCIA d,
a > 2, ABIAIOTCA PEIIEHUSIME YPABHEHHS U TOJBKO OHH.
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Puc. 5.
13.5.1. Her. Ilpu kaxaol u3 3THX 3aME€H UETHOCTb KOJMYECTBA OYKB Y He
mensiercs. Ho B YAA u AYY ueTHOCTh pazHas.
13.5.2. O603HaunM MpPaBWIbHO MOJABCIICHHYIO OyThUIKY 17, HempaBuiibHO- -1
[TepeBepHyTh 3HAUUT YMHOXKUTH HA —1. Packpacum 12 cekTopoB Kpyra, B KOTOpOM
BUCAT OYyThUIKHA, B 6 1LIBETOB MOCJen0BaTe/bHO. Haliem npousBeeHHE 4uCel,
CTOSIIIIUX B CEKTOPAaxX OJHOro 1BeTa. B 1-om uBete noayuntcs “-17, a B OCTaJIbHBIX
oymer “1”. Ecnm mepeBopaurBaeM mo 6 OyTBUIOK MOJAPSAJ, TO B Ka)KIOM IIBETE
OJIHO YHCJIO YMHOKaeM Ha —1. 3HaUuT NpOU3BECHUS YUCEN, CTOSIIUX B CEKTOpAx
uetoB 2, 3, 4, 5, 6 OyayT Bceraa oaumHakoBbl. HO B KOHEUHOH paccTaHOBKE B
1BeTe 2 TpOM3BEACHUE MOKHO ObiTh “-17, a B mBerax 3, 4, 5, 6- “1”.
[TpotuBopeune. To ke caMoe TOKA3aTENHCTBO MOAXOAMT ISl TIYHKTOB B) U T), HO
packparnmBaTh HaJ0 COOTBETCTBEHHO B 4 m 3 1BeTa. B myHkTe 0) OTBET- MOXHO.
JleificTBuTenbHO, OyJeM MEpPEeBOPAUMBATh MOCAEAOBATENIbHO MO 5 OYTHUIOK,
JIBUTAACh MO 4YacoBoil cTpenike. Uepes 12 mepeBopaumBaHWii Mbl BEpHEMCA B
HCXOAHYIO TOYKY, MEPEBEPHYB KaXKAYyI0 M3 OyTHUIOK MO 5 pa3, T.€. BCE OHHU
U3MEHAT TNoJiokeHue. [Ipu 3ToM ABe BIOpaHHbIC OYTHUIKK OyAyT OPUEHTHUPOBAHBI
Tak, kak Tpedyercsa. Tenepb Hano nepeBepHyTh 10 ocTaBIIUXCA OYTHUIOK, U MbI
MOJTy9aeM HYKHYIO KOH(HUTYpaIHIo.
13.5.3. Packpacum cektopa mo ouepeau B jaBa mBeTa (4€pHbINA U Oenmbrii). Hatiném
CyMMY B YEPHBIX U OeJibIX cekTopax. M3HauanbHO cymMMa B U€pHBIX CEKTOpax 2, a
B Oenbix 0. A B KOHIIC OHM JOJDKHBI OBITh OAMHAKOBBIMHU. IIpm kakmom xome
Ka)k/1as U3 CyMM yBelnuuBaeTcs Ha 1. [IpotuBopeune.
13.5.4. Her. Ecnu paccmarpuBaTh YKa3aHHYIO TaOJWIly KakK MaTpuiy C
anemenTamMu 1 U —1, To ykazaHHble NpeoOpa3oBaHus HE MEHSIOT ee panra. Ho y
WCXOTHOW MaTPHIIbl PAHT 2, a Y KOHEUHOH- 1.
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13.6.1.
1 2 3 ... n-2 n-1 n (1-n 2-n 3—-n . -2 -1 0
2 3 4 | n-—1 n n 2-n 3-n 4-n . -1 0
3 4 5 . n n n=3-n 4-n 5-n . 0 0 0=
l-n 2-n 3-n ... -2 -1 0

2—-n 3-n 4-n -1 0 O
=3—n . . NV . =

-1 0 0 .0 0 0

0 0 0 ... 0 0 n

l-n 2-n 3—-n .. -3 -2 -1

2-n 3-n 4-n ... -2 -1 O
n — n(_l)n—l(_l)n(n—l)/Z‘

-1 0 0 ... 0 0 O

13.6.2. JlanHbiii ompenenuTeNlb €CTh MOJMHOM YeTBEPTON cremeHu oT X. Ero
kopan 13,1+ 2. KoadduimeHnT npu crapimeid CTENEeHH JISTKO HaXOAWUTCA. ITO

OTPEACTUTEITh BTOPOTO MOPSAKA, PaBHBIA —3.

Otser: —3(x —9)(x* —4).

13.6.3. Onpeaenurenb ecth moauHOM crenenn n—1. Ero kopum 2.3,..1.
Koa¢dumuenT npu crapiiei creneHu paseH 1.

OtBet: (x —2)(x—3)...(x — n).

13.6.4. D10 ompenenurens Banaepmonaa. Ecmu cpenm uucen X, X,,..X  €CTb
OJIMHAKOBBIC, TO OINPEACTUTEh PaBSH HYJIO (€CTh OJMHAKOBBIC CTONOIBI). Byaem
CUMTaTh BCE TH YMCJIA Pa3HBIMU. PaccMOTpuM ompeaenuTens Kak (QyHKIHUIO X, ,
3aMEHUB JIUIs yA0OCTBA ATy TIEPEMEHHYIO MPOCTO Ha X . Toraa onpeaenuTeb 1 —
ro nopsaka (A,) ectb moiamHOM cTeneHu (n—1) or X, mpuyeMm crapmid
koddduument — 3to A . Uucna x,,X,,...x,_, ABJIAOTCA KOPHAMHU HOIUHOMA (I —
i cronbel COBMAaeT C MOCIEIHNM ). JHAUMT,

A (x, %y, . x)=(x—x)(Xx—X)...(x—x, DA _(x,Xy,..%, ).

n
[loBTOpAs paccykACHUE, MPUXOIUM K OTBETY. A (X,%,,..Xx )= H(xl. - X,).

i.j=1
i>j

13.6.5. IlycTs snements k — oif cTpokm onpenenurens A pasusl 1. Torma
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IS NIVIED N OIETED Y EI
J=1 i=1

i=l j=I1 i=1, j=1
i#k i#k

MOCKOJIBKY TIEPBasi CyMMa €CTh Pa3IOKCHHUE ONPEACTUTEINS M0 AIeMEHTaM k — i
CTPOKH, a BO BTOPOM CTOAT CYMMBbI MMPOU3BEICHUM aire0pandyecKux JOMOJTHEHUN
AJICMEHTOB [ — i CTPOKH Ha 3JIEMEHTHI APYroM cTpokwu ( k — i), TO €CTh HYJIH.

a,(t,)

a,(t,) .
13.6.6. Ilycts A4, = 7|, Torma j —it cTonGerr HCKOMOTO OMPEIEUTENS €CTh

a,(t,)
n
NUHEHHAsA KOMOWHAINA Zbl.(t )A,. Ho umeeTcs nvib 72 IMHEHHO HE3aBUCHMBIX
i=1
cTonOLOB A;, B HAIIEM K€ OIpEeNeInTeNie UX M, m > n. [1o3ToMy y HCKOMOTO
OTIPEIeTINTEIIS CTONOLBI JINHEWHO 3aBUCHUMBI, 3HAYUT, OH PAaBEH HYJIIO.

13.6.7. OtBer: %(n +3)n".

13.6.8. Ykazanue. [IpnOaBuTh KO BCeM 3IeMEHTaM ONpeaAeauTeNs (—X),
MOJIYUUTCS AMArOHAIBHBINA ONPEIETUTENb.

1
+...+
a,—x a,—x

Ortset: x(a,—x)..(a, — x)(l.,.

).

13.6.9. a) Jlannas ¢pyHKIHs paBHA MPOU3BEACHUIO X HA CYMMY aJireOpandecKux
JONOJHEHUHM onpeaenuTens A, To eCTh 3TO JHHEHHasA (QYHKIUSA, TIOATOMY €€
BTOpasi MPOM3BOAHAS paBHA HYJIIO.

0) Ykasanue. [lokaszate, uro 4, = -4, a 3Haunt, kosdpuumreHT npu X HyneBoi:

Ji?
Zn:Zn:Aij = 0. Orser: 0.

i=1 j=1

13.6.10.

[ e e
O T N T N T
W W N
B WD -
W N =
—_ = = =
—_ = = O
—_ = O O
—_ O O O
o O O O
O‘ S O
S O = =
O = =
gy -y
T T S
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13.6.11. I[lycte A — matpuria sToro onpeaenurens. PaccMotpum
a b ¢ dla -b —c —-d
-b a —-d c||b a d -c
—-c d a -bllc -d a b
-d —c b a)\d ¢ -b a

rne E — equnamanas marpuua. det A = det A”, mostomy

det 44" =detA-det A" =(det Ay =(a” +b° +c” +d°)".

Orser: (a° +b° +c* +d*).

13.6.12. IlpencraBuM MaTpuily ONPEACIUTENSA B BUJIC MPOU3BEACHUS ABYX MaTPHII

onpenenurens Banaepmonaa, npuueM BTOPOA MHOKUTENb- 3TO
TPAHCIIOHUPOBAHHAS MATPUIIA EPBOTO MHOKHUTEIS:

AA" = =(a’+b° +c* +d*)E,

S, S S, .S, I 1 1 ... 1Tyr 1 1 .. 1
S S, S A\ I 2 3 n 2? 2"
S, S S, A 1 2° 3 il 3 3 3"
S S. S., S,, 1 2" 3 n\1 " n n"
Breraucnenne onpenenurens Bannepmonaa (cm. 13.6.4) naer:
I 1 1 1
I 2 3 n
1 2> 3 .. nl=

12" 3 ..
=(n-1)(n-2)(n-3)-...-.2-1-(n-2)(n-3)-...-2:1-(n=3)-...:.2-1- .- 1=
n—1
:H(n—k)k.
k=1
Orcrozia ¥ TIOJTy4aeM UCKOMBIHM OTIPEICTHTENb.
n—1
OrtserT: H(n—k)Zk.
k=1

13.6.13. Tlpoepsiem, uto A(k)= A*(1) npu k =1,2,3 (HecnoxHo, BOOOIIE-TO,
J0Ka3aTh, 4YTO 3TO BEPHO TPH JTIOOOM HATYPAITBHOM K , HO HaM 3]1€Ch 3TO HE

AQ1) A(Z)j B [ A(1) AZ(I)] -

TpeOyeTcs). YMHOKHAM CIpaBa MaTPHUILy (

A(2) A(3) A1) A1)
E —AQ)
TPEYTOJIBHYIO MATPULLY C €AMHUYHBIM OIPENEITUTENIEM 0 r ) rne E—
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enuHuyHas, a 0 — HyJeBas MaTpUIlbl 1 — ro nopsaka. [lonydaem:

A AMD)E —A) (A1) 0
[Az(l) A3(1)j(0 E j N (Az(l) 0
HYJII0. 3HAUUT U OMPEACTUTENb HCKOMOW MATPHIIBl PABEH HYJIIO.
13.6.14. Jlokaxxem no uaaykmmu, uto A(k) = 1. ba3a uaaykimu:

j. Onpenenutens MpaBO YacTH PaBeH

10 0 .. 0
11 0 .. 0
YO 1 .. 0]=1.

1 n-1 (n-1)n-2)/2 .. 1
Wunykimonnsiii niepexoq A(s)=1 = A(s+1)=1, s=0,1,2..., cneayer u3

1 1.0 .. 0
O 1 1 .. 0
paBenctBa A(s+1)=A(s)det 4, rne det4A=1, 4=|0 0 1 .. 0]
0O 0 O 1
HpOBepﬂeM JAaHHOC PABCHCTBO, IICPCMHOKAA MATPHUIIBL.
C? C! C? c )1 1 0 0
C';)+1 C's1+1 C's2+1 C:Jr_ll O 1 1 O
C'3+2 C's1+2 C's2+2 C:J:Zl O O 1 O =
C'3+n—1 C's1+n—1 C's2+n—l C:—e—_r:—l O O O 1
C'3+1 C's1+1 C's2+1 C:Jr_ll
C'3+2 C's1+2 C's2+2 C:J:Zl
= C';)+3 C's1+3 C's2+3 C:‘F_;

[TocnenHee paBeHCTBO BEPHO OJIarofaps TOXKACCTBY A1 OMHOMHAJIbHBIX
koo dumuentos: C* + CH' = CFH.

13.6.15. Bocionms3zyeMcs reOMETPUUECKIMHU COOOPaKCHUAMHY (HEPABEHCTBO
Anamapa). ’dn‘ OLICHUBAETCS Uepe3 /1 — KPAaTHbIA UHTErpaj OT 00beMa

napajuiesienuneaa, KOTOpbld HE MPEBOCXOAUT 00beMa NPSIMOTO Mapajuie/ICnUNea,
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TO €CTh MMPOU3BEACHUSA JIJTUH PEOEP:

d,|< (b~ a)”ﬁ Zn:Kz(tj,ti) <((b—a)MY'n"?, M = max|K(x,1)|
j=1 \ i=l

as<x,t<h

Takum oOpazoM, AJid BBISICHEHU a0COOTHONW CXOAUMOCTH UCCEYEMOro psija

2
S (b—a)yM)'n”
JI0CTaTOYHO MPOBEPUTH CXOAUMOCTh Psijia E ' , UTO JIETKO
n!

n=1

n
n
BBISICHAETCS ¢ MOMOIIBIO (hopmyasl Ctupaunra: n! ~ | — 27n.

e
13.6.16.
a, @,20087" L dy500520087
a,,2008 dyy e 0500520087
2007 2006
a2008,12008 a200&22008 a>008,2008
all a12 o a1,2008
200820082 . 20082 2008a,, 2008a,, 20084, 5
2008200701200&1 2008200701200&2 2008200701200&2008

al 1 a12 o al,2008
a a a

22 2,2008

=20087"-200872 -...- 2008 %7 . 2008 - 2008° - ... - 200827 | '

a2008,1 a2008,2 a2008,2008
ap dpp e 2008
| Y21 dyy - 2008
Aroog1 920082 - 920082008

Takum oOpa3oM, OMNpEeAeIUTENb HE W3MEHUTCA. AHAJIOTMYHO JIOKA3bIBACTCS

yTBepKaeHue s onpeaenurtens 2007 nopsaka.
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Kadenpa Beicmielr matematnku — kpymHeimas B Cankrt-IletepOyprekom
rOCyIapCTBEHHOM YHHUBEPCUTETe HWH(POPMANMOHHBIX TEXHOJOTHNA, MEXaHWUKH W
ontuku. C MOMEHTAa OCHOBAaHMS HA HEW paboTaju TaKWe BBIJAIONIHECS YUCHBIC,
kak  M.II.Harancon, B.A.Taprakosckuii, B.H.Ilomos, UW.A.MonoTkos,
AT Anenunbin, B.B)Xyk wu ngpyrue. HayuHble HHTEpEeCH COTPYIHHUKOB
MOKPHIBAIOT TPAKTHYECKH BCE pasfensl Marematuku. Ha kadenmpe cioxuimach
MOTIHAS HaydHas IIKOJIa IO MaTeMaTWYECKOMY MOJICTUPOBAHHUIO CJIOXKHBIX
¢mszuuecknx cucreM. B mocnemHee BpeMs aKTHBHO Pa3BMBACTCA HaIpaBJICHUE,
CBA3aHHOE C HAHO(U3UKOW M HAHOTEXHOJOTUAMH, KBAHTOBBIM KOMIIBIOTEPOM H
KBAaHTOBBIMH KOMMYHHKAIuaMu. COTpyaHUKHA Kadeapsl aKTHBHO ydYacTBYIOT B
MEXKIYHAPOIHBIX HAyYHBIX KOH(pEpeHIMsIX, padoTaloT B pamMkax Poccwiickux
MEXKAYHAPOMHBIX  HAYYHBIX  MPOEKTOB.  CIIOXKWIOCH  TECHOE  HAy4YHOE
corpynandectBo ¢ CankT-IleTepOyprckuM TOCYAapCTBEHHBIM YHHUBEPCHTETOM,
CankTt-IleTepOyprckuM rocyJapCTBEHHBIM 3JIEKTPOTEXHUUECKAM YHUBEPCHUTETOM
(JIDTH), IletepOyprckmm oTaeneHrneM MareMaTHdecKoro HWHCTUTYTa HWMEHH
B.A.Crexnoa PAH, naGoparopueii ¢uzukoxumMuu HaHOCHCTEM HMHCTHTYTA
xumuu cunrkatoB PAH u npyrumu HaydyHBIME TIEHTpaMu, kak B Poccnn, Tak u 3a
pybOexom: yauBepcutetamu Mapcens wu  Tymonma (@panmms), HOBsckums
(Ounnsaaaus), ['ym6oapaTockuM yHuBepcuteToM bepnuna (I'epmanms).




